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to Niki, Todd, and Stuart 


Preface to the Second Edition 


The 20 years since the publication of this book have been an era of continuing 
growth and development in the field of algebraic topology. New generations 
of young mathematicians have been trained, and classical problems have 
been solved, particularly through the application of gcometry and knot 
theory. Diverse new resources for introductory coursework have appeared, 
but there is persistent interest in an intuitive treatment of the basic ideas. 

This second edition has been expanded through the addition of a chapter 
on covering spaces. By analysis of the lifting problem it introduces the funda- 
mental group and explores its properties, including Van Kampen’s Theorem 
and the relationship with the first homology group. It has been inserted after 
the third chapter since it uses some definitions and results included prior to 
that point. However, much of the material is directly accessible from the same 
background as Chapter 1, so there would be some flexibility in how these 
topics are integrated into a course. 

The Bibliography has been supplemented by the addition of selected books 
and historical articles that have appeared since 1973. 


Preface to the First Edition 


During the past twenty-five years the field of algebraic topology has experi- 
enced a period of phenomenal growth and development. Along with the 
increasing number of students and researchers in the field and the expanding 
areas of knowledge have come new applications of the techniques and results 
of algebraic topology in other branches of mathematics. As a result there has 
been a growing demand for an introductory course in algebraic topology 
for students in algebra, geometry, and analysis, as well as for those planning 
further work in topology. 

This book is designed as a text for such a course as Well as a source for 
individual reading and study. Its purpose is to present as clearly and con- 
cisely as possible the basic techniques and applications of homology theory. 
The subject matter includes singular homology theory, attaching spaces and 
finite CW complexes, cellular homology, the Eilenberg—Steenrod axioms, 
cohomology, products, and duality and fixed-point theory for topological 
manifolds. The treatment is highly intuitive with many figures to increase the 
geometric understanding. Generalities have been avoided whenever it was 
felt that they might obscure the essential concepts. 

Although the prerequisites are limited to basic algebra (abelian groups) 
and general topology (compact Hausdorff spaces), a number of the classical 
applications of algebraic topology are given in the first chapter. Rather than 
devoting an initial chapter to homological algebra, these concepts have been 
integrated into the text so that the motivation for the constructions is more 
apparent. Similarly the exercises have been spread throughout in order to 
exploit techniques or reinforce concepts. 

At the close of the book there are three bibliographical lists. The first 
includes all works referenced in the text. The second is an extensive list of 


Xx Preface to the First Edition 


books and notes in algebraic topology and related fields, and the third is a 
similar list of survey and expository articles. It was felt that these would 
best serve the student, teacher, and reader in offering accessible sources for 
further reading and study. 
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CHAPTER 1 


Singular Homology Theory 


The purpose of this chapter is to introduce the singular homology theory of 
an arbitrary topological space. Following the definitions and a proof of 
homotopy invariance, the essential computational tool (Theorem 1.14) is 
stated. Its proof is deferred to Appendix I so that the exposition need not be 
interrupted by its involved constructions. The Mayer-—Vietoris sequence is 
noted as an immediate corollary of this theorem, and then applied to com- 
pute the homology groups of spheres. These results are applied to prove a 
number of classical theorems: the nonretractibility of a disk onto its bound- 
ary, the Brouwer fixed-point theorem, the nonexistence of vector fields on 
even-dimensional spheres, the Jordan—Brouwer separation theorem and the 
Brouwer theorem on the invariance of domain. 


If x and y are points in R", define the segment from x to y to be {(1 — t)x + 
ty|O<t< 1}. A subset C © R" is convex if, given x and y in C, the segment 
from x to y lies entirely in C. Note that an arbitrary intersection of convex 
sets is convex. If A € R", the convex hull of A is the intersection of all convex 
sets in R" which contain A. 

A p-simplex s in R" is the convex hull of a collection of (p + 1) points 
{Xo,--.,Xp} in R" in which x; — Xo, ..., Xp, — Xo form a linearly independent 
set. Note that this is independent of the designation of which point is x9. 


1.1 Proposition. Let {Xo,...,x,} GR". Then the following are equivalent: 


= X1 — Xo, +++,Xp — Xo are linearly independent, 


b) if ¥s,x; = ¥ tx; and) 5, = >. tj, then's, = t; for i = 0, ..+, p- 


2 Homology Theory 


Proof. (a) > (b): If ¥.s;x; = ¥t,x; and )s; = ¥t,, then 
Pp 


0= (s; — t,)X; 3 (s; — t;)x; |S (s; — ‘| Xo 
i=0 i=0 i=0 
» 


By the linear independence of x, — Xo, ..., X, — Xo it follows that s; = t; for 
i=1,..., p. Finally, this implies sp = ty since )'s; = ¥t;. 

(b) = (a): If 17-1 (t))(x; — Xo) = 0, then S°7_, t,x; = (YP, t))Xo and by (b) 
the coefficients t,,..., t, must all be zero. This proves linear independence. 


O 


Let s be a p-simplex in R” and consider the set of all points of the form 
toXo + tyX, +°°° +t,X,, where } t; = 1 and t; > 0 for each i. Note that this 
is the convex hull of the set {xo,...,x,} and hence from Proposition 1.1 we 
have the following: 


1.2 Proposition. [f the p-simplex s is the convex hull of {Xo,...,Xp}, then every 
point of s has a distinct unique representation in the form >} t;x;, where t; = 0 
for alliand Yt; = 1. O 


The points x; are the vertices of s. This proposition allows us to associate 
the points of s with (p + 1)-tuples (to, t,,...,¢,) with a suitable choice of the 
coordinates t;. 


ExeRrCIsE |. Let y bea point in s. Then y is a vertex of s if and only if y is not an interior 
point of any segment lying in s. 


If the vertices of s have been given a specific order, then s is an ordered 
simplex. So let s be an ordered simplex with vertices Xo, x,,..., X,. Define o, 
to be the set of all points (to,t,,...,t,)€ R?*! with )t; = 1 and t; > 0 for 
each i. If a function 

fits 
is given by f(to,...,t,) = yit;x;, then f is continuous. Moreover, from the 
uniqueness of representations and the fact that o, and s are compact 
Hausdorff spaces it follows that f is a homeomorphism. Thus, each ordered 
p-simplex is a natural homeomorphic image of o,. Note that o, is a p-simplex 
with vertices x9 = (1,0,...,0), x; = (0,1,...,0), ..., x, = (0,...,0, 1). a, is 
called the standard p-simplex with natural ordering. 

Let X be a topological space. A singular p-simplex in X is a continuous 
function 


g: 6, > X. 
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Figure 1.2 


Note that the singular 0-simplices may be identified with the points of X, 
the singular 1-simplices with the paths in X, and so forth. 

If g is a singular p-simplex and i is an integer with 0 <i < p, define 6,(@), a 
singular (p — 1)-simplex in X, by 


O:P(tos.--5tp—1) = Pltos ty, ---5lj-1,0, bin. +5 bp 1). 
€,@ is the ith face of ¢. 

For example, let ¢ be a singular 2-simplex in X (Figure 1.1). Then, 6,¢ is 
given by the composition shown in Figure 1.2. That is, to compute 6;¢ we 
embed a,-, into o, opposite the ith vertex, using the usual ordering of ver- 
tices, and then go into X via @. 

If f: X > Y is a continuous function and ¢ is a singular p-simplex in X, 
define a singular p-simplex f,(@) in Y by f,(¢) = fo ¢. Note that ifg: YoW 
is continuous and id: X — X is the identity map, 


(g°f)49) =g4(fe(@)) = and _— (id) 4(¢) = ¢. 


An abelian group G is free if there exists a subset A © G such that every 
element g in G has a unique representation 


g= ¥ nx, 
xeA 
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where n, is an integer and equal to zero for all but finitely many x in A, The 
set A is a basis for G. 

Given an arbitrary set A we may construct a free abelian group with basis 
A in the following manner. Let F(A) be the set of all functions f from A into 
the integers such that f(x) # 0 for only a finite number of elements of A. 
Define an operation in F(A) by (f + g)(x) = f(x) + g(x). Then F(A) is an 
abelian group. For any ae A define a function f, in F(A) by 


f 1 ifx=a 
xX ms 
al) 0 otherwise. 


Then { f,|a € A} is a basis for F(A) as a free abelian group. Identifying a with 
f, completes the construction. 

For example, let G = {(n,,n2,...)|n; is an integer, eventually 0}. Then G is 
an abelian group under coordinatewise addition, and furthermore it is free 
with basis 

(1050.01 0, D100 O22. ees 


For convenience we say that if G = 0, then G is a free abelian group with 
empty basis. 

Note that if G is free abelian with basis A and H is an abelian group, then 
every function f: A > H can be uniquely extended to a homomorphism /: 
GH. 

If X is a topological space define S,(X) to be the free abelian group whose 
basis is the set of all singular n-simplices of X. An element of S,(X) is called a 
singular n-chain of X and has the form 


yng 
3 


where ny is an integer, equal to zero for all but a finite number of ¢. 

Since the ith face operator ¢@; is a function from the set of singular n- 
simplices to the set of singular (n — 1)-simplices, there is a unique extension 
to a homomorphism 

0; S,(X) > Sn-1 (X) 


given by 6,(/)_ny°¢) = ).ny:6;¢. Define the boundary operator to by the 
homomorphism 


6d: S,(X) > S, -(X) 
given by 
C= 09-0, +0 +7 +(-1G, = Y (- 16; 
i=0 


1.3 Proposition. The composition 6 0 @ in 
Sy(X) 5 S,-1(X) > S,-2(X) 


is zero. 
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EXERCISE 2. Prove Proposition 1.3. oO 


Geometrically this statement merely says that the boundary of any n-chain 
is an (n — 1)-chain having no boundary. It is this basic property which leads 
to the definition of the homology groups. An element c € S,(X) is an n-cycle 
if 6(c) = 0, An element de S,(X) is an n-boundary if d = G(e) for some e€ 
S,+1(X). Since 6 is a homomorphism, its kernel, the set of all n-cycles, is a 
subgroup of S,(X) denoted by Z,(X). Similarly the image of ¢é in S,(X) is the 
subgroup B,(X) of all n-boundaries. 

Note that Proposition 1.3 implies that B,(X) S Z,(X) is a subgroup. The 


quotient group 
H,(X) = Z,(X)/B,(X) 


is the nth singular homology group of X. The geometric motivation for this 
algebraic construction is evident; the objects we wish to study are cycles in 
topological spaces. However, in using singular cycles, the collection of all 
such is too vast to be effectively studied. The natural approach is then to 
restrict our attention to equivalence classes of cycles under the relation that 
two cycles are equivalent if their difference forms a boundary of a chain of 
one dimension higher. 

This algebraic technique is a standard construction in homological alge- 
bra. A graded (abelian) group G is a collection of abelian groups {G;} indexed 
by the integers with componentwise operation. If G and G’ are graded groups, 
a homomorphism 


f:G>G 
is a collection of homomorphisms { f;}, where 
Si: G; oc Gite 
for some fixed integer r. r is then called the degree of f. A subgroup H © G of 
a graded group is a graded group {H;} where H; is a subgroup of G;. The 
quotient group G/H is the graded group {G,/H;}. 


A chain complex is a sequence of abelian groups and homomorphisms 


a a 
nth on fn-1 


in which the composition 6,_, o 6, = 0 for each n. Equivalently a chain com- 
plex is a graded group C = {C;} together with a homomorphism é: C > C of 
degree — 1 such that dod = 0. If C and C’ are chain complexes with bound- 
ary operators 6 and 0’, a chain map from C to C’ is a homomorphism 


®C3C 


of degree zero such that 0’ o ®, = ®,_, o 6 for each n, (Note that the require- 
ment that ® have degree zero is unnecessary. It is stated here only as a 
convenience since all chain maps we will consider have this property.) 
Denoting by Z,(C) and B,(C) the kernel and image of 6, respectively, the 
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homology of C is the graded group 
H,(C) = Z,(C)/B,(C). 
Note that if ® is a chain map, 
@(Z,(C)) © Z,(C) and O(B,(C)) & B,(C’). 
Therefore, ® induces a homomorphism on homology groups 
®,: H,(C) > H,(C’). 

In this sense the graded group S,(X) = {S,(X)} becomes a chain complex 
under the boundary operator 6, so that the homology group of X is the 
homology of this chain complex. If f: X > Y is a continuous function and ¢ 
is a singular n-simplex in X, there is the singular n-simplex f,(¢) = fo din Y. 
This extends uniquely to a homorphism 

tat S,(X) > S,(Y) foreach n, 
To show that fy is a chain map from S,(X) to S,(Y) it must be checked that 


the following rectangle commutes: 


S,(X) —t+ S,(Y¥) 


S,-(X) —t $,1(¥) 
First note that it is sufficient to check that this is true on singular n-simplices 
¢, and second, observe that it is sufficient to show 6;f,(¢) = fy 6,(¢). Now 
fe Oi(O)(to..++5tn-1) Se S(Plto.+++5ti-1,9, bi, ++-5tn—1)) 
and 
CF g (PB) (tos --+stn—1) = Fa(P)(to,---5tj-1,0s i... 05 fn-1) 
= f(P(to,.--5t)-1,0,t;,---5ta—1)). 


Thus, fy: S,(X) > S,(Y) is a chain map and there is induced a homomor- 
phism of degree zero 


Sf, H,(X) > H,(Y). 


Note that this is suitably functorial in the sense that for g: Y > Wa continu- 
ous function and id: X > X the identity, (go f), = 9,0 f, and id, is the 
identity homomorphism. 

As a first example take X = point. Then for each p > 0 there exists a 
unique singular p-simplex ¢,: 0, X. Note further that for p > 0, 6,4, = 
¢,-,- SO consider the chain complex 


"++ + S,(pt) > S,(pt) > So(pt) > 0. 
Each S,(pt) is an infinite cyclic group generated by ¢,. The boundary opera- 
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tor is given by 
bby = Y (10d, = Y (- Vibe. 
i=0 i=0 


Thus, €¢2,-,; =0 and ¢¢2, = @2,-; for n> 0. Applying this to the chain 
complex it is evident that 


Z,(pt) = B,(pt) for n>O. 


However, Z,(pt) = So(pt) is infinite cyclic, whereas By(pt) = 0. Therefore, we 
conclude that the homology groups of a point are given by 


Z ifn =0 


a ae 


A space X is pathwise connected if given x, y € X, there is a continuous 
function 


yw: [0,1] > X 


such that w(0) = x and w(1) = y. Note that instead of [0,1] we could have 
used o,. 

Suppose that X is a pathwise connected space, and consider the portion of 
the singular chain complex of X given by 


S,(X) 5 S4(X) > 0. 


Now S,(X) = Zo(X), which may be viewed as the free abelian group gener- 
ated by the points of X. That is Z)(X) = F(X). Hence, an element y of Z)(X) 
has the form 
y=) nex, 
xeX 

where the n, are integers, all but finitely many equal to zero. 

On the other hand, S,(X) may be viewed as the free abelian group gener- 
ated by the set of all paths in X. If the vertices of o, are vg and v, and gis a 
singular 1-simplex in X, then 


69 = G(v1) — P(Uo) € Zo(X). 


Define a homomorphism 2: So(X) > Z by a(}-n,-x) = ¥in,. Note that if 
X is nonempty, then « is an epimorphism. Since for any singular 1-simplex ¢ 
in X, x(6¢) = x(d(v,) — d(vo)) = 0, it follows that By(X) is contained in the 
kernel of x. 

Conversely, suppose that nyx, + +++ +X, € Zo(X) with )'n, = 0. Pick 
any point x € X and note that for each i there is a singular 1-simplex ¢;: ¢, > 
X with €9(¢;) = x; and 6,(¢;) = x. Taking the singular 1-chain }'n,; in S,(X) 
we have 6()_n,¢;) = )n,x; — (Yn,)x = ).n,x;. Therefore, the kernel of « is 
contained in By(X). This proves that the kernel of « equals Bo(X) and we 
conclude the following: 
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1.4 Proposition. If X is a nonempty pathwise-connected space, then 


H,(X) © Z. oO 


Let A be a set and suppose that for each a € A there is given an abelian 
group G,. Define an abelian group ),. 4G, as follows: the elements are all 
functions 


f:A>r UG 


aed 


such that f(x) € G, for each a, and f(x) = 0 for all but finitely many elements 
a € A; the operation is defined by (f + g)(~) = f(a) + g(a). Setting g, = f(a) € 
G, we write f = (g,: x€ A) and call the g, the components of f. The group 
YG, is the weak direct sum of the G,’s. If the requirement that f(x) = 0 for all 
but finitely many x is omitted, then the resulting group is the strong direct 
sum or direct product of the G,’s, denoted | ],.4 G,- 

Note that if G is an abelian group and {G,},,.4 is a family of subgroups of 
G such that g € G has a unique representation 


g= » Ia with g,eG, 
aeA 


and g, = 0 for all but finitely many «, then G is isomorphic to )...4G,. 
Now for each x € A suppose we have a chain complex C” 


SCeSce, eens 
Define a chain complex ),.4C” by taking ()'C*), = )'C% and setting 
O(c,: # € A) = (6%c,: x € A). 
1.5 Lemma. H,() C*) = ¥, H,(C’). 


Proof. Note that by the definition of the chain complex )" C* we have 
Z(YC) = L(Z(C)) and BS (C*) = Y (BC). 
Therefore 
A, (SY, C*) = Z,(Y C*V/ BY, C*) 

= ¥ (Z,(C*))/> (By (C*)) 

=D (Zi(C*)/B,(C*)) 

=) A,(C’). a 

Let X be a topological space and for x, y € X, set x ~ y if there exists a 

path in X from x to y. It is evident that ~ is an equivalence relation, that is, 


(I) x ~ x, 
(2) x ~ yand y ~ z implies x ~ z, 
(3) x ~ yimplies y ~ x, 
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for all points x, y, and z in X. Such a relation decomposes X into a collection 
of subsets, the equivalence classes, where x and y are in the same equivalence 
class if and only if x ~ y. For this specific relation on X the equivalence 
classes are called the path components of X. Note that if xe X the path 
component of X containing x is the maximal pathwise-connected subset of X 
containing x. 


1.6 Proposition. [f X is a space and {X,: x € A} are the path components of X, 
then 


A(X) ® s A,(X,). 


Proof. There is a natural homomorphism 


Y: 2 S,(X,) + S,(X) 


((Enea}oed)=¥ (Emre) 


Since the groups involved are free abelian, ‘¥Y must be a monomorphism. To 
observe that ¥ is also an epimorphism, note first that if 


o:0,7X 


given by 


is a singular k-simplex, then ¢(¢,) is contained in some X, because a, is 

pathwise connected. Hence, to any such ¢ there is associated a unique ¢, € 

S,(X,) with ‘¥(¢,) = ¢. Therefore, ‘¥ is an isomorphism for each k. 
Moreover, ‘¥ is a chain map between chain complexes so that 


A(X) = 1 2 S4(%)) 
Finally, it follows from Lemma 1.5 that 


1 2 5,(%2)) = a A,(X,), 


which completes the proof. CI 


This proposition establishes the intrinsic “additive” property of singular 
homology theory. Since the homological properties of a space are completely 
determined by those of its path components, and the homological properties 
of any path component are independent of the properties of any other path 
component, we may restrict our attention to the study of pathwise-connected 
spaces. 

Note that it follows from Propositions 1.6 and 1.4 that H,(X) is a free 
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abelian group whose basis is in a one-to-one correspondence with the path 
components of X. 


1.7 Theorem. If f: X > Y is a homeomorphism, then 
fy: H,(X) > H,(Y) 
is an isomorphism for each p. 
EXERCISE 3. Prove Theorem 1.7. O 
The fact that this theorem, the topological invariance of the singular 
homology groups, is quite easy to prove is one of the major advantages of 


using singular homology theory. 


1.8 Theorem. If X is a convex subset of R", then 


H,(X) = 0 for p>O. 


Proof. Assume X # @ and let x e X and ¢: 0, > X be a singular p-simplex, 
p = 0. Then define a singular (p + 1)-simplex 6: 6, ,,; > X as follows: 


t t 
(= to (4( : soe) + tox for ty<1 
O(to,.--stpai) = : 1 — ty 1 — to e 0 


x for lo —_ 1. 


That is, we are setting 
O(0, 1 5--+5tp 41) = P(tys---stpar) and A(1,0,...,0) =x 


and then taking line segments from ty to the face opposite ty linearly into the 
corresponding line segment in X (Figure 1.3). This construction is possible 
since X is convex. 
From its definition @ is continuous except possibly at (1,0,...,0). To check 
continuity there we must show that 
lim |{O(to,...,t,4+1) — xl] = 9. 


71 


to 


A(t2) 
A(t,) 


ti fy 


Figure 1.3 
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Now 


lim ||O(to,....t,41) — xl 


tol 
ty tn+1 
1— ego 1 
( (6p jz)) (1 — to)x 
t 
<lim(1—-t Fy . 
aun 0) i([6(- =—ty “l= | | ; 1) 


Since ¢(a,) is compact, (||A(t,;/(1 — fo)... ,f)41/(1 — to) + |Ix||) is bounded. 
Thus, the final limit is zero because lim, ., (1 — to) = 0, and it follows that 6 
is continuous. 

It is evident from the construction that 6)(@) = ¢. Since this procedure may 
be applied to any singular k-simplex, k > 0, there is a unique extension to a 
homomorphism 


= lim 


to7l 


T: S,(X) > Sy (X) 


such that Coo T = identity. More generally we have for ¢ a singular 
k-simplex, 


C(T(P)) (tos -- +5 tk) 
= T(@)(to,.--5t:-1,9, ti,..-5 ty) 


ty Ui-1 tj UK 
=(l-t td 0, Siaueetly tox. 
( aloe. ea et, ct) + tox 


On the other hand, 
T(€;-1(9)) (to, - ++ tk) 


a q ly 
=(1 ro) (0-18(; aye te | + ix) 


t t;_ t; t 
== )0( Sarees: = , 0, - pees . ) + tox 


to 1—t, ‘1~—ty, 1 — to 


Thus, forl <i<k+1, 
0;Td = T(6;-1 9). 


Now let ¢ be any singular k-simplex 


k+1 
CT$ = oT + ¥ (— 10:7) 


k+l k+l k 
= 691 + 2 (—1)'6,T(@) - | > (+ 1'TG,-1( fea —1)'Té, ‘| 


i=] j=0 


= $— Tag. 
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So we have constructed a homomorphism T: S,(X) > S,,,(X) with the prop- 
erty that 6T + To is the identity homomorphism on S,(X), whenever k > 1. 

Now let z be an element of Z,(X). From the above, for p> 0, 
(OT + Té)z = z. Now Since z is a cycle, Téz = 0. Thus, z = 6(Tz) and z is in 
B,(X). This implies that H,(X) = 0 for all p > 0. O 


The construction used in proving Theorem 1.8 is a special case of a chain 
homotopy between chain complexes. Suppose C = {C,,d' and C’ = {C;,é"} 
are chain complexes and 


T:C3C 


is a homomorphism of graded groups of degree one (but not necessarily a 
chain map). Then consider the homomorphism 


CT+T6:C3C 
of degree zero. This will be a chain map because 
C(CT + 7T0)=@0T+0T6=0T6 = OTO + Taé = (CT + Taye. 
This chain map (¢’T + Té@) induces a homomorphism on homology 
(o'T + Té),: H,(C) > H,(C’) for each p. 
Now if z € Z,(C), 
(6’T + T6)(z) = 0’T(z) 
which is in B,(C’). Thus, (¢’T + Té), is the zero homomorphism for each p. 


Given chain maps f and g: C+C’, f and g are chain homotopic if there 
exists a homomorphism T: C > C’ of degree one with o’T + Té = f — g. 


1.9 Proposition. [f f and g: CC’ are chain homotopic chain maps, then 
fa = G4 AS homomorphisms from H,(C) to H,(C’). 


Proof. This follows immediately since if T: C > C’ is a chain homotopy be- 
tween f and g, then 


0=(0T + Te), =(f- De =the - Ix U 


As a special case, suppose that f and g: X > Y are maps for which the 
induced chain maps 


fz and gy: S,(X) > S,(Y) 


are chain homotopic. If T is a chain homotopy between f, and gy, then T 
may be interpreted geometrically in the following way. 

Let ¢ be a singular n-simplex in X. Then T(¢) may be viewed as a continu- 
ous deformation of f,(¢) into g,(¢). From Figure 1.4, T(¢) appears as a 
prism with ends f,(¢) and g,(¢) and sides T(é¢). Thus, it is reasonable that 
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£,£0) 


8,(0) we 


Figure 1.4 


OT(9) = fu(P) — 9 2(9) — T(C9), 


which is the algebraic requirement for T to be a chain homotopy. 

If the chain c = )'m;@; is an n-cycle in X, then f,(c) and gy(c) are n-cycles 
in Y. T(c) is a collection of integral multiples of such prisms and the algebraic 
sum of the sides must be zero since éc = 0. Thus, the boundary of T(c) is the 
algebraic sum of the ends of the prisms, which is f,(c) — gy(c), so that fy (c) 
and g4(c) are homologous cycles in Y. 

Given spaces X and Y, two maps fo, f;: X > Y are homotopic if there exists 
a map 


F:X x IY, I= [0,1], 


with F(x,0) = fo(x) and F(x,1) = f,(x), for all x in X. The map F is a 
homotopy between fy and f,. Equivalently a homotopy is a family of maps 
(fito<r<: from X to Y varying continuously with ¢. It is evident that the 
homotopy relation is an equivalence relation on the set of all maps from X 
to Y. It is customary to denote by [X, Y] the set of homotopy classes of maps. 


1.10 Theorem. If fy, f;: X > Y are homotopic maps, then fo, = fix aS 
homomorphisms from H,(X) to H,(Y). 


Proof. The idea of the proof is quite simple: if z is a cycle in X, then the 
images of z under f, and f, will be cycles in Y. Since fy may be continuously 
deformed into f,, the image of z under fg should admit a similar continuous 
deformation into the image of z under f,. This should imply that the two 
images are homologous cycles. We now proceed to put these geometric ideas 
into the current algebraic framework. 

In view of Proposition 1.9 it will be sufficient to show that the chain maps 
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fou: Siz: S,(X) > S,(Y) are chain homotopic. Let 
F:X xIaY 
be a homotopy between fo and f,. Define maps 
Jo91.X 7X xI 


by go(x) = (x, 0) and g, (x) = (x, 1): 


Then in the diagram each triangle is commutative, that is, fg = F ogg and 
fi = Fog. 

Now suppose that gy, and g, 4 are chain homotopic as chain maps from 
S,(X) to S,(X x I). This would mean that there exists a homomorphism 


T: S,(X) > S,(X x J) 
of degree one with 6T + Té = gox — 9;4- Applying F, to both sides gives 
Fy(@T + TO) = Fy(9ou — 914) or OF, T) + (Fy T)0 = fox — fiz: 


Then Fy, T is a homomorphism from S,(X) to S,(Y) of degree one and is a 
chain homotopy between fj, and f,,. Therefore, it is sufficient to show that 
Joxw and g,y4 are chain homotopic. 

For o,, the standard n-simplex denote by t, € S,(¢,,) the element represented 
by the identity map. Note that if ¢: 0, > X is any singular n-simplex in X, 
then the induced homomorphism 


$4: Sw(On) > S,(X) 


has ¢,(t,) = d. It is evident that every singular n-simplex in X can be ex- 
hibited as the image of t,, in this manner. Our technique of proof then will be 
to first give a construction involving t, and then extend it to all of S,(X) by 
the above approach. 

We construct a chain homotopy T between gyz and g,z inductively on the 
dimension of the chain group. To do the inductive step first, suppose that 
n > 0 and for all spaces X and integers i < n there is a homomorphism 


T: S(X) > S;4,(X x J) 


such that @6T + Té = goz — g;z- Assume further that this is natural in the 
sense that given any map h: X > W of spaces, commutativity holds in the 
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diagram 
SX) "Ss Sh a) 
r [ne 
S(W) —> S.(W xD 
for alli <n. 


To define T on the n-chains of X, it is sufficient to define T on the singular 
n-simplices. So let ¢: o, + X be a singular n-simplex and recall that ¢,(z,,) = 
g. Thus, by defining T, : S,(¢,) > S,41(¢, x 1), the naturality of the construc- 
tion will require that 


Ty (9) = Ty (be (tn) = @ * 1d) 9 (Ty, (Tn))- 


So to define Ty it is sufficient to define T, on S,(o,,). 
Let d be a singular n-simplex in o, and consider the chain in S,(o, x I) 
given by 


C= Gox(4) — gi4(d) — T,, (6d), 


which is defined by the induction hypothesis since Gd is in S, _,(a,,). Note that 
from the preceding discussion, c corresponds to the boundary of a certain 
prism in o,. Then 


6c = 0go4(d) — 091 4(d) — OT, (Cd) 
= gould) — gs 4(6d) — [gox(Ed) — gi 4(Cd) — T,0(6d)] 
= 0. 


Thus, c is a cycle of dimension n in the convex set o, x J. From Theorem 1.8 
it follows that c is also a boundary. So let be S,,,(¢, x J) with éb = c. Geo- 
metrically b is the solid prism of which c is the boundary. Then define 


T,,(d) = 6 
and observe that 
6T(d) + TE(d) = goe(4) — 91 4(4). 
Now for any singular n-simplex ¢: o,, > X define, as before, 

Ty(d) = @ x id)¢ T,, (tn). 
So defined on the generators there is a unique extension to a homomorphism 

Ty: S,.(X) > Sy ai(X x 1). 
This inductive construction indicates the proper definiton for T on 0-chains. 
Recall that og is a point and consider the chain c in Sy(¢9 x J) given by 


C = Jox(To) — 914(To)- 
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Take a singular 1-simplex b in 09 x I with boundary g94(t9) — gi4(to) and 
define T, (to) = b. This defines T on 0-chains by the same technique. 
Finally it must be noted that in the definition given for Ty on n-chains of X, 


OTy + Ty0 = G94 — G14 
and that the construction is suitably natural with respect to maps h: X > W. 


Note that if @ is a singular n-simplex in X, 


Jou (9) = GouPa (Tn) = (M X id) y Jou (T,) 


and similarly 


914(9) = G14 Ge(Tr) = X id) 91 o(T,). 
Now consider 
6T(p) + TO(d) = OTH 4(t,) + TOb4(t,) 
= 6(g x id)yT(t,) + Tb O(t,) 
= (¢ x id) g0T(t,) + (p x id) 4 TO(t,) 
= (¢ x id) 4(Go# (tr) — G14 (Tr) 
= Jou (9) — 914(9). 


The naturality follows similarly. 
Therefore, Ty gives a chain homotopy between go4 and g,4, and we have 
completed the proof that fo, = Si,- O 


Note that this generalizes the approach in Theorem 1.8. There we used the 
fact that, since X was convex, the identity map was homotopic to the map 
sending all of X into the point x. Thus in positive dimensions the identity 
homomorphism and the trivial homomorphism agree, and the positive di- 
mensional homology of X is trivial. 

Let f: X + Y and g: Y— X be maps of topological spaces. If the composi- 
tions fog and go f are each homotopic to the respective identity map, then 
f and g are homotopy inverses of each other. A map f: X > Y is a homotopy 
equivalence if f has a homotopy inverse; in this case X and Y are said to have 
the same homotopy type. 


L.11 Proposition. If f: X — Y is a homotopy equivalence, then f,: H,(X)> 
H,,(Y) is an isomorphism for each n. 


Proof. If g is a homotopy inverse for f, then by Theorem 1.10 f, og, = 
(fog), = identity and g, of, =(g°f), = identity so that g, =f,’ and f, 
is an isomorphism. | 


Suppose that i: A > X is the inclusion map of a subspace A of X. A map 
g. X > A such that g 0 is the identity on A is a retraction of X onto A. If 


1. Singular Homology Theory 17 


furthermore the composition io g: X + X is homotopic to the identity, then 
g 1s a deformation retraction and A is a deformation retract of X. Note that in 
this case the inclusion i is a homotopy equivalence. 


1.12 Corollary. If i: A— X is the inclusion of a retract A of X, then i,: 
H(A) > H,,(X) is a monomorphism onto a direct summand. If A is a deforma- 
tion retract of X, then i, is an isomorphism. 


Proof. The second statement follows immediately from Proposition 1.11. To 
prove the first, let g: X > A be a retraction. Then 


Gx iy =(g 0° i), = (id), =identityon H,(A). 
Hence, i, is a monomorphism. 


Define subgroups of H,(X) by G, = image i, and G, = kernel g,. Let 
%€G, AG, so that « = i,(B) for some B € H,(A) and g,(«) = 0. However 


0 = 9,() = g,i4(B) = B 
so that x = i,(f) must be zero. On the other hand, let y € H,(X). Then 
7 = i494(7) + (7 — inde) 
expresses 7 as the sum of an element in G, and an element in G,. Therefore, 


H,(X) = G, ® G, and the proof is complete. ll 


A triple C 4,D4SE of abelian groups and homomorphisms is exact if 
image f = kernel g. A sequence of abelian groups and homomorphisms 
eG, 2 OG oP eG as 
is exact if each triple is exact. An exact sequence 
0+c4D4E0 
is called short exact. This is a generalization of the concept of isomorphism 
in the sense that h: G, > G, is an isomorphism if and only if 
036,650 
is exact. 
Note that in a short exact sequence as above, f is a monomorphism and 


identifies C with a subgroup C’ © D. Also gis an epimorphism with kernel C’. 
Thus up to isomorphism the sequence is just 


o-c 4 D3 D/C 30. 
Suppose now that C = {C,}, D = {D,} and E = {E,} are chain complexes 
and 


is a short exact sequence where f and g are chain maps of degree zero. Hence, 
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for each p there is an associated triple of homology groups, 
Ss Ix 
H,(C) > H,(D) > H,(E). 


We now want to examine precisely how this deviates from being short exact. 
So we are assuming that we have an infinite diagram in which the rows are 
short exact sequences and each square is commutative. 


0 —— C¢, ee D,, a > 0 
¥ | Sa 
0 Ci, -1 > D, : * E,-1 > 0 


Let ze Z,(E), that is, z € E, and 6z = 0. Since g is an epimorphism, there 
exists an element d € D, with g(d) = z. From the fact that g is a chain map we 
have 


g(éd) = O(g(d)) = éz = 0 


The exactness implies that Gd is in the image of f, so let ce C,_, with f(c) = 
éd. Note that 


f(6c) = O(c) = 06d) = 


and since f is a monomorphism, éc must be zero, and c € Z,_,(C). 

The correspondence z > c of Z,(E) into Z,-,(C) is not a well-defined func- 
tion from cycles to cycles due to the number of possible choices in the con- 
struction. However, we now show that the associated correspondence on the 
homology groups is a well-defined homomorphism. 

Let z, 2’ € Z,(E) be homologous cycles. So there exists an element e € E,,; 
with d(e) =z —2z’. Let d, d'eD, with g(d) =z, g(d')= 2’, and c, c’EC,-, 
with f(c) = dd, f(c’) = dd’. We must show that c and c’ are homologous 
cycles. 

There exists an element ae D,,, with g(a) = e. By the commutativity 


g(Ga) = g(a) = be =z -2’, 


so we observe that (d — lo Ga is in the kernel of g, hence also in the image 
of f. Let be C, with f(b) = (d — d') — Ga. Now we have 


f(éb) = of(b) = 6(d — d’ — Ga) = dd — a’ 
= f(c) — f(c') = fle —¢’). 
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Since f is one to one, it follows that c — c’ = 6b and c and c’ are homologous 
cycles. Therefore, the correspondence induced on the homology groups is 
well defined and obviously must be a homomorphism. 

This homomorphism is denoted by A: H,(E) > H,-,(C) and called the 
connecting homomorphism for the short exact sequence 


O39 C3DRHE-0. 
f 9 


1.13 Theorem. If 0 > C 4,p 4. E 0 isa short exact sequence of chain com- 
plexes and degree zero chain maps, then the long exact sequence 
I« 


4. H,(D) 3 H,(E) > H,-4(C) 3 H,-1(D) 3° 


is exact. 
EXERCISE 4. Prove Theorem 1.13. O 


It is important to note that the construction of the connecting homomor- 
phism is suitably natural. That is, if 


——r ey, ree anes aoe 


Om a ee 


is a diagram of chain complexes and degree zero chain maps in which the 
rows are exact and the rectangles are commutative, then commutativity holds 
in each rectangle of the associated diagram 


+ ——+ H,(D) —++ H,(E) —*— H,-,(C) 2+ H,-;(D) —— 


“ : \ 
> H,(D’!) 2 H,(E)) ——> H,-4(C’) > H,-4(D’) —> 


Let X be a topological space and A < X a subspace. The interior of A 
(Int A) is the union of all open subsets of X which are contained in A, or 
equivalently the maximal subset of A which is open in X. A collection &@ of 
subsets of X is a covering of X if X ¢ | ),.U. Given a collection % let int Y 
be the collection of interiors of elements of &% We will be interested in those 
U for which int Y is a covering of X. 

For &@ any covering of X, denote by S”(X) the subgroup of S,(X) generated 
by the singular n-simplices ¢: 6, > X for which ¢(o,) is contained in some 
U € &. Then for each i 


image 0,;¢ © image ¢ 
so that the total boundary 
a: 84(X) > S200. 
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So associated with any covering % of X there is a chain complex S¥(X) and 
the natural inclusion 


i: S¥(X) > S,(X) 


is a chain map. Note that if Y is a covering of a space Y and f: X > Yisa 
map such that for each U € &, f(U) is contained in some V of ¥, then there 
is a chain map 


Fa: SE(X) > SE(Y) 


and fy oiy = iyo fy. 
We are now ready for the theorem which will serve as the essential compu- 
tational tool in studying the homology groups of spaces. 


1.14 Theorem. If & is a family of subsets of X such that Int Y is a covering of 
X, then 


4: Hy(Sx(X)) > H,(X) 


is an isomorphism for each n. 
Proof. See Appendix I. O 


The proof is deferred to an appendix to avoid a lengthy interruption of the 
exposition. It should not be assumed that this implies the proof is either 
irrelevant or uninteresting. Indeed this argument characterizes the basic dif- 
ference between homology theory and homotopy theory. Intuitively the ap- 
proach to proving this theorem is evident. Given a chain c in X we must 
construct a chain c’ in X such that c’ is in the image of i and 6c = Gc’. 
Moreover, if c is a cycle we will want c’ to be homologous to c. This is done 
by “subdividing” the chain c repeatedly until the resulting chain is the desired 
c’. The technique of subdivision is possible in homology theory because an 
n-simplex may be subdivided into a collection of smaller n-simplices. How- 
ever, the subdivision of a sphere does not result in a collection of smaller 
spheres. It is the absence of such a construction, that makes the computation 
of homotopy groups extremely difficult for spaces as simple as a sphere. 

To see the requirement that Int Y@ covers X is essential, let ¥ = S', x, € S’, 
and Y = {{x},S* — {xo}}. Then any chain c in S{(S’) may be uniquely 
written as the sum of a chain c, in {x9} and a chain c, in S’ — {x9}. More- 
over, since the image of c, is contained in a compact subset of S' — {xo}, c 
will be a cycle if and only if each of c, and c, are cycles. Now both c, and c, 
must then also be boundaries; hence, H,(S{(S*)) = 0. However, it will soon 
be shown that H,(S?) = Z. 

The first application of Theorem 1.14 will be the development of a tech- 
nique for studying the homology of a space X in terms of the homology of 
the components of a covering Y% of X. In the simplest nontrivial case the 
covering Y consists of two subsets U and V for which Int U UInt V = X. For 
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convenience let A’ be the set of all singular n-simplices in U and A” be the set 
of all singular n-simplices in V. Then 


S,(U) = F(A‘), S,(V) = F(A"), 
S,(U AV) = F(A’ A"), S(X) = F(A’ VU A"). 

Note that there is a natural homomorphism 

h: F(A') ® F(A”) > F(A’ U A") 
given by 

h(aj, aj’) = a; + aj. 

It is not difficult to see that h is an epimorphism. On the other hand, there is 
the homomorphism 

g: F(A! A’) > F(A‘) @ F(A") 
given by 

g(b;) = (b;, — 8;). 


It follows immediately that g is a monomorphism and hog =0. Now 
suppose 


h(Y’ n,aj, ¥, mya’) = 0. 
That is 
¥ naj + ¥ ma; = 0. 
Since these are free abelian groups, the only way this can happen is for each 


nonzero n;, a; = a; for some j and furthermore m; = —n;. All nonzero coeffi- 
cients m; must appear in this manner. This implies that all a; are in A’ A” 
and if x = }\n,aj, then )) maj’ = —x. Hence, 


xe F(A'O A") and g(x) = (¥ nja;, ¥) maj). 
This proves that the kernel of h is contained in the image of g, and inter- 


preting these facts in terms of the chain groups gives for each n a short exact 
sequence 


0>5S,(U 0 V) 3 S,(U)® S,(V) “5 $4(X) +0. 


Define a chain complex S,(U)®S,(V) by setting (S,(U)@® S,(V)), = 
S,(U) ® S,(V) and letting the boundary operator be the usual boundary on 
each component. Then the above sequence becomes a short exact sequence 
of chain complexes and degree zero chain maps. 

By Theorem 1.13 there is associated a long exact sequence of homology 
groups, 


SHU OV) S HS,(U) ® S,(V)) 3 H(S4(X) 4 Hy (U OV) ao 
From the definition of the chain complex it is evident that H,(S,(U)® 
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S,(V)) = H,(U)® H,(V), and by Theorem 1.14 we have H,(S2(X)) ~ H,(X). 
Incorporating these isomorphisms into the long exact sequence, we have 
established the Mayer--Vietoris sequence 


SHU nV) 3 HU) ® HAV) 3 A(X) > Hy(U AV) ae. 
Note that if we define by 


the respective inclusion maps, then g,(x) = (i,(x), —j,(x)) and h,(y,z) = 
k,(y) + 1,(z). The connecting homomorphism A may be interpreted geomet- 
tically as follows: any homology class w in H,(X) may be represented by a 
cycle c + d where c is a chain in U and d is a chain in V. (This follows from 
Theorem 1.14.) Then A(q@) is represented by the cycle éc in UNV. 

The construction of the Mayer-Vietoris sequence is natural in the sense 
that if X’ is a space, U’ and V’ are subsets with Int U’ UInt V’ = X’, and 
f: X > X' is a map for which f(U) ¢ U’ and f(V) © V’, then commutativity 
holds in each rectangle of the diagram 


3S H(UOV) 3 HU) ® HV) “3 Hy(X) > Hy(U AV) > 


te : 


A (UO VV’) 5 H(U') © H,(V') “5 H,(X')4> H,- (UO VI) 


\ LOS « 


EXAMPLE. Let X = S' and denote by z and z’ the north and south poles, 
respectively, and by x and y the points on the equator (Figure 1.5). Let 
U = S} — {z'} and V = S! — {z}. Then in the Mayer-—Vietoris sequence as- 
sociated with this covering we have 


Figure 1.5 
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Figure 1.6 


H,(U) @ H,(V) *3 Hy (S*) 5 Ho(U 0 V) 8 Ho(U) ® Hol V). 


The first term is zero since U and V are contractible. Thus, A is a mono- 
morphism and H,(S') will be isomorphic to the image of A = the kernel of 
gy. An element of Hp(U AV) = Z ® Z may be written in the form ax + by, 
where a and b are integers. 

Now 


J 4(ax oe by) = (i, (ax al by), —j,(ax + by)). 


Since U and V are pathwise connected, i, (ax + by) = Oif and only ifa = —b 
and similarly for j,. Thus the kernel of g, is the subgroup of Ho(U NV) 
consisting of all elements of the form ax — ay. This is an infinite cyclic sub- 
group generated by x — y. Therefore, we conclude that 


H,(S') = Z. 


To give geometrically a generator @ for this group, we must represent w by 

the sum of two chains, c + d, where c is in U and d is in V, for which é(c) = 

x — y = —@d. The chains c and d may be chosen as shown in Figure 1.6. 
For any integer n > | the portion of the Mayer-—Vietoris sequence 


H,(U) ® H,(V) “3 H,(S*) 4 H,-,(U 0 V) 


has the two end terms equal to zero; hence, H,(S') = 0. 
This completes the determination of the homology of S?. We now proceed 
inductively to compute the homology of S" for each n. Recall that 


s" = {(X1,-6-5 Xn ai 1X € R> x? —_ 1} cS Rt 


In the usual fashion consider R” ¢ R"*? as all points of the form (x,,..., x, 0). 
Under this inclusion S"~* ¢ S" as the “equator.” Denote by z = (0,...,0,1) 
and z! = (0,...,0, —1) the north and south poles of S". Then by stereographic 
projection S" — {z} is homeomorphic to R", and similarly for S" — {z*}. Fur- 
thermore, S" — {z Uz'} is homeomorphic to R" — {origin}. 


EXERCISE 5. Show that S"~! is a deformation retract of R" — {origin}. 


Now let U = S" — {z}, V = S" — {z1} so that UN V = 8S" — {zUz'}. Then 
by the observations and the exercise above, the Mayer-—Vietoris sequence for 
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Figure 1.7 


this covering becomes 
H,,(R") ® Hy(R") “3 Hy,(S") 3 Hy, —1(S"7?) 3 Hy, -1(R") © Hy -1(R"). 


For m > 1, the end terms are zero so that A is an isomorphism. For m = 1 
and n> 1,g, and A must both be monomorphisms so that H,(S") = 0. This 
furnishes the inductive step in the proof of the following: 


1.15 Theorem. For any integer n > 0, H,(S") is a free abelian group with two 
generators, one in dimension zero and one in dimension n. | 


1.16 Corollary. For n 4 m, S" and S" do not have the same homotopy type. O 


EXERCISE 6. Using only the tools that we have developed, compute the homology of a 
two-sphere with two handles (Figure 1.7). 


Define the n-disk in R" to be 
DP = ((Xy.--5%,) RID <1} 


and note that S"~? < D" is its boundary. 
1.17 Corollary. There is no retraction of D" onto S"~?. 


Proof. For n = | this is obvious since D! is connected and S° is not. Suppose 
n> 1 and f; D">S"~! is a map such that f oi = identity, where i is the 
inclusion of $"~? in D", 
This implies that the following diagram of homology groups and induced 
homomorphisms is commutative: 
id 


H,-:(S"~*) — -4(S"~*) 


H,,-;(D") 


However, this gives a factorization of the identity on an infinite cyclic group 
through zero which is impossible. Therefore, no such retraction f exists. 0 
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1.18 Corollary (Brouwer fixed-point theorem). Given a map f: D" > D", there 
exists an X in D" with f(x) = x. 


Proof. Suppose f: D" > D" without fixed points. Define a function g: D" > 
S"~) as follows: for x € D" there is a well-defined ray starting at f(x) and 
passing through x. Define g(x) to be the point at which this ray intersects 
S""! (Figure 1.8). Then g: D" > S"~’ is continuous and g(x) = x for all x in 
S"~! But the existence of such a map g contradicts Corollary 1.17. Therefore, 
f must have a fixed point. Oo 


EXERCISE 7. Show that Corollary 1.18 implies Corollary 1.17. 


Let n > 1 and suppose that f: S" + S" is a map. Choose a generator « of 
H,(S") = Z and note that the homomorphism induced by f on H,(S") has 
f,(%) = m-x for some integer m. This integer is independent of the choice of 
the generator since f,(—a) = —f,(«) = —m-a = m:(—a). The integer m is 
the degree of f, denoted d(f). This is often referred to as the Brouwer degree 
as a result of the work of L.E.J. Brouwer. The degree of a map is a direct 
generalization of the “winding number” associated with a map from the circle 
into the nonzero complex numbers. 

The following basic properties of the degree of a map are immediate conse- 
quences of our previous results: 


(a) d(identity) = 1; 

(b) if f and g: S" + S" are maps, d(f o g) = d(f)-d(g); 
(c) d(constant map) = 0; 

(d) if f and g are homotopic, then d(f) = d(g); 

(e) if f is a homotopy equivalence then d(f) = +1. 


A slightly less obvious property (a future exercise) is that there exist maps of 
any integeral degree on S" whenever n > O. All these properties are results of 
homology theory, and as such are easily obtained. A much more sophisti- 
cated property is the homotopy theoretic result of Hopf, which is the con- 
verse of property (d), if d(f) = d(g) then f and g are homotopic. Thus, the 
degree is a complete algebraic invariant for studying homotopy classes of 
maps from S" to S". 
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1.19 Proposition. Let n > 0 and define f: S" — S" by 
SX ip May sess nei) = (— Xi Xa 500 Xn) 
Then d(f) = —1. 
Proof. First consider the case n = | (Figure 1.9). As before let z = (0,1), z* = 
(0, —1) and x =(—1,0), y = (1,0). The covering U = S! — {z'} and v= 


— {z} has the property that f(U) ¢ U and f(V) ¢ V. 
Thus, by the naturality of the Mayer-Vietoris sequence the diagram 


0 ——> H,(S') —*> H,(UnV) 


\ 


0 —— H,(S') —~—> H,(UNV) 


S3* 


has exact rows, and the rectangle commutes where f; is the restriction of f. 
Recall that a generator « of H,(S') was represented by the cycle c + d where 
6c = x — y = —@d, and A(q) is represented by x — y. Now 


Af, (2) = fae A(x) = fae(x — y) = y —X = —A(H) = A(—o). 


Since A is a monomorphism, d(f) = —1. 

Now suppose the conclusion is true in dimension n — 1 > 1 and consider 
S$") & S$" as before. Taking U and V to be the complements of the south pole 
and the north pole, respectively, in S", the inclusion 


i: S"™'32UaV 
is a homotopy equivalence. Since n > 2, the connecting homomorphism in 
the Mayer--Vietoris sequence is an isomorphism. Thus, in the diagram 


H,(S") —2— Hy-s(UAV) —t— Hy-1(S"7) 


ne ee: 


(S") — > H,-\(UAV) —*— H,-,(S"") 
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each rectangle commutes and the horizontal homomorphisms are isomor- 
phisms. If x is a generator of H,(S"), 


fy (%) = AV fy A(X) = ATi, fig A) = —ATi, if? A@® = —o. 


This gives the inductive step and the proof is complete. Oo 


For a given map f: S" > S",n > 0, there is associated a map g: S"*! > S"*} 
called the suspension of f and denoted by 9’ f. Intuitively, the idea is that the 
restriction to the equator (S") in S"*? should be f and each slice in S"*? 
parallel to the equator should be mapped into the corresponding slice in the 
manner prescribed by f (Figure 1.10). Specifically consider S"*! ¢ R"*t? = 
R"*? x R? so that the points of S"*? are of the form (x,t), where x € R"*}, 
te R! and ||x||? + |t|? = 1. Then define 


_ J(x, 8) ifx =0 
le a “f(x/x),t) fx #0. 


It is not difficult to see that }’f is continuous and has the desired 
characteristics. 

The technique used in proving Proposition 1.19 may be applied to estab- 
lish the following: 


1.20 Proposition. If f: S" + S",n > 1 is a map, then d(} f) = d(f). oO 


Note that if f(Xy,...,X%pa1)=(—%X1,---,Xna1) and 9(X4,...,Xpa2) = 
(—X,,...,Xn42), then g = }' f and Proposition 1.19 is a special case of Propo- 
sition 1.20. 

1.21 Corollary. If f: S" + S" is given by 
F(X 450-65 Xnan) = (X45---5 —Xjs--- Xp at), 
then d(f) = —1. 


Proof. Let h: S" = S" be the map that exchanges the first coordinate and the 
ith coordinate. Then h is a homeomorphism (h7* = h), so d(h) = +1. Let 
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G(X 45-+-sXnat) = (—X4,---Xp41) SO that d(g) = —1. Then 
d(f) = d(he go h) = d(hy-d(g) = (+17°(-1) = - 1. 4 


1.22 Corollary. The antipodal map A: S" > S" defined by A(X,,.-.,X,) = 
(—X4,---, —X,) has d(A) = (—1)"*?. 


Proof. From Corollary 1.21 A is the composition of (n + 1)-maps, all having 
degree —1. oO 


EXERCISE 8. Show that for n > 0 and m any integer, there exists a map f: S" > 
S" of degree m. 


1.23 Proposition. If f, g: S" > S" are maps with f(x) # g(x) for all x in S", then 
g is homotopic to A o f. 


Proof. Graphically the idea is as follows: since g(x) # f(x), the segment in 
R"*? from Af(x) to g(x) does not pass through the origin. Thus, projecting 
out from the origin onto the sphere yields a path in S" between Af(x) and g(x) 
(Figure 1.11). These are the paths which produce the desired homotopy. In 
particular we define a function 


F:S"x [3 S" 
by 
Fees (1 — tAf(x) + t-9(x) 
(1 — th Af(x) + t-g(x)I 
which gives the homotopy explicitly. O 


1.24 Corollary. If f: S?" > S?" is a map, then there exists an x in S?" with 
f(x) = x or there exists a y in S?" with f(y) = —y. 


Proof. If f(x) # x for all x, then by Proposition 1.23 f is homotopic to A. 
On the other hand, if f(x) # —x = A(x) for all x, then f is homotopic to 
AoA = identity. 


a(x) fix) 


Af(x) 


Figure 1.11 
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When both of these conditions hold, we have 
d(A) = d(f) = d(identity). 


However, d(A) = (~1)?"*! = —1 and d(identity) = 1, and the two conditions 
cannot hold simultaneously. oO 


1.25 Corollary. There is no continuous map f: S?" — S?" such that x and f(x) 
are orthogonal for all x. oO 


Although these ideas have not been defined, S" is a manifold of dimenion 
n. That is, it is locally homeomorphic to R”. As such it has a tangent space 
T(S", x) at each point x in S". With S" identified with the unit sphere in R"*?, 
T(S", x) is the n-dimensional hyperplane in R"*! which is tangent to S” at x 
(Figure 1.12). We may translate this hyperplane to the origin where it be- 
comes the n-dimensional subspace orthogonal to the vector x. Of course, as 
x varies over S", these subspaces will vary accordingly. A vector field on S" is 
a continuous function assigning to each x in S” a vector in the corresponding 
linear subspace. A vector field ¢ is nonzero if (x) # 0 for each x in S". 


1.26 Corollary. There exists no nonzero vector field on S?". 


Proof. If ¢ is a nonzero vector field on $2", then W(x) = O(x)/||¢(x)|| is a vector 
field on S$?" of unit length. Thus, y: S?" = S$?" is a map for which w(x) is 
orthogonal to x for each x. But this is impossible by Corollary 1.25. Hence, 
no such vector field exists. O 


Nonzero vector fields always exist on odd-dimensional spheres. A collec- 
tion of vector fields ¢,,..., ¢, on S" is linearly independent if for each x in S" 
the vectors ¢,(x), ..., 6,(x) are linearly independent. A famous problem in 
mathematics is the determination of the maximum number of linearly inde- 
pendent vector fields which exist on S?"*! for each value of n. The work of 
Hurwitz and Radon [see Eckmann, 1942] gives a strong positive result; that 
is, a specific number of linearly independent vector fields (varying with the 
dimension of the sphere) is shown to exist. The solution of the problem was 
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completed by Adams [1962] who showed that these positive results were the 
best possible. 

Before proceeding with further applications, we digress in order to intro- 
duce some necessary algebraic ideas. A directed set A is a set with a partial 
order relation < such that given elements a and b in A there eixsts an 


element c in A witha < cand b <c. A direct system of sets is a family of sets 
{X,}aea, where A is a directed set, and functions 


f?:X,72X, whenever a<b, 
satisfying the following requirements: 


(i) f," = identity on X, for each a in A; 
(ii) ifa <b <c, then ff = ffo f?. 


The particular case of interest to us is where the X, are abelian groups and 
the f are homomorphisms. So let {X,, f} be a direct system of abelian 
groups and homomorphisms. Define a subgroup R of )., X, as follows: 


Then the direct limit of the system {X,, f°} is the group 
lim X,= Pa X,/R. 


there exists ace A,c >a; for alli, and Y ff(x,,) = of. 
i=l 


Note that if x, isin X, and x, is in X,, then they will be equal in the direct 
limit if for some cin A,c > a andc> band f/(x,) = (Xp). 


1.27 Lemma. Let X be a space and denote by {X,} the family of all compact 
subsets of X, partially ordered by inclusion. Then the family of groups 
{H,(X,)} forms a direct system where the homomorphisms are induced by the 
inclusion maps. Then 


lim H,(X,) ~ Hy(X). 


Proof. For each X,, let the homomorphism 
Gas: H,(X,) = H,(X) 
be induced by the inclusion map. Then set 


9 =¥ gar: >, H,(X,) > H,(X). 


Now suppose that )’7_, X,, is in R; that is, there exists a compact subset 
X, S X such that X,, © X, for each i and 


¥ g(x.) =0 in H,(X,). 


Then from the commutativity of the diagram 
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LG,» 


Y, Ha(X,) > Hy) 


it follows that g()""-y Xq,) = 0 and R is contained in the kernel of g. Thus, g 
induces a homomorphism 


5: Hy(X,)/R = lim H,(X,) > H,(X). 


For any homology class x in H,(X), represent x by a cycle }' jg. Since o, 
is compact, ¢,(9,) is compact in X for each j. Then the chain ) nid, is 
“supported” on the set | );4,(¢,), which is compact since the sum is finite. 
Thus 


|) o(o,) =X,  forsome a, 
Jj 


and ¥n,9; must represent some homology class x, in H,(X,). Moreover, it is 
evident that g,.(x,) = x; hence, x is in the image of g and g is an epimorphism. 

Now suppose that }'7_, X,, is in )), H,(X,) with g(}\7=; X,,) = 0. Each x,, 
may be represented by a cycle } jnjjg;;in X,,. Then g(}.7-; X,,) is represented 
in X by the cycle 5’; ;n;,;;. Since we have assumed that this cycle bounds, 
there exists an (n + 1)}-chain )),m,W, in X with 6()) mw,) = Yi, ;1j¢ij- Once 
again define a subset of X by 


Xy= IY slo |o| U a 


and note that X, is compact. Since }'m,w, is an (n + 1)-chain in X, with 
AY mW,) = Vij 149i; it follows that 


ane (5 nubs) isa boundary in  S,(X4) 
i=1 J 
and 


Y g2(%,)=0 in H,(X,). 


i=1 


Thus, }°7_, X,, is in R, R = kernel of g, and g is an isomorphism. O 


1.28 Lemma. If A ¢ S" is a subset with A homeomorphic to I‘,0 < k <n, then 
Z for j=0 
0 for j>O0. 


Proof. Proceeding by induction on k, if k = 0 then A is a point and S” — A is 
homeomorphic to R" from which the conclusion follows. Assume then that 
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the result is true for k < m and let 
h: A>I™ 


be a homeomorphism. Split the m-cube I” into its upper and lower halves by 
setting 


I* = {(x4,...,%m) E1"|x1, 2 0} and I~ = {(x4,.--,X%,) € T™|x, < 0} 


so that 1* AI~ is homeomorphic to I"~}. For the corresponding decomposi- 
tion of A denote by A* = h7}(I*) and A~ = h7+(I~). The set S" — (A* 1 A7) 
may be written as the union of two sets (S" — A*) U(S" — A7) satisfying the 
requirements of the Mayer-—Vietoris sequence. So there is an exact sequence 


Hja,(S" — (A+ 0 A~)) > HS" — A) > HS" — A*) ® H(S" — A>) 
+ H(S"— (At OA°)). 


By the inductive hypothesis, for j > 0 the end terms are both zero. This yields 
an isomorphism 


HS" — Aen HS" — A+) ® HS" — A>). 


So if x € H,(S" — A) and x # 0, then either if(x) #0 or i, (x) 4 0. Suppose 
it (x) # 0. Now repeat the procedure by splitting A* into two pieces whose 
intersection is homeomorphic to /”~’. In this manner a sequence of subsets 
of S" may be constructed A = A, > A, 2 A; 2°: having the property that 
the inclusion 


S"-ACS,-—A, 


induces a homomorphism on homology taking x into a nonzero element of 
H,(S" — A,), and furthermore that (); A; is homeomorphic to /”~’. 

Now every compact subset of (S"— {),A;) will be contained in some 
(S" — A,). Thus the isomorphism of Lemma 1.27 factors through the direct 
limit 

lim HS" — A,), 


so that this direct limit must also be isomorphic to H,(S" — (), A;). By the 
construction, the element of this direct limit represented by x is nonzero; 
however, by the inductive hypothesis the group H,(S" — (),A;) = 0. This 
contradiction implies that no such element x exists and H,(S" — A) = 0. 

For the case j = 0, the Mayer—Vietoris sequence yields a monomorphism 
rather than an isomorphism. If x and y are points in S* — A with (x — y) #0 
in Ho(S" — A), then the above argument may be duplicated to imply that 
(x — y) must be nonzero in Ho(S" — (); A;), a contradiction. O 


1.29 Corollary. If B < S" is a subset homeomorphic to S* forO<k<n—1, 
then H,(S" — B) is a free abelian group with two generators, one in dimension 
zero and one in dimension n — k — 1. 
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Proof. Once again inducting on k, note that for k = 0, S* is two points and 
S" — B has the homotopy type of S"~?. Since H,(S"~*) satisfies the descrip- 
tion, the result is true for k = 0. Suppose the result is true for k — 1 and write 
B= B* UB’, where B* and B™ are homeomorphic to closed hemispheres in 
S* and B* ~ B~ is homeomorphic to S*~?. The Mayer-—Vietoris sequence of 
the covering 
S" — (Bt 0 B~) = (S" — Bt)U(S" — B>) 
has the form 
Hjs\(S" — B*) ® Hy,1(S" — Bo) > Hy4s(S" ~ (BY 0B”) 

+ H,(S" — B) 

— HS" — B*)®H,(S" — B°). 
For j > 0, both of the end terms are zero by Lemma 1.28. The resulting 


isomorphism furnishes the inductive step necessary to complete the proof. 
0 


This result may now be applied to prove the following famous theorem. 


1.30 Theorem (Jordan-Brouwer Separation Theorem). An (n — 1)-sphere im- 
bedded in S" separates S" into two components and it is the boundary of each 
component. 


Figure 1.13 


<Q GY 


Figure 1.14 
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Proof. Let B < S" be the imbedded copy of S"~?. Then by Corollary 1.29, 
H,(S" — B) is free abelian with two basis elements, both of dimension zero. 
So S" — B has two path components. B is closed, so S" — B is open and hence 
locally pathwise connected. This implies that the path components are com- 
ponents. 

Let C, and C, be the components of S" — B. Since C, U B is closed, the 
boundary of C, is contained in B, (Here we mean by the boundary of C,, the 
set dC, = C, — C®). The proof will be complete when we show that B € éC,. 
Let x € B and U be a neighborhood of x in S". Since B is an imbedded copy 
of S"~?, there is a subset K of U 0 B with x e K and B — K homeomorphic 
to D"~? (Figure 1.13). 

Now by Lemma 1.28 H,(S" — (B — K)) © Z with generator in dimension 
zero. Thus, S” — (B — K) has one path component. Let p, € C,, p, € C, and 
y a path in S" — (B — K) between p, and p,. Since C, and C, are distinct path 
components in S" — B, the path y must intersect K. As a result, K contains 
points of C, and C,. 

We have shown that an arbitrary neighborhood of x contains points of 
both C, and C,, hence x is in the boundary of C, and the proof is complete. 


O 
One final application is the Brouwer theorem on the invariance of domain. 


1.31 Theorem. Suppose that U, and U, are subsets of S" and that h: U, > U, 
is a homeomorphism. Then if U, is open, U, is also open. 


Note. It should be observed that this is a nontrivial fact. Of course, it is 
obviously true if “open” is replaced by “closed,” or if the homeomorphism is 
assumed to be defined over all of S". This need not be true in spaces in general. 
For example, let W, = (3,1] and W, = (0,4] be subsets of [0,1]. If h: W, > 
W, is given by h(x) = x — 4, then his a homeomorphism, W, is open, but W, 
is not. It should be evident that there is no extension of h to a homeomor- 
phism of [0, 1] onto itself. 


Proof. Suppose x2, = h(x,) is some point in U,. Let V, be a neighborhood of 
x, in U,; with V; homeomorphic to D" and 6V, homeomorphic to S"~?. Set 
Vv, =h(V,) and denote by dV, =h(@V,), so that éV, is a subset of S” 
homeomorphic to S"~! (Figure 1.14). 

Then by Lemma 1.28 $"— V, is connected, while by Theorem 1.30 
S" — éV, has two components. So S" — éV; is the disjoint union of S" — V, 
and V, — 6V,, both of which are connected. Hence, they are the components 
of S"— éV,. This implies that V, — éV, is open, contained in U;, and x, é€ 
V, — éV,. Hence, U, is open. O 


CHAPTER 2 
Attaching Spaces with Maps 


The purpose of this chapter is to develop the basic theory of CW complexes 
and their homology groups. An equivalence relation on a topological space 
is seen to produce a new space whose points are the equivalence classes. This 
gives a means of attaching one space to another via a mapping from a sub- 
space of the first to the second. The case of particular interest is that of 
attaching a cell to a space via a map defined on the boundary. This leads 
naturally to the definition of CW complexes. To serve as tools in the study of 
these spaces, relative homology groups are introduced and the excision theo- 
rem is proved. It is shown that the relative groups of adjacent skeletons 
produce a finitely generated chain complex whose homology is the homology 
of the space, and this is applied to compute the homology of real projective 
spaces. 

Recall that a relation ~ ona set A is an equivalence relation if the following 
are satisfied: 


(i) a~ a, 
(ii) a~b>bw~a, 
(ili) a~b,b~c>aw~c, 


for all a, b, and c in A. Such a relation on A gives a decomposition of A into 
equivalence classes. On the other hand, a decomposition of A into disjoint 
subsets defines an equivalence relation on A (a ~ b<a and Bb are in the 
same subset) under which these subsets are the equivalence classes. Denote 
by A/~ the set of equivalence classes under ~. By the quotient function 
nm: A— A/~ we mean the function which assigns to ae A the equivalence 
class containing a. 

More generally, if f: A > B is a function of sets, there is naturally asso- 
ciated an equivalence relation on A. Specifically, a, ~ a, if and only if f(a,)= 
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f(az). In particular if B = A/~, for some equivalence relation ~, and f = 2, 
then we recover the original relation ~ in this way. 

Now suppose ~ is an equivalence relation on a topological space X. The 
quotient space X/~ may be topologized by defining a subset U € X/~ to be 
open if and only if z~'(U) is open in X. Note that under this topology, z 
becomes a continuous function. 

Since our main interest is in Hausdorff spaces, we will want to restrict our 
attention to those equivalence relations on a Hausdorff space X for which the 
quotient space X/~ is Hausdorff. For example define an equivalence relation 
on[—1, 1] by a ~ —aif|a| < 1 anda ~ a for all a. Then the images of 1 and 
—1in the quotient space cannot be separated by mutually disjoint open sets. 

If X is a topological space define 


D = {(x,x)|xeX}oXx X 


the diagonal in X x X. Recall that X is Hausdorff if and only if the diagonal 
is a Closed subset of X x X. Now let ~ be an equivalencc relation on X 
and denote by A the diagonal in (X/~) x (X/~). Note that the continuous 
function 


mx mu: X x X +(X/~) x (X/~) 


has 
(x x m)*(A) = {(x, yx ~ y}. 


This subset of X x X is the graph of the relation. The relation ~ on X is 
closed if and only if its graph is a closed subset of X x X. It is evident from 
the above that if X/~ is a Hausdorff space, then ~ is aclosed relation on X. 
We now show that the converse is true whenever X is compact. 


2.1 Proposition. If ~ is a closed relation on a compact Hausdorff space, then 
X/~ is Hausdorff. 


Proof. Recall that a subset of a compact Hausdorff space is closed if and only 
if it is compact. Denote by p, and p, the projection maps of X x X onto the 
first and second factors, respectively. Let C be a closed subset of X and 
Gc xX x X the graph of ~. Then 


p2(p;'(C) OG) = {ye X|y ~ x for some x € C} 
= n7}(n(C)). 


Now p;?(C) a G is closed, hence compact, and so p2(p;'(C) a G) is compact, 
hence closed. Thus, for any closed C ¢ X, 27*(x(C)) is closed in X; hence, 
n(C) is closed in X/~. 

If X and ye X/~ are distinct points, then they are closed in X/~ since 
they are images of single points in X. Thus, x~*(X) and 27'(¥) are disjoint 
closed subsets of X. Since X is compact Hausdorff, it is normal, and there 
exist open sets U, V, in X containing 2~*(x) and 2~*(V), respectively, with 
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UAV = @. Let U' and V’ be the complements of U and V, so that n(U’) and 
n(V’) are closed subsets of X/~. Then their complements X/~ — 2(U’) and 
X/~ — x(V’) are open, disjoint and contain X and JY, respectively. Thus, X/~ 
is Hausdorff. OC 


EXERCISE |. (a) Give an example of a closed relation ~ on a Hausdorff space X such 
that x: X > X/~ is not a closed mapping. 

(b) Give an example of a closed relation ~ on a Hausdorff space X such that 
X/~ is not Hausdorff. 


If a partial relation ~’ is given on a space X, it is possible to associate with 
~' a specific equivalence relation on X. Define an equivalence relation ~ on 
X by x ~ yif there exists a sequence Xo,..., X, in X with xy = x, x, = y, and 


(i) Xiu. =X; OF 
(11) Xj44 ~’X; OF 
(tii) Xx; ~" X44 


for each i. Then ~ is the equivalence relation generated by ~’. It is the least 
equivalence relation that preserves all of the relations from ~’. 

For example, let X = S",n > 1, and define ~ to be the least equivalence 
relation on S" for which x ~ —x for all x. The graph of ~ in S" x S" is the 
union of the diagonal D and the antidiagonal D’ = {(x, —x)|x € S"}. This is 
obviously closed; hence, S”/~ is a compact Hausdorff space called real pro- 
jective n-space, RP(n). 

Suppose A, X, and Y are spaces with Ac X and XN Y=. Let f: A> 
Y be a continuous function. We consider X U Y as a topological space in 
which X and Y are both open and closed, carrying their original topologies. 
Let ~ be the least equivalence relation on X U Y such that x ~ f(x) for all 
x € A. The identification space X U Y/~ is the space obtained by attaching X 
to Y via f: A > Y. It iscustomary to denote X U Y/~ by Xu, Y. 


EXERCISE 2. Suppose in the above that X and Y are Hausdorff spaces and A is closed 
in X. Then show that ~ is a closed relation. 


2.2 Corollary. If X and Y are compact Hausdorff spaces, A is closed in X and 
f:A— Y is continuous, then X U, Y is a compact Hausdorff space. O 


It is not difficult to see that there is a homeomorphic copy of Y sitting in 
X U, Y. We denote by i: ¥ > Xu, ¥ the homeomorphism onto this sub- 
space; i may be thought of as the composition of the inclusion of Yin X U Y 
followed by the quotient map 7: X VUY> Xu, Y. 

A case of particular importance is when X = D" and A = S""} = 0D". The 
space D" U, Y is called the space obtained by attaching an n-cell to Y via f. 
When it may be done without causing confusion, we will denote D" U, Y 
by Y,. 
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D? 


Figure 2.1 


EXAMPLE. Let X = D?, A = S! = 6D? and Y be acopy of S? disjoint from X. 
Let f: A > Y be the standard map of degree two given in complex coordi- 
nates by f(e””) = e?”. The identification space X U, Y is then the real projec- 
tive plane, RP(2). 

The homology groups of this space may be computed by applying the 
Mayer-Vietoris sequence. In the interior of D? pick an open cell U and a 
point p contained in U (see Figure 2.1). Setting V = RP(2) — {p}, consider 
the Mayer-—Vietoris sequence of the covering {U, V}. Um V and V both have 
the homotopy type of S’, whereas U is contractible. In the portion of the 
sequence given by 


H,(U AV) % H,(U) @ H,(V) 5 H,(RPQ)) 
2 2 


Z Z 


it is easy to check that f is an epimorphism. A generating one-cycle in Un V, 
when retracted out onto the boundary, is wrapped twice around S’ since f 
has degree two. Thus, a is a monomorphism onto 2Z, and H,(RP(2)) = 
Z/2Z = Z3. 

Moreover, the connecting homomorphism 


H,(RP(2)) 5 H,(U AV) 


is a monomorphism whose image is the kernel of «, so H,(RP(2)) = 0. All 
higher-dimensional homology groups are easily seen to be zero, and RP(2) is 
pathwise connected, so its homology is completely determined. 

The technique used in this example may easily be adapted to prove the 
following proposition: 


2.3 Proposition. If f: S"~' > Y is continuous where Y is Hausdorff, then there 
is an exact sequence 
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> Hy (S"?) 3S Hy (Y) 3S Hy(¥p) 2 Hyg i(S" 2) 
+ Ho(S""!) + Ho) ® Z > Hol ¥,). O 


This exact sequence shows how closely related are the homology groups 
of Y and Y;,. If an n-cell has been attached to Y, then H,(Y) > H,(Y;) is 
a monomorphism with cokernel either zero or infinite cycle. In this sense 
we may have created a new n-dimensional “hole.” On the other hand, 
H,,-,(Y) > H,-,(¥;) is an epimorphism with kernel either zero or cyclic, so 
the effect of this new n-cell may have been to fill an existing (n — 1)-dimen- 
sional “hole” in Y. Away from these dimensions, the addition of an n-cell does 
not affect the homology. 

Let (X, A) be a pair of spaces and Y = point. Then there is only one map 
A4SY for A # ©. The space X u, Y is then denoted by X/A because it can 
be pictured as the spaced formed from X by collapsing A to a point. Note 
that if X is compact Hausdorff and 4 is closed in X, then X/A is compact 
Hausdorff. 


2.4 Proposition. [f X and W are compact Hausdorff spaces and g: X > W isa 
continuous function onto W such that for some wo € W, g~*(wo) is a closed 
set AS X, and for w # Wo, g~'(w) is a single point of X, then W is homeo- 
morphic to X/A. 


This follows immediately from the following more general fact. 


2.5 Proposition. Suppose X, Y, and W are compact Hausdorff spaces and A is 
a closed subset of X. Let f: A > Y be continuous and g: X U Y > W continu- 
ous and onto. If for each w € W, g~'(w) is either a single point of X — A or the 
union of a single point y € Y together with f~'(y) in A, then W is homeomor- 
phic to X Uy Y. 


Proof. If n:X UY > Xu, Y is the identification map, g may be factored 
through z to give a commutative triangle 


where k is induced by g. Then k is one to one and onto by the properties of 
g. To See that k is continuous, let C be closed in W. Then k~}(C) is closed if 
and only if 7~*k~'(C) is closed. But 2~*k~*(C) = g7*(C), which is closed 
since g is continuous. Since X U, Y and W are compact Hausdorff spaces, k 
is a homeomorphism. Oo 
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EXAMPLE. Consider S"~! as the boundary of D" and let h,: D" — S""! > R" be 
a homeomorphism. Let z € S" and set h,: S" — {z} + R" to be the homeomor- 
phism given by stereographic projection. Now define a function 


zZ if xesv? 
:D"— S$" b = 
g = y g(x) es a Dp" — grt, 


Then checking that g satisfies the hypothesis of Proposition 2.4 with A = 
S"~* we conclude that D"/S"~ is homeomorphic to S". Thus, S" may be viewed 
as the space given by attaching n-cell to a point. 

Many of the spaces which concern algebraic topologists may be con- 
structed in a similar fashion, that is, by repeatedly attaching cells of varying 
dimensions to a finite set of points. Before giving a formal definition, we 
consider a number of important examples. 


EXAMPLE. Recall that RP(n) = S"/~, where ~ is the least equivalence rela- 
tion on S" having x ~ —x for all x. Denote by z: S" > RP(n) the quotient 
map. What space is produced by attaching an (n + 1)-cell to RP(n) via x? 

Regard S" < S"*? by identifying (x;,...,X,4;) € 5S” with (x,,...,%)41,0) € 
S"*!, This induces an inclusion map i: RP(n) > RP(n + 1), ofa clésed subset. 
Write S"*! as the union of two subsets E"*? U E"*? which correspond to the 
upper and lower closed hemispheres, that is, E"*? A E"*? = S", 

There is a homeomorphism g: D"*! + E"*. Denote by f,: D"*!>RP(n+ 1) 
the composition of the maps 


p’) 4, Ett osm) § RP(n + 1), 


where h is the quotient map on S"*?. 
Thus, we have a mapping of the union: 


D"*! GO RP(n) east RP(n + 1). 


It is not difficult to aa that f; Uiis onto; in fact, f; is onto. Note that for 
zéRP(n + 1), f, '(z) is either a single point of D"'’ — S" or a pair {x, —x} in 
S", the latter a true if and only if z lies in the subspace RP(n). Thus, the 
hypotheses of Proposition 2.5 are satisfied and we conclude that RP(n + 1)is 
homeomorphic to D"** U, RP(n), the space given by attaching an(n + 1)-cell to 
RP(n) via x. 

Suppose X and Y are topological spaces and x9 eX, yy € Y are base 
points. In X x Y there are the subsets {x} x Y and X x {yo}. Define X v 
Y, the wedge of X and Y, to be the union of these two subsets, 


X x {yo} U {xo} x ¥. 
EXAMPLE. Denote by I the unit interval in R’, 61 = {0,1}. The n-cube 
Ie RR" has. el" ={60;,205;%,)|'some x, = 0 or 1}, 


So I™ x I? = I™*" and 
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aun") = (GI" x I")U(I™ x @I"). 


Let z,,¢S" and z,e¢S" be base points. There exists a map of pairs 
f: I", él") > (S",z,,), which is a relative homeomorphism; similarly there is 
ag:(I", 1") > (S",z,). Taking cartesian products gives a map 


f xg:I"™~x I" S™x S". 
To see what happens on 0(/™ x I") note that 
im" — gam*") = (I™ — I”) x (I" — I"). 
From the properties of f and g, f x g maps this one to one onto 
(S™ — z,,) x (S" — z,) = S™ x S"—(S™ x {z,} U {z,,} x S$") 
=S"™x S"-—S™v S". 
Furthermore, f x g maps 6(I"*") onto S” v S", so by Proposition 2.5, S™ x 


S" is homeomorphic to the space obtained by attaching an (m +4 n)-cell to 
S™ v S" via the map 


ou™*") ~ gmtn-t 2 s™ Vv s", 


S"™ x S" is called a generalized torus. 


EXAMPLE. For each integer n identify R?" with C" and denote the points by 
(z1,--+,Z,). Then S?"-' < C" is given by 


Sorte fiz pscessell ley Sle 


Define an equivalence relation on S?""? by (zj,...,Z,) ~ (21,---52,) if and 
only if there exists a complex number / wth |/| = 1 such that 2; = 4z,,..., 
z, = 4z,. This is a closed relation, and the space S?""*/~ is denoted 
CP(n — 1), (n — 1)-dimensional complex projective space. [This because its 
complex dimension is (n — 1), real dimension (2n — 2).] Recall that in the 
case Of real projective space, a point on the sphere determined a unique real 
line through the origin and the point was set equivalent to all other points on 
that line, that is, the antipodal point. In the complex case, a point on the 
sphere determines a unique complex line through the origin and the point is 
identified with all other points on that line. 


Exercise 3, Let f: S7"-! + $?"71/~ = CP(n — 1) be the identification map. Show that 
the space formed by attaching a 2n-cell to CP(n — 1) via f is homeomorphic to CP(n). 


For the case n = 1, any two points in S! are equivalent; hence, C P(0) is a 
point. Now CP(1) is formed by attaching D? to CP(0), which must yield S?. 
Thus, CP(1) is homeomorphic to $?. A matter of particular interest is the 
identification map 


S35 S3/~ = CP(1) = S?. 
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This map 
h: S3 = S? 


is called the Hopf map and is of particular importance in homotopy theory. 


EXAMPLE. In the same manner as for the complex number field, we may 
identify R* with the division ring of quaternions by (x,,X2,X3,X4) > X; + 
ix, + jx, + kx,. This identifies R with H”, and the sphere 


Soh = fe ee lal = 1h 


On S*""! set (a;,...,0%,) ~ (aj,..., 0) if there exists a y € H with |y| = 1 such 
that x; = yoy, ..., a, = pa, Then S$4"7-?/~ is HP(n — 1), (n — 1)-dimensional 
quaternionic projective space. As before we find that HP(0) = pt, HP(1) = S* 
and HP(n) is the space given by attaching a 4n-cell to HP(n — 1) via the 
identification map S*"-*>HP(n—1). The identification map h: S’+HP(1)= 
S* is once again called the Hopf map. 


We now want to compute the homology groups of some of these examples. 
Leaving the real projective spaces for later in this chapter, first consider the 
generalized torus S” x S" and assume m, n > 2. 

Recall that S” x S" is given by attaching an (m + n)-cell to S” v S”. Denote 
by —z,, and —z, the antipodes of the base points z,,¢S" and z, eS” (see 
Figure 2.2). Define 


U=S"v S*—{-z,} and V=S™v S"— {-z,}. 


Then {U,V} gives an open covering of S™ v S", U admits a deformation 
retraction onto S”, and V admits a deformation retraction onto S”. Finally, 
note that Um V has the homotopy type of a point. Thus, in the Mayer~ 
Vietoris sequence for this covering we have 


HS") ® H(S") = HS" v S") for j>0. 


Therefore, H,(S” v S") is a free abelian group of rank three having one basis 
element of dimension zero one of dimension m and one of dimension n. 
Now by Proposition 2.3 there is an exact sequence 


ss Hsmtnt) 2 HS" v S") + Hy(S™ x S") > Hyy(S™*") a, 


Figure 2.2 
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Since m,n >2,m+n—1>mandm+n—1>n. It follows that f, is the 
zero map in positive dimensions. On the other hand, if i = m + n, the con- 
necting homomorphism 


H(S™ x S") > H,.4(S"*"7) 


must be an isomorphism. This information may be combined with special 
arguments for dimensions zero and one to prove the following: 


2.6 Proposition. H,(S” x S"), m,n > 0, is a free abelian group of rank four 
having one basis element of each dimension 0, m, n, and m + n. oO 


Note. This is our first encounter with a nonspherical homology class. 
Let « € H,(S*) = Z be a generator. An homology class B € H,(X) is spherical 
if there exists a map f:S*—+ X such that f,(«) =. Specifically, if Be 
H,(S' x S*) is a generator, then £ is not spherical. Although we are not 
equipped to prove this at the present time, the basic reason is that f is a 
product of two one-dimensional homology classes, while « € H(S7) is not. 


Next consider complex projective space CP(n). For n=0, 1 we know 
H,(CP(0)) = H,(pt) and H,(CP(1)) x H,(S?). 


2.7 Proposition 


Z for i=0,2,4,...,2n 
H,(CP(n)) = Ree oasis 
(CP(n)) otherwise. 
Proof. We proceed by induction on n. From the remarks above, the result is 
true for n = 0 or 1. So suppose it is true for n ~ 1 > 1 and recall that CP(n) 
may be constructed by attaching a 2n-cell to CP(n — 1) via the identification 
map f: S?""' + CP(n — 1). By Proposition 2.3 this yields an exact sequence 


+ HS?) HYCP(n — 1) 3 H(CP(n)) 5 Hy-4(S2"4) > 
for i > 0. For strictly algebraic reasons the homomorphism f, must be zero 


in positive dimensions. So for i > 1, this gives a collection of short exact 
sequences 


0 H(CP(n — 1)) 2 H(CP(n)) 3 H-s(S*"') + 0. 
These, together with the induction hypothesis, the fact that j, is an epimor- 


phism in dimension one and the fact that CP(n) is pathwise connected, com- 
plete the inductive step and the result follows. oO 


2.8 Proposition 


Z for i= — 
HR) = | or i1=0,4,8,...,4n 


0 otherwise. 
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Proof. The proof of this is entirely analogous to that for Proposition 2.7. 1 


With these examples in mind we now develop some of the basic properties 
of spaces constructed in this way. To do so it is necessary to introduce the 
relative homology groups, a useful generalization initiated by Lefschetz in the 
1920s. The concept is entirely analogous to that of the quotient of a group by 
a subgroup. If A is a subspace of X then we set two chains of X equal modulo 
A if their difference is a chain in A. In particular a chain in X is a cycle 
modulo 4 if its boundary is contained in A. This reflects the structure of 
X — A and the way that it is attached to A. In a sense, changes in the interior 
of A, away from its boundary with X — A, should not alter these homology 
groups. 

To introduce the necessary homological algebra, let C = {C,,, 6} be a chain 
complex. D = {D,, 0} is a subcomplex of C if D, < C, for each n and the 
boundary operator for D is the restriction of the boundary operator for C. 
Define the quotient chain complex 


C/D =, {C,/Dns oF} 
where 0’{c} = {6c} for {c} the coset containing c. For convenience the prime 


will be omitted and all boundary operators will continue to be denoted by 0. 
There is a natural short exact sequence of chain complexes and chain maps 


0+>D>C+4C/D 0, 
where i is the inclusion and z is the projection. From Theorem 1.13 this leads 
to a long exact sequence of homology groups 
+++ H,(D) “> H,(C) % H,(C/D) > H,-4(D) 3+. 

For clarity denote by { } the equivalence relation in C/D and by ¢ > the 
equivalence relation in homology. 

To see how the connecting homomorphism A is defined let {c} be a cycle 
in Z,(C/D). To determine A(< {c}), represent {c} by an element c € C, having 


6c € D,_,. Of course, 6c € Z,_,(D) and hence represents a class in H,_,(D). 
Thus, we have 


A(<{c}>) = <ae). 


More generally, if E © D&C are chain complexes and subcomplexes, 
there is a short exact sequence of chain complexes and chain maps 


0-> D/E>C/E>C/D-0 
In the corresponding long exact homology sequence 
“+ H,(D/E) > H,(C/E) > H,(C/D) > H,-1(D/E) > + 


the connecting homomorphism is given by A’(< {c}>) = ¢ {6c}, which may 
be viewed as the composition 


H,(C/D) > H,-;(D) "8 H,_,(D/E). 
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This is natural in the sense that if E’< D' <C’ are chain complexes and 
subcomplexes and f: C > C’ is a chain map for which f(D) © D’ and f(E) < 
E’, then the induced homomorphisms on homology groups give a transfor- 
mation between the long exact homology sequences in which each rectangle 
commutes. 

By a pair of spaces (X, A) we mean a space X together with a subspace 
A & X.If(X, A) is a pair of spaces, S,(A) may be viewed as a subcomplex of 
S,(X). The singular chain complex of X mod A is defined by 


S,(X, A) = S,(40/S, (A). 


The homology of this chain complex, the relative singular homology of X 
mod A, is thus given by 


H,(X, A) = H,(S,(%)/S,(A)).- 


From the previous observations any pair (X, A) has an exact homology 
sequence 


++ H(A)“ H,(X) 3 H,(X, A) 3 Hyy(A) 


In this sense H,(X, A) is a measure of how far i,: H,(A) > H,(X) is from 
being an isomorphism. That is, i, is an isomorphism of graded groups if and 
only if H*(X, A) = 0. Thus, we have immediately the following: 


2.9 Proposition. [f (X, A) is a pair for which A is a deformation retract of X, 
then H,(X, A) = 0. oO 


More generally if (X, A, B) is a triple of spaces, that is, BS A ¢ X, there 
results a short exact sequence of chain complexes 


0 — S,(A, B) > S,(X, B) > S,(X, A) > 0 


which yields the corresponding long exact sequence of relative homology 
groups. It is conventional to define S,(@) = 0 so that H,(X,@) = H,(X) and 
all homology groups may be viewed as groups of pairs. 

Given pairs (X,A) and (YB) a map of pairs f:(X,A)—>(¥,B) is a con- 
tinuous function f: X — Y for which f(A) © B. Note that for such a map 
f4(S,(A)) S S,(B), so that there is associated a homomorphism 


Se: S,(X, A) > S,(¥% B) 


which is a chain map, hence also a homomorphism on the relative homology 
groups. Note that the homomorphisms of degree zero in the exact sequence 
of a triple are induced by the inclusion maps of pairs. 

Two maps of pairs f, g: (X, A) > (Y, B) are homotopic as maps of pairs if 
there exists a map of pairs 


F:(X x I,A x I)-(Y,B) 


such that F(x,0) = f(x) and F(x, 1) = g(x). Note that this says that in contin- 
uously deforming f into g, it is required that at each stage we map A into B. 
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2.10 Theorem. If f, g: (X,A)—(Y, B) are homotopic as maps of pairs, then 
Se = 9x aS homomorphisms from H,(X, A) to H,(Y, B). 


Proof. As before define ig, i,:(X,A)— (X x I,A x I) by ig(x) = (x,0) and 
i,(x) = (x, 1) and note that it is sufficient to show that i), and i,, are chain 
homotopic. 

Using the same technique as for the absolute case of Theorem 1.10 we 
construct a natural homomorphism 


T: S,(X) > Spea(X x 1) 


having 
OT + Te =igg — iy 


and observe that the restriction of T has T(S,(A)) S S,,,(A x I). Thus, there 
is induced the desired chain homotopy 


T: S,(X, A) Syas(X x 1A x I). oO 


EXAMPLE. To illustrate the difference between maps being absolutely homo- 
topic and homotopic as maps of pairs, consider the following example. Let 
X = [0,1], A = {0,1}, and Y = S’, B = {1}. Define 


gf:X7~Y 


by f(x) =e?” and g(x) = 1. Then f and g are maps of pairs (X, A) > (¥, B) 
and f and g are absolutely homotopic as maps from X to Y but they are not 
homotopic as maps of pairs. 


EXERCISE 4. (The five lemma) Suppose that 


ay 22 23 a4 
Ca eS OS st Se, 


\ \: \: \ I 
D, By D, B2 D, Bs Ds Ba Ds 


is a diagram of abelian groups and homomorphisms in which the rows are exact and 
each square is commutative. Then show 


(i) if f2, f4 are epimorphisms and f, isa monomorphism, then f; is an epimorphism; 
(ii) if fo, f, are monomorphisms and f, is an epimorphism, then f3 is a mono- 
morphism. 


Note that, as a special case of this exercise, if f,, fo, f4, and fs are isomorphisms, then 
J; is an isomorphism. 


As pointed out before it seems that those points of A which are not close 
to the complement of A in X (see Figure 2.3) make no contribution to the 
relative homology group of the pair (X, A). This property is formally set forth 
in the following excision theorem. 
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x 


Figure 2.3 


2.11 Theorem. If (X, A) is a pair of spaces and U is a subset of A with U 
contained in the interior of A, then the inclusion map 


i: (X — U, A — U)->(X, A) 
induces an isomorphism on relative homology groups 
i,: H,(X — U,A — U)> H,(X, A). 


That is, such a set U may be excised without altering the relative homology 
groups. 


Proof. Denote by &@ the covering of X given by the two sets X — U and Int A. 
By assumption their interiors cover X; thus, their interiors also cover A and 
we set &@' to be the covering of A given by {A — U, Int A}. Then by Theorem 
1.14 the inclusion homomorphisms of chains 

i: S(X) > S,(X) and i: S"(A) > S,(A) 


both induce isomorphisms on homology. 
Considering S,”"(A) as a subcomplex of S,’(X) there is a chain mapping of 
chain complexes 


Ji SY(X)/SE(A) > S,(X)/S,(A) = S,(X, A). 
The chain mappings i, i’, and j give rise to the following diagram of homol- 
ogy groups 
‘+ AL (SY (A)) > A, (S2(X)) > (Se (XYSL(A)) > Hy~i(S¥(A)) 


“> H(A) > FAX) > 4X4) > H,_,(A) > °° 


Since i, andi, are isomorphisms, it follows from the five lemma (see Exercise 
4) that j, is an isomorphism. 
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Now we can write $(X) as the sum of two subgroups 
S¥(X) = S,(X — U) + S,(Int A), 
but not necessarily as a direct sum. Similarly 
SY'(A) = S,(A — U) + S,(Int A). 
Then by elementary group theory 
SU(X)/SH(A) = S,(X — U)/S,(A — U) = S,(X — U,A — U). 
Composing this isomorphism with the chain map j there is induced on hom- 
ology the desired isomorphism 
H,(X — U,A — U) > H,(X, A). Oo 
A short exact sequence of abelian groups and homomorphisms 
0+A5B4C 30 


is split exact if f(A) is a direct summand of B. 


Exercise 5. Suppose 0—> A 4,B4,C-+0 is short exact. Then the following are 
equivalent: 


(i) the sequence is split exact; = 7 
(ii) there exists a homomorphism f: B— A with f o f = identity; 
(iii) there exists a homomorphism g: C > B with g o g = identity. 


Let X be a space and y a single point. Denote by «: X > y the map of X 
into y. Then there is the induced homomorphism on homology 


a,: H,(X) > H,(y). 


Denote the kernel of a, by H,(X). This subgroup of H,(X) is the reduced 
homology group of X. Note that since H,(y) = 0 for i #0, A,(X) = H,(X) for 
i #0. Furthermore, if X 4 @, then a, is an epimorphism so that Ho(X) is 
free abelian with one fewer basis element than H)(X). Note that if f: X > Y 
is a map, then f,: A(X) — H,(Y). For example, A,(S") is free abelian with 
one basis element in dimension n. 


2.12 Proposition. If xX. € X, then H,(X,X9) ~ H,(X). 


Proof. In the exact homology sequence of the pair (X,x 9) the homomor- 
phism H,(x,)— H,(X) is a monomorphism for each i. Thus, the long sequence 
breaks up into a collection of short exact sequences: 


0 (xo) 3 H(X) 3 HX, xo) > 0. 


The map a: X + Xo induces a,: H,(X)— H,(xq) which splits the sequence. 
Thus there is a homomorphism f: H,(X,X9)— H,(X) with j, 8 = identity. 
This f is then an isomorphism onto the subgroup H,(X). O 
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A 
Figure 2.4 


A subspace A of aspace X is a strong deformation retract of X if there exists 
amap F: X x I > X such that 


(i) F(x,0) = x for all x e X; 
(ii) F(x,1)e A forallxe xX; 
(iii) F(a,t)=aforallae Aandtel. 


EXERCISE 6. Let X be the space given by the unit interval together with a family of 
segments approaching it as pictured in Figure 2.4. If A is the unit interval, show that 
A is a deformation retract of X but not a strong deformation retract. 


2.13 Proposition. Let (X, A) be a pair in which X is compact Hausdorff, A is 
closed in X and A is a strong deformation retract of X. Let 1: X + X/A be the 
identification map and denote by y the point n(A) in X/A. Then { y} is a strong 
deformation retract of X/A. 


Proof. Denote by F: X x I + X the map given by the fact that A is a strong 
deformation retract of X. We must exhibit a map F :(X/A) x I> X/A 
having F(x,0) = X, F(%,1) = y for all X€ X/A and F(y,t) =y for all tel. 
Thus, it would be sufficient to define a map so that the following diagram is 
commutative: 


So define F = 1 0 F (x x id)~'. To see that this is single valued, let (%, t) € 


(X/A) x I. Then 
(x x id)“ (1) 


is just (x,t) ifx ¢ A andis A x {t}ifx e A. So if x ¢ A, this is obviously single 
valued. If x € A, note that F(A x {t}) < A and x(A) = y. Hence, F is single 
valued. 

To show that F is continuous, let C ¢ X/A be a closed set. Then 
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x 


Figure 2.5 


F-! on~'(C)is closed in X x I, hence compact. Thus, (1 x id) 0 F~! 0 n7!(C) 
is compact in X/A x I, hence closed. Therefore, F is continuous. O 


2.14 Theorem. Let (X, A) be a pair with X compact Hausdorff and A closed in 
X, where A is a strong deformation retract of some closed neighborhood of A 
in X. Let m:(X,A) > (X/A, y) be the identification map. Then 


t,: H,(X, A) > H,(X/A,y) 
is an isomorphism. 
Proof. Let U be a compact neighborhood of A in X which admits a strong 
deformation retraction onto A (see Figure 2.5). Applying Proposition 2.13 to 


the pair (U, A) we observe that {y} is a strong deformation retract of x(U). 
Thus, in the exact sequence of the triple (X/A, (UV), y), 


‘+ H,(x(U), y) > A, (X/A, y) > H,(X/A, 2(U)) > Ay -1(2(U), y) > 
it follows that H,(x(U), y) = 0. Hence, the inclusion map of pairs induces an 
isomorphism 
H,(X/A, y) = H,(X/A, (UV). 

Recall that since X is compact Hausdorff, it is also normal. Now Int U is 
an open set containing the closed set A, so there exists an open set V with 
A S Vand V ¢ Int U. Thus, V may be excised from the pair (X, U) to induce 
an isomorphism 

HX — V,U— V) = A(X, U). 
Since A is a strong deformation retract of U, it follows from the exact se- 
quence that 
H,(X, A) = H,(X, U). 


These two isomorphisms may be combined to give 
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H,(X, A) = H,(X — V,U — V). 


In similar fashion the set 2(V) may be excised from the pair (X/A,2(U)) to 
give an isomorphism 


H,(X/A, y) = H,(X/A, 1(U)) © H,(X/A — 2(V),2(U) — n(V)). 


Now note that since V is a neighborhood of the set A which was collapsed, 
the restriction of the map x gives a homeomorphism of pairs 


m:(X —V,U — V)>(X/A — n(V),2(U) — n(V)), 


and so an isomorphism of their homology groups. All of these combine to 
give the desired isomorphism 


H,(X, A) = H,(X/A, y). 0 


2.15 Corollary. If (X, A) is a compact Hausdorff pair for which A is a strong 
deformation retract of some compact neighborhood of A in X, then 


H,(X, A) = H,(X/A). oO 


If f: (X, A) > (Y, B) is a map of pairs such that f maps X — A one to one 
and onto Y — B, then f is a relative homeomorphism. Under certain condi- 
tions on the pairs a relative homeomorphism will induce an isomorphism of 
relative homology groups. 


2.16 Theorem (Relative homeomorphism theorem). If f:(X,A)—(Y, B) is a 
relative homeomorphism of compact Hausdorff pairs in which A is a strong 
deformation retract of some compact neighborhood in X and B is a strong 
deformation retract of some compact neighborhood in Y, then 


Si A(X, A) > H,(Y, B) is an isomorphism. 


Proof. Consider the diagram of spaces and maps, where x and 7’ are the 
identification maps and f’ = n'o fon}: 


ae aera 


XjA Sy 


As in the proof of Proposition 2.13 it is easy to see that f’ is single valued and 
continuous. Since f is a relative homeomorphism, f’ is one to one and onto. 
But X/A and Y/B are compact Hausdorff spaces, so f’ is a homeomorphism. 

Denoting xX) = 7(A) and y, = z'(B) there is the corresponding diagram of 
relative homology groups and induced homomorphisms: 
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Ss 
H,(X/A, Xo) =“? A,(Y/B, Yo) 
By Theorem 2.14 the homomorphisms z, and zx, are isomorphisms. Also f, 
is an isomorphism since f’ is a homeomorphism. Thus 


t,: H,{X, A) > H,{¥, B) is an isomorphism. O 


EXAMPLE. (1) There is a relative homeomorphism 
FDS A (S52), 


where 2 is any point in S”. Both pairs satisfy the hypotheses of Theorem 2.16, 
so therc is an isomorphism 


tg: H,(D", 8") > H,(S", 2) = H,(S"). 


(2) To see that the hypotheses of the theorem are actually necessary, con- 
sider the following example. Using the curve sin(1/x) construct a space as 
shown in Figure 2.6a, where X is the curve together with those points “in- 
side,” and A is the boundary. Let Y = D? and B = 6D? = S' (Figure 2.6b). 
Then (X, A) and (Y, B) are compact Hausdorff pairs. By flattening the patho- 
logical part of A it is possible to define a map of pairs f: (X, A) > (Y, B) which 
is a relative homeomorphism. However, it cannot induce an isomorphism on 
homology because H,(X, A) = 0 and H,(Y, B) = Z. The result fails because A 
is not a strong deformation retract of some compact neighborhood of A in X. 

The fact that H,(X, A) = 0 is an easy consequence of the exact sequence of 
the pair (X, A), 


‘+1 + H(A) > A(X) > H2(X, A) > H(A) >. 


Now X is contractible, so H,(X)=0. On the other hand, if }' n,¢; is a 
1-chain in A, the sum must be finite. Since the curve A is not locally connected, 
the union of the images of these singular simplices cannot bridge the gap in 


(a) (b) 
Figure 2.6 
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the sin(1/x) curve. Thus, the chain is supported by some contractible subset 
of A, so that if it is a cycle, it is also a boundary. Therefore, H,(A) = 0 and by 
exactness H,(X, A) = 0. 


2.17 Lemma. Let f: S$"! — Y be a map, where Y is a compact Hausdorff 
space. If Y, is the space obtained by attaching an n-cell to Y via f, then Y is a 
strong deformation retract of some compact neighborhood of Y in Y,. 


Proof. Let U © D" be the subset given by U = {x € D"| ||x|| > 4}, and observe 
that U is a compact neighborhood of S"~' in D”. Define a map F: (U U Y) x 
I>UUY by 


x if xeY 


ro (px if xeuU. 
|x|] 
Then F is continuous, F(x,0) = x and F(x,1)¢S"-'U Y for all x, and if 
x eS"! UY, then F(x, t) = x for all t. Thus, F is a strong deformation retrac- 
tion of UU Y onto S"' UY. 
Now let 2: D"U Y > Y, be the identification map and consider the dia- 
gram 


(UUY)xI —>>s Uuy 


mUUY)x 1 ---3 n(UUY) 


As before define 
F’ = 10 F o(n x id)"!. 


Then F’ is well defined, continuous and gives a strong deformation retraction 
of the compact neighborhood z(U vu Y) of x(Y) onto 2(Y). oO 


Note. Denote by h the composition 
prs Dey yy, 
Then h gives a map of pairs h: (D",S""') +(Y;, Y), which is a relative homeo- 
morphism. The hypotheses of Lemma 2.17 and Theorem 2.16 are satisfied, so 
we may conclude that 


h,: H,(D",S""') > H,(Y;, Y) 


is an isomorphism. Therefore, H,(Y;, Y) is a free abelian group on one basis 
element of dimension n. 

Suppose that Df, ..., Df is a finite number of disjoint n-cells with bound- 
aries St, ..., S?-!. For each i= 1, ..., k let f: St?! + Y be a map into a 
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fixed space Y. Define ~ to be the least equivalence relation on Di U':-U 
Diu Y for which x; ~ f,(x;) whenever x; € S?~'. 
Then Di U---U Dgu Y/~ may be denoted Y, 
attaching n-cells to Y via f,,..., f,- 
Conversely, if (X, Y) is a compact Hausdorff pair for which there exists a 
relative homeomorphism 


F:(D™U0+-- DP, St SP) (X,Y), 


y,: the space obtained by 


then X is homeomorphic to Y,,_,, where f; = F|s?"'. 
A finite CW complex is a compact Hausdorff space X and a sequence 
X° co X!'c:+-»c X"= X of closed subspaces such that 


(i) X° is a finite set of points; 
(ii) X* is homeomorphic to a space obtained by attaching a finite number of 
k-cells to X*"!, 


Note that X* — X*~' is thus homeomorphic to a finite disjoint union of open 
k-cells, denoted E*,..., ee These are the k-cells of X. Using the convention 
that D° = point and @D° = S$“! = @, the requirements (i) and (ii) may be 
replaced by the condition that for each k there exist a relative homeomor- 
phism 


Sf: (DE UU DE, Sit OSE) a (XE XE), 


It is easy to verify that the cells of X have the following properties: 
(a) {Ei|k =0,1,...,n;i=1,...,r,} is a partition of X into disjoint sets; 


(b) for each k and i the set E* — E* is contained in the union of all cells of 
lower dimension; 

(c) X* = ace EY: 

(d) for each i and k there exists a relative homeomorphism 


h: (Dk, S*"') + (Ef, Ef — E}). 


These properties characterize finite CW complexes and will be used as an 
alternate definition whenever it is convenient. The closed subset X* is the 
k-skeleton of X. If X" = X and X""! # X, then X is n-dimensional. 


EXAMPLE. It should be evident that for a given space there may be many 
different decompositions into cells and skeletons (see Figure 2.7). For exam- 
ple, let X = S?. If z is a point in S?, then S* may be described as the space 
obtained by attaching a 2-cell to z. This gives S? a cell structure in which 
there is one 0-cell and one 2-cell (Figure 2.7a). 

If z' is another point in S? and « is a simple path from z to z’, we have a 
cell structure with two 0-cells, a 1-cell, and a 2-cell (Figure 2.7b). Why was it 
necessary to include the 1-cell « when two vertices were used? 

Further cells may be included as shown in the third figure, in which there 
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S, 


(a) (b) (c) 


Figure 2.7 


are two O-cells, three |-cells, and three 2-cells (Figure 2.7c). While there is 
considerable freedom in assigning a cell structure to a finite CW complex, 
it is apparent that any change in the number of cells in a certain dimen- 
sion dictates some corresponding change in the number of cells in other 
dimensions. 

Note that one apparent advantage CW complexes have over simplicial 
complexes is that considerably fewer cells are generally necessary in the de- 
composition of a complex. 


2.18 Proposition. If X and Y are finite CWcomplexes, then X x Y is a finite 
CWcomplex in a natural way. 


Proof. Suppose the cellular decompositions of X and Y are given by {Fj} and 
{E;'}. The obvious candidate for a cellular decomposition for X x Y is the 
collection {E} x E'}. First note that this is a partition of X x Y into a finite 
number of sets homeomorphic to open cells. Also 
E* x E} — Ef x Ei = Ek x Ei} — Et x EF 
= (Ef — Ef) x E/E} x (E} — Ej), 

which is contained in the union of all cells of dimension less than k + 1. 

To check the third requirement we may assume that there are relative 
homeomorphisms 

f: (5, a1") > (EK ERK- ES) and sg: (I',6I') 3 (E}, E} — E?). 


Then f x g: (I**!, 6I**') (Ef x E/, EX x E} — Ef x E#) gives the desired 
relative homeomorphism. O 


EXamMPLES. (1) Taking the decomposition of S' into one 0-cell (z) and one 
1-cell (x) as in Figure 2.8a, the torus S' x S' is naturally given the decompo- 
sition into one O-cell (z x z), two 1-cells (2 x a and & x z) and one 2-cell 
(x x x) (Figure 2.8b). 

(2) Recall that RP(O) = pt and RP(k) is obtained by attaching a k-cell to 
RP(k — 1). Thus, RP(n) is an n-dimensional finite CW complex with one cell 
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s! S' xs! 
(a) (b) 


Figure 2.8 


in each dimension 0, ..., n. Moreover, the k-skeleton of RP(n) under this 
structure is just RP(k). 

(3) Similarly CP(n) is a finite CW complex of dimension 2n with one cell in 
each even dimension, 0, 2, 4,..., 2n. Also CP(k) = the 2k-skeleton of CP(n) = 
the (2k + 1)-skeleton of CP(n) for 0 < k <n. An anologous structure may be 
given to quaternionic projective space. 

If X is a finite CW complex with cells {Ef}, then a subset A of X is a 
subcomplex of X if whenever An Ek # @ then E* < A. Note that if A is a 
subcomplex of X, then A is a closed subset of X and inherits a natural CW 
complex structure. 


2.19 Theorem. If A is a subcomplex of a finite CW complex X, then A is a 
strong deformation retract of some compact neighborhood of A in X. 


Proof. Denote by N the number of cells in X — A. We proceed by induction 
on N. If N = 0 the result is trivial and if N = 1 we may adapt the proof of 
Lemma 2.17 to give the desired result. 

So suppose the result is true for any finite CW pair (Y, B) where the number 
of cells in Y — Bis N — 1. Let E? be a cell of maximal dimension in X — A, 
and define X, = X — E?. Note that X, must be a finite CW complex since 
any cell in X — Ef" either lies in A so that its boundary must also lie in 4 or 
has dimension less than or equal to m. In either case its boundary does not 
meet Ei". Moreover, A is a subcomplex of X,. 

Now the number of cells in X, — A is N — 1, so by the inductive hypothe- 
sis there exists a compact neighborhood U, of A in X, such that A is a strong 
deformation retract of U,. 

There is a relative homeomorphism 


:(D™,S""1) + (E", E™ — E™) 


given by the structure of X as a finite CW complex (Figure 2.9). Define the 
radial projection map 
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Figure 2.9 


r: D™ — {0} + Ss") 


by r(x) = x/||x||. 
Since U, is a compact subset of X,, 6 '(U,) is a compact subset of S”~!. 
Now define 


V = {6(x)|xeD", |x| >4 and r(xje gd '(U,)}. 


Then V is a compact subset of X which admits a strong deformation retrac- 
tion onto U, OV. Thus, VU U, is a compact subset of X which admits a 
strong deformation retraction onto A. 

We must now make certain that the interior of V U U, contains A. Let y be 
in the interior of U, in X,. If y is not in V, y must also be in the interior of U, 
in X, hence also in the interior of V U U,. So suppose y is in V or, in other 
words, y in (E™ — E™). Now ¢7! of the interior of U, in X, is an open subset 
of S”~' containing the compact set ¢~'(y). By the description of V it follows 
that ¢~'(y) is contained in the interior of ¢~'(V) in D”. Thus, y must be in the 
interior of V in Ey". 

Therefore, we have shown that any point in the interior of U, in X, lies in 
the interior of VU U, in X. So VU U, gives the desired compact neighbor- 
hood of A in X. O 


Note that as an immediate consequence of this result, the conclusions in 
Theorem 2.14, Corollary 2.15, and the relative homeomorphism theorem, 
Theorem 2.16, will hold whenever the spaces involved are finite CW pairs. 
These have some very useful applications. 
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2.20 Proposition. [f X is a finite CW complex and X* is the k-skeleton of X, 
then H{X*, X*~') = 0 for j # k and H,(X*, X*"') is a free abelian group with 
one basis element for each k-cell of X. 


Proof. X*" is asubcomplex of X*,so by Theorem 2.19 it is a strong deforma- 
tion retract of a compact neighborhood in X*. Since X is a finite CW com- 
plex, there is a relative homeomorphism 


ob: (Dk U---U DE, Sh SEO) a (XE XE), 
Then applying Theorem 2.16 yields the desired result from the corresponding 
fact about 
H,(Di v-+- U DE, Sit a OSE). oO 


For any finite CW complex X define 
C,(X) = H,(X*, X*"'). 
Then C,(X) = ¥ C,(X) is a graded group which is nonzero in only finitely 
many dimensions, moreover it is free abelian and finitely generated in each 


dimension. The connecting homomorphism of the triple (X*, X*~', X*~?) de- 
fines an operator 


6: C,(X) > G(X). 
Recall that these connecting homomorphisms may be factored in the follow- 
ing way: 
H,_2(X*"*) 


we : 


H,(X*, Xk!) Renee Ho (A Xx) pe ere H,.-2(X*~2, X*- 9), 


Hy(X") 


where 0’ and 0” are boundary operators for the respective pairs and i and j 
are inclusions of pairs. So 6 0 6 = j, 0 6" oi, 0’. But 6” oi, is the composi- 
tion of two consecutive homomorphisms in the exact sequence of the pair 
(x*~!, X*~?) and hence must be zero. Therefore, 6 0 6 = 0 and {C,(X), 6} isa 
chain complex. Of course, the obvious question is then to ask how the hom- 
ology of this chain complex is related to the singular homology of X. 


2.21 Theorem. If X is a finite CW complex, then 
H,(C,(X)) = H,(X) for each k. 
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Note: This is an extreme simplification. The chain complex used in defining 
H,(X) was, in general, a free abelian group with an uncountable basis. Here 
we have reduced the chain complex, not only to a finite basis, but these 
generators are in one-to-one correspondence with the cells of X. 


Proof. We must analyze the composition 
Het (X1, XS HX XO) 3 (XH XO) 


and show that kernel ¢,/image 0, = H,(X). 
First consider the diagram 
0 


| 


H,(X**}, X*-2) 


Je 


Hya (XOX) HX XE) HX XY) 50 


a 
a ; 


13 Fear, ©, Gao Xk 2) 


in which i, and j, are induced by inclusion maps of pairs. The row and 
the column are exact sequences of triples in which the zeros appear by 
Proposition 2.20. The triangle commutes by the naturality of the boundary 
operators. 

Let xekernel 6,. Then 03i,(x)=0 and i,(x)= j,(y) for some ye 
H,(X**', X*~?), Note that since j, is a monomorphism, this y is uniquely 
determined. Thus, we define a homomorphism 


¢: kernel 6, > H,(X**!, X*~?) 


by (x) = y. 

If ye H,(X**!, X*-) then j,(y’) is in the image of i, because i, is an 
epimorphism. So there exists an x’ € H,(X*, X*"') with i,(x’) = j,(y’). Then 
€,(x') = C3 i,(x') = 63j,(y’) = 0 so x’ is in the kernel of 6, and ¢(x’) = y’. We 
conclude that ¢ is an epimorphism. 

Since i, o 6, = 0, it is apparent that the image of @, is contained in the 
kernel of ¢. On the other hand, let x € kernel 0, with ¢(x) = 0. But the fact 
that j, is a monomorphism implies that i,(x) = 0. Then by exactness x is in 
the image of ¢,. Hence, we have shown that ¢ is an epimorphism with kernel 
given by the image of 6, and we conclude that 


¢: ker 6,/im 6, > H,(X**!, X*~?). 
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In the remainder of the proof we show that 

H,(X**!, X*-?) = H,(X). 

Suppose that X is n-dimensional, so that 
HX) = H,(X",X7"). 
Consider the sequence of homomorphisms 
H,(X) = H,(X", X71) 3 H,(X", X°) 3 > 3 A(X", X*?), 
each induced by an inclusion of pairs. In general, a homomorphism in this 
sequence is a part of the exact sequence of a triple 
H,(X', X*!) + A(X", X*!) > HX", XS A(X) X), 

where i < k — 2. But by Proposition 2.20 for this range of values of i the first 


and last group must be zero. Hence, each homomorphism in the sequence is 
an isomorphism and 


H,(X) = H,(X", X*~?). 
Similarly the homomorphisms 
fc FO, Getler®, Gated | =y HX"; Xk?) Abeeeeiy A,(X", Xk?) 
induced by inclusion maps are all isomorphism, so that 
H,(X", X*-?) ~ Hix" XE) 


and the proof is complete. oO 


A map f: X > Y between finite CW complexes is cellular if f(X*) < Y* for 
each integer k. If f: X — Y is cellular, then f defines a map of pairs 


Fie. Gre. Glad rant due tame) 
for each k, and hence a chain mapping 
fy C([X) 2 C(Y). 
One should check that the homomorphism induced by f, on the homology 
of the chain complex C,(X) corresponds with the homomorphism induced 
by f on H,(X) under the isomorphism of Theorem 2.21. 


We now want to compute the homology of RP(n). To do this, give S” the 
structure of a finite CW complex so that the k-skeleton is S*. That is 


§° < Sic tere Sk < 1 CGP 


so that there are two cells in each dimension, denoted by E*. and E*. Simi- 
larly give RP(n) the structure of a finite CW complex so that RP(k) is the 
k-skeleton. Thus 
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RP(0) < RP(1) ¢--» ¢ RP(k) © --: < RP(n) 


and there is one cell in each dimension. 

With these structures, the identification map z: S” > RP(n) is cellular. By 
Proposition 2.20 the group C,(RP(n)) is infinite cyclic for 0 < k <n and we 
denote a generator by e,. In order to compute the homology of RP(n) we 
need to know what the boundary operator 6: C,(RP(n)) > C,_,(RP(n)) does 
to the element e,. 

To answer this question we first study the situation in S”. Recall that the 
antipodal map of S$", A: S" > S”, is cellular and furthermore maps E* homeo- 
morphically onto E* and vice versa for each k. Denote by F* the composition 
of maps of pairs 


(Dt, St!) = (Ek, st) Ss (sts), 
If we choose a generator i, of H,(D*, S‘~'), then FX(i,) = e, is a basis element 


in H,(S*,S*~!) = C,(S"). We view e, as the basis element corresponding to the 
cell EX. Since the following diagram commutes 


(D*, Sk) ee (EX, Sk") —incl_. (Sk, sk-l) 


A A 


(EE, sk) BS, (sk sk) 


we may take the element A,(e,) to be the basis element corresponding to the 
cell EX. Thus, C,(S”) is the free abelian group with basis {¢,, A,(e)}. 

To determine the boundary operator 0: C,(S") + C,_,(S”) consider the fol- 
lowing diagram: 


H,(S*, S#-!) —————__—__—__—-> H, _, (S*"!,, S*-?) 
H,_,(S*~") 
Ay ie Ay 
H,-,(S*") 


in which each triangle and rectangle is commutative. The homomorphism A, 
in the center has been previously computed, specifically it is multiplication by 
(—1)*. Starting with e, € H,(S*, S*"!) = C,(S") we have 
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6A, (ex) = i,0'A ,(&) = i, A, 0'(&) 
= (— 11, 6"(e,) = (— D*6(e;). 
Thus, e, + (— 1)**'A,(e,) is a cycle in C,(S”). 
In fact, the set of cycles in C,(S”) is an infinite cyclic subgroup generated by 
e, + (— 1)**'A,(e,). Before proceeding with the proof, note that this algebraic 
fact is entirely reasonable from a geometric viewpoint. Since e, and A,(e,) 
correspond to the upper and lower halves of the sphere S*, and they are being 


combined in such a way that the respective boundaries will cancel each other, 
geometrically we see this generating cycle as the sphere S* itself. So suppose 


0 = d(n,e, + nz, A,(e,)) 

=n, de, + n,0A,e, 

=n, 0e, + (—1)'n, de, 

=(n, + (—1)'n2)de,. 
Since C,_,(S") is free abelian, it must be true that either de, = 0 or (n, + 
(—1)'n,) = 0. Suppose de, = 0. Then also 6A,e, = O and 6: C,(S") > C,_,(S”) 
is identically zero. But we have observed that there are nontrivial cycles in 
C,-,(S"), so if k > 1, these cycles must bound because H,_,(S”") = 0 in this 
range. [It is also easy to see that 0: C,(S”) + C,(S") cannot be identically zero 


because every element of C,(S”) is a cycle.] This contradiction implies that 
de, # 0 and we conclude that n, + (— 1)'n, = 0 orn, = (—1)**!'n,. Therefore 


n, ey + nr, Aye, = n, (e, + (- 1)‘** Ae) 


as desired. 
Since H,(S") = 0 for 0 < k <n, we must have 


B(Cn+1) = +(& + (— 171A, (e;))- 


Once again, this formula may be shown to hold as well for k = 0. We may as 
well suppose the sign is +. 

The identification map 7: (S*,S*~') = (RP(k), RP(k — 1)) is a relative 
homeomorphism on the closure of each k-cell. The generator e, could have 
been chosen so that e, = 7,(e,). Then 


Tey(A glx) = (1° A) gl€x) = My (Cx) = &- 
Therefore, the boundary operator in the chain complex C,(RP(n)) is given by 
O(C 41) = ON y (Cn 41) = TOC 41) 
= 1, (e, + (— 1)" Aye) 
= et (— 1 te 


S$ 2e for k odd 
~ 10 for k even. 
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This completely determines the boundary operator in the chain complex 
C,(RP(n)) so that we may apply Theorem 2.21 to conclude the following: 


2.22 Proposition. The homology groups of real projective space are given by 
Z for i=0 
2, for iodd, 0<i<n 
for iodd, i=n 
0 otherwise. O 


Recall that the rank of a finitely generated abelian group A is given by 


rank A = lub{n| there exists a free abelian subgroup B & A with 
basis having exactly n elements}. 


If A and B are isomorphic abelian groups, then rank A = rank B. If H is a 
subgroup of a finitely generated abelian group G, then 


rank G/H = rank G — rank H. 


2.23 Proposition. [f (X, A) is a finite CW pair, then H,(X, A) is a finitely 
generated abelian group. 


Proof. By Corollary 2.15 we know that H,(X, A) = H,(X/A), and since 
H,(X/A) = H,(X/A) @ Z, it is sufficient to show that H,(X/A) is finitely gen- 
erated. X/A may be given the structure of a finite CW complex directly from 
the structure of X and A. The cells of X/A correspond to the cells of X which 
are not in A together with one 0-cell corresponding to A, thus dim(X/A) < 
dim X. It follows from Theorem 2.21 that H,(X/A) is the quotient of a finitely 
generated abelian group by a subgroup, and is nonzero for only finitely many 
values of k. Therefore, H,(X/A) is finitely generated and the result follows. 


a 


For a space X the ith Betti number of X, bX), is the rank of H,(X). From 
Proposition 2.23 we see that if X is a finite CW complex, b,(X) is finite for all 
i, and nonzero for only finitely many values of i. It was noted previously that 
bo(X) is the number of path components in X. In a corresponding sense the 
number b,(X) is a measure of a form of higher-dimensional connectivity of X. 
The Euler characteristic of X is given by 


1(X) = ¥ (~1)'(X). 


2.24 Proposition. If X is a finite CW complex with a; cells in dimension i, then 
d (—V'e,; = (X). 


Proof. Exercise 7. O 
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EXERCISE 8. If X and Y are finite CW complexes, show that 


y(X x Y) = x(X)-x(¥). 


There are a number of important questions related to attaching cells, CW 
complexes, and maps that have not been addressed in this chapter. When 
examining the Hopf invariant in the context of products in Chapter 5, we will 
show that, if fg and f, are homotopic as maps of S” into X, then the iden- 
tity map of X extends to a homotopy equivalence between X U,, D"*! and 
X u,, D"*'. A matter of broader significance is whether a mapping between 
finite CW complexes can be approximated by a cellular map. In this setting 
the word “approximation” refers to homotopy rather than the more tradi- 
tional notion of distance in some metric. A proof of the following important 
result may be found in Brown [1988]. 


2.25 Theorem (Cellular Approximation Theorem). If X and Y are finite CW 
complexes, A is a subcomplex of X, and f: X > Y is a map that is cellular on 
A, then f is homotopic to a cellular map via a homotopy that does not change 
the restriction of f to A. 0 


CHAPTER 3 
The Eilenberg—Steenrod Axioms 


Following the necessary algebraic preliminaries, we introduce the homology 
of a space with coefficients in an arbitrary abelian group. Combined with the 
results of the previous chapters this establishes the existence of homology 
theories satisfying the Eilenberg—Steenrod axioms for arbitrary coefficient 
groups. The corresponding uniqueness theorem is proved in the category of 
finite CW complexes. Finally, the singular cohomology groups are intro- 
duced and shown to satisfy the contravariant analogs of the axioms. 
If A, B, and C are abelian groups, a mapping 


¢@: AX BoC 
is bilinear (or is a bihomomorphism) if 
G(a, + az,b) = o(a,,b) + d(az,b) 
and 
G(a,b, + bz) = (a,b) + P(a, b2). 


Note that if A x Bis given the usual product group structure, ¢ will not be a 
homomorphism except in very special cases. 

Denote by F(A x B) the free abelian group generated by A x B. An ele- 
ment of F(A x B) has the form 


Y nj(a;, 5), 


where the sum is finite, a; € A, b; € Band n, is an integer. Let R(A x B) be the 
subgroup of F(A x B) generated by elements of the form 


(a, + 42,5) — (a,, 5) — (az, b) 
or 
(a,b, + b) — (a,b) — (a, bp), 
65 
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where a, a,, a, € A and b, b,, b, e B. Then the tensor product of A and B is 
defined to be 
A®B= F(A x BYR(A x B). 


Note that if ¢: A x B—C is any function, there exists a unique extension 
of ¢ to a homomorphism 
¢': F(A x B) OC. 


Moreover, if ¢ is a bihomomorphism, then ¢’ is zero on the subgroup 
R(A x B), so that there is induced a homomorphism 


¢o: ASBC, 


which is uniquely determined by ¢. 
This universal property with respect to bilinear maps can be used to char- 
acterize the tensor product. There exists a bilinear map 


t:Ax Bo A®B 


defined by taking (a,b) into a@ b, the coset containing (a,b). Given a bi- 
homomorphism ¢: A x B—> C we have seen that there exists a unique hom- 
omorphism ¢”: A ® B>C such that commutativity holds in 


On the other hand, if G is abelian and t’: A x BG is a bihomomorphism 
whose image generates G, such that any bihomomorphism ¢: A x B—> C can 
be lifted through G, then G is isomorphic to A ® B. 

Since the elements (a,b) generate F(A x B), it follows that the elements 
a@® b generate A © B. Note that in A © B we have 


n(a © b) = (na) © b = a @ (nb) for any integer n; 
0®b=0=a@0 for all a and b; 
(4, + a2) @ (b, + bz) = (a, + a2) @ b, + (a, + a2) @ by 
=a,@b, + a, @b, +a,®@b, + a, @by. 


3.1 Proposition. There is a unique isomorphism 
6:AQBxB@A 
such that 0(a © b) = (b @ a). 
Proof. Define p: A x B>B@A by p(a,b) = b &a. This is a well-defined 


bihomomorphism. Thus, there exists a unique homomorphism @: A © B-> 
B@A with @(a®b)=b@a. Similarly there exists a homomorphism 
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0': B® AA © Bsuch that 6’(b © a) = a @ b. Then the compositions @ o @’ 
and @’ o @ are the identity on respective generating sets, and it follows that 0 
is an isomorphism with inverse 6”. a 


3.2 Proposition. Given homomorphisms f: A > A’ and g: B — B’, there exists a 
unique homomorphism 


{®@gi A@BrA @B 
with 
f @g(a® b) = f(a) © g(b). 


Proof. Define a mapping np: A x B—> A’ @ B’ by p(a,b) = f(a) @ g(b), and 
observe that p is well defined and bilinear. Thus, there exists a unique homo- 
morphism 0: A @ B > A’ @ B’ with O(t(a, b)) = (a,b) or O(a @ b) = f(a) @ 
g(b). This @ is the desired f © g. oO 


3.3 Propositions. (a) If f: A > A’, f’: A’ > A” and g: B — B',g’: B' > B’, then 
(fo f)@(g' eg =(f' @9) oF Og); 

(b) If Ax > A,, then A@ B= (A; @ B); 

(c) if for each j in some index set J there is a homomorphism f;: A > A’ such 
that for any ae A, f(a) is nonzero for only finitely many values of j, then 
we can define ¥' f;, A> A’. For any homomorphism g: B > B’ it follows 
that 

(LA@I=LLO Os 


(d) for any abelian group A,Z@®A~ A; 
(e) if A is a free abelian group with basis {a,} and B is a free abelian group 
with basis {b,}, then A @ B is a free abelian group with basis {a; © b;}. 


Proof. We prove only Part (d). Note that Part (e) follows from Parts (d) and 
(b) and Proposition 3.1. 

Define up: Z x A >A by p(n,a) = na. Then p is bilinear, so there exists a 
unique lifting 0: Z © A > A with 6(n © a) = n-a. Now define 0’: A> Z@A 
by 0'(a) = 1 © aand observe that 


00'(a) = 011 ® a) =a 
and 
8’O(n © a) = O'(na) = 1@na=n@a. 
Thus, 6 and @’ behave as inverses on generating sets and 6 is an isomorphism. 


O 


Now suppose that A’ and B’ are subgroups of A and B, respectively. We 
want to describe the tensor product A/A’ © B/B’. Denote by 7,: A > A/A’ 
and z,: B— B/B’ the quotient homomorphisms. Then by Proposition 3.2 
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there is a homomorphism 
TT, @2z:A@QBA/A @ B/B. 


If a’ € A’ and be B, then 2, ®72,(a’ © b) = 2, (a’') © 2,(b) = 0. Similarly if 
ae Aand b’e€ B’,x, © 1,(a@ b’) = 0. Thus, if we denote by 


i: A' >A and i,: B’ > B, 
the inclusion homomorphisms 
H = im(i, © id) + im (id @ i,) C ker 2, ® 7. 
This means that 2, © z, induces a homomorphism 
©: A @ B/H > A/A’ @ B/B’. 
We now want to show that ® is an isomorphism. Define a function 
W: A/A’ x B/B’ > A@ B/H 


by ‘¥( {a}, {b}) = {a © b}, where { } denotes the respective coset. It is evident 
that this is well defined, since if a’ € A’, then 


Y({a'}, {b}) = {a’ @ b} = 0, 
and similarly for b’ € B’. ¥ is also bilinear, so there exists a unique homo- 
morphism 

0: A/A' @ B/B’ + A® B/H. 


The homomorphisms ® and @ are easily seen to be inverses of each other, so 
we have proved the following. 


3.4 Proposition. If i,: A’ > A and i,: B' > B are inclusions of subgroups, then 
A®B 


Ae BIB Seid) 4 amd CO): 0 


EXamMPLeE. Z, © Z, = Z;,.4), Where (p,q) is the greatest common divisor of p 
and q. To see this, let (p,q) =r so that p=r-s,q =r-t with (s,t) = 1. Denote 
by pZ © Z the subgroup divisible by p and identify Z, = Z/pZ and Z, = 
Z/qZ. 
Therefore 
Z,®@Z, = Z/pZ@Z/qZ 
a Z@Z 
~ im(i, © id) + im(id @ i) 
ms Z 2 Z 
“imi, timi,  rsZ + rtZ 


=Z,= Z0p.9): 


= Z/rZ 
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Specifically then 
Z,©@2Z,%Z,, Z2,@23;=0, 2Z.@2Z,5%Z3, andso forth. 
3.5 Proposition. If A> B 4, C0 is an exact sequence, then for any abelian 
group D 
a@id BQid 
A®D — B@eD —> C@D-=0 


is exact. 


Proof. Define a function 
¢:C x D> B® D/im(a @ id) 
as follows: for (c,d) e C x D let be B with B(b) = c. Then set 
(c,d) = {b@ d}, 


where { } denotes the coset in the quotient group. If b’ is another element of 
B with f(b’) = c, then b — b’ e kernel B = image a, so there exists an ae A 
with a(a) = b — b’. Then note that 


{b@ d} — {b' @d} = {(b- b') @d} 
= {a(a) @ d} 
= {(2 @ id)(a @ d)} 
= 0. 
This implies that ¢ is independent of the choice of b and so is well defined. 
Since ¢ is also bilinear, there is associated a unique homomorphism 
B@D 
im(« ® id)" 
On the other hand, (8 @ id) is zero on the image of (« @ id) so we have a 
homomorphism 


6:C@D—- 


B® id: B ® D/im(a ® id) > C @ D. 


It is evident that B © id and @ are inverses. This isomorphism establishes the 
desired exactness. oO 


Note: If we had added a zero to the left of A in Proposition 3.5, the corre- 
sponding conclusion would not have been true. That is, in general, tensoring 
with D does not preserve monomorphisms. For example, let u: Z > Z be 
given by p(n) = 2n, so that » is a monomorphism. However 


u@id: Z@Z,+7Z@Z, 


is zero because (# @ id)(1 @ 1) = (2 @ 1) = 1 @ 2 = O. For this reason we say 
that tensoring with D is a right exact functor. In trying to measure the extent 
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to which this fails to be left exact, we introduce a useful idea which will be 
employed in later results. 

Recall that every abelian group A is the homomorphic image of a free 
abelian group and denote by F the free abelian group generated by the 
elements of A. Then let x: F > A be the natural epimorphism. If R © F is the 
kernel of z, then R must be a free abelian group since it is a subgroup of F. 
(The proof that any subgroup of a free abelian group is free is definitely 
nontrivial. See Spanier’s book for a proof of this fact.) 

Thus, there is a short exact sequence 


CF ASO. 


This is an example of a free resolution of the group A. In general, a free 
resolution of an abelian group A is a short exact sequence 


636, 565450 


in which both G, and G, are free abelian groups. Given a free resolution of A 
and an abelian group D we know by Proposition 3.5 that exactness holds in 


Gep-25 G4ep—2S A@pso. 


Then define Tor(A, D) = kernel(j © id). In a sense, this measures the extent 
to which j © id fails to be a monomorphism. 


EXERCISE 1. (a) Compute Tor(Z,, Z,) for any integers p and q. 
(b) Show that if A is free abelian, Tor(B, A) = 0 for any abelian group B. 
(c) Show Tor(A, B) is independent of the resolution chosen for A. 


EXERCISE 2. Show that for any abelian groups A and B, 
Tor(A, B) = Tor(B, A). 


Suppose that C = {C,, 0} is a free chain complex. That is, each C, is a free 
abelian group. For any abelian group G define a new chain complex C ® G 
by 

C@G= {C, @G, 6 @ id}. 
It is evident that (¢ © id) o (6 @ id) = 0. 
If f: C + C’ is a chain map, the associated homomorphism 
{[@id C@G+C @G 
has 
(f @ id) 0 (6 @ id) = fod @id = d' o f @id = (0' @id) o(f @ id) 
so that f © id is also a chain map. Suppose T is a chain homotopy between 
chain maps fo and f,, that is, 
0'T+ TG =f, —fo. 
Then 
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(0’ @ id)(T ® id) + (T @ id) (6 @ id) = 4’T @ id + TA @id 
= (a'T + Td) @id 
=(f1 — fo) @id 
=f, @id — fo @id. 


Hence, T © id is a chain homotopy between the chain maps f, @ id and 
fo ® id. 

Now fix the abelian group G. For each pair of spaces (X, A) we may use the 
free chain complex S,(X, A) to construct a new chain complex S,(X, A) © G. 
This chain complex, denoted S,(X,A;G), is the singular chain complex of 
(X, A) with coefficients in G. Since there is a natural isomorphism 


S,(X, A) ® Z = S,(X, A), 


we refer to S,(X, A) as the singular chain complex with integral coefficients. 
The homology of S,(X,A;G) is denoted by H,(X,A;G). Note that if 
J: (X, A) > (X’, A’) is a map of pairs, it follows from the preceding comments 
that there is an induced homomorphism 


S,: H,(X, A; G) > H,(X', A’ G). 


In some applications it is desirable to have additional structures on these 
homology groups. For example suppose that R is an associative ring and G 
is a right R-module. Then S,(X, A; G) may easily be given the structure of a 
right R-module in such a way that the boundary operators and induced 
homomorphisms are all homomorphisms of R-modules. In particular, if R is 
a field, then each H,,(X, A; G) is a vector space over R. Note that for any R we 
know that R is a free module over itself, so that S,(X,A;R) is the free R- 
module generated by the singular n-simplices of X mod A. 

Suppose that (X, A, B) is a triple of spaces. We have observed previously 
that there is a short exact sequence of chain maps 


0 > S,(A, B) > S,(X, B) > S,(X, A) > 0. 


Since each chain complex is free, it follows from Exercises 1 and 2 that the 
exactness is preserved when we tensor throughout with G. Thus 


0+ S,(A, B; G) + S,(X, B; G) > S,(X, A;G) +0 


is a short exact sequence of chain complexes and chain maps. There results 
the long exact sequence of the triple (X, A, B) for homology with coefficients 
in G. 

As in the case of integral coefficients it is easy to show that 
G for n=0 


H,(pt; G) = 
n(Pt G) ‘0 otherwise. 


Returning to the general case of a free chain complex C, we now consider 
the problem of relating the homology of C @ G to the homology of C. For 
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example, suppose that x € C, such that px is a boundary for some integer p. 
Since C is free, this implies that x must be a cycle, so x represents a homology 
class of order p. Let be C,,, with db = px. Note that b is not a cycle unless 
x = 0. If we now tensor C with G = Z,, the element b@ | in C,,, © Z, has 


(2 @ id)(b @ 1) =db@1=px@1=x@p=0 


Thus, b © | is a cycle in C,,, © Z,, where b had not been a cycle previously. 
In this way we see how torsion common to H,(C) and G produces new 
homology classes in H,,,,(C © G). 

Before proceeding we note the easily proved algebraic fact that if f: G > G’ 
and g: G’ + G are homomorphisms of abelian groups with go f = identity, 
then 

G' =im f @ker g. 

As usual we denote by B, © Z, < C, the subgroups of boundaries and 
cycles, respectively. If C is a free chain complex, then each B, and Z,, will be a 
free abelian group. Fix an abelian group G and consider the short exact 
sequence 


a 
0>~Z,-C, H-=2 B-, > 9. 
, 


First note that since B,_, is free, the sequence splits. That is, if {x,} is a basis 
for B,_,, for each i there exists an element c; € C,, with dc; = x,. Define y(x,) = 
c; and note that y extends uniquely to a homomorphism which splits the 
sequence. 

Now since B,_, is free, Tor(B,_,,G) = 0 and the short exact sequence is 
preserved when tensored with G, 

0-Z,@®G->C,@G === est B,-, ©G>0. 
vA 

This sequence is also split by the homomorphism y» © id. 

On the other hand, the short exact sequence 


0+ B, > Z, + H,(C) +0 
is a free resolution of H es hence, it bias the exact sequence 


We want to compute the seein of C @G, given by kernel 6 @ id/ 
image ¢, © id in the following diagram: 
tee 


B,®G Z,®G 
83@id k@id 
Cx OCS 6 oe He Clee 


nee fa 
Zn-1 ® G 
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Note that by the above remarks both i © id and k © id are monomorphisms 
and 6; ®id is an epimorphism. Thus, kernel 6 © id = kernel 6, ® id and 
image €, © id may be identified with image j © id. 

Now consider the groups and pal en 


0 Tor(H,-,(C),G)> By @G > Z,_, @G>H,-(C)@G 0 


¢3@id y®id 


qe e06585 


C,@G 


where the horizontal row is exact. As we have observed, the cycle group in 
C, © G is the kernel of (j © id) o (@3 ® id). Since 6; © id is an epimorphism 
and kernel j © id = image g, we have 

ker(j @ id) o (63 @ id) = (6; @ id)" '(g(Tor(H,,-,(C), G))). 
Thus, there are homomorphisms 


(63 ® id)" 'g(Tor(H,_1(C), G)) <== g(Tor(H,_\(C), G)) 


for which the composition (6; ® id) o (y @ id) is the identity. Combining 
these observations we have the cycle group expressed as a direct sum 


ker(j ® id) o (C3 @ id) = ker(03 © id) @ (y © id)g(Tor(H,_ ,(C), G)). 


Note that the first direct summand may be identified with Z, © G, while in 
the second, both g and y © id are monomorphisms. Thus, we may identify the 
groups of cycles in C, © G with the direct sum 


Z, ® G @ Tor(H,_,(C), G). 


Furthermore, the group of boundaries, which has been identified with the 
image of 
B,®G—>Z,@G, 


is contained entirely in the first summand. 
Finally, recalling the exactness of 


B,®G>Z,@G+H,(C)@®G0, 


we conclude that the homology of the chain complex C © G is given by 
H,(C © G) = H,(C) © G @ Tor(H,_; (C), G). This completes the proof of the 
universal coefficient theorem: 


3.6 Theorem. If C is a free chain complex and G is an abelian group, then 


H,(C © G) = H,(C) © G @ Tor(H,_;(C), G). O 


3.7 Corollary. For any pair of spaces (X, A), 
H,(X, A:G) = H,(X, A) ® G @ Tor(H,-1(X, A), G). oO 
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EXAMPLE. Recall that the integral homology groups of real projective space 
are given by 


Z fork =0 or for koddand=n 
H,(RP(n)) = < Z, forkodd, O<k<n 
0 otherwise. 


Applying Corollary 3.7 to compute H,(RP(n);Z,) we first note that 
Tor(Z,,Z,) = Z, and Tor(Z, Z,) = 0 were results from an earlier exercise. 
We are thus able to conclude that 


for O<k<n 


Z. 
A,(RP(n);, Z,) = i. otherwise 


where H,(RP(n);Z,) results from H,(RP(n)) © Z, for k =0 or for k odd, 
0<k <n, and H,(RP(n); Z,) results from two-torsion in H,_,(RP(n)) for k 
evenO0 <k <n. 


We are now in a position to characterize singular homology in terms of a 
set of axioms. Each of these axioms has been established previously as an 
intrinsic property of singular homology theory. Our main purpose here is 
to show that when restricted to a suitable category of spaces and maps, 
these axioms uniquely determine a homology theory. The formulation of the 
axioms and the proof of the uniqueness are due to Eilenberg and Steenrod 
[1952]. 

Suppose # is a function assigning to each pair of spaces (X, A) and integer 
n an abelian group #%,(X, A), and to each map of pairs f: (X, A) > (¥,B) 
a homomorphism f,: #,(X, A) > #,(Y, B). Suppose further that for each n 
there is a homomorphism 0: #%,(X, A) > #%,_,(A). This operation gives a 
homology theory if the following axioms are satisfied: 


(1) if id: (X, A) > (X, A) is the identity map, then 
id,: #,(X, A) > 4,(X, A) 


is the identity homomorphism; 
(2) if f: (X, A) > (X’, A’), g: (X', A’) > (X", A”) are maps of pairs, then 


(9° Sa = Ix oy 
(3) if f: (X, A) > (Y, B) is a map of pairs, then 
0° f, = (Slade? 9; 


(4) if i: (A, @) > (X, @) and j: (X, @) > (X, A) are inclusion maps, then the 
following sequence is exact: 


3 H(A) K(X) HX, A) S H(A) 


(5) if f, g: (X, A) >(Y¥, B) are homotopic as maps of pairs, then f, = g, as 
homomorphisms; 
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(6) if (X, A) is a pair and USCA has U € Int A, then the inclusion map 
i: (X — U,A — U)-+(X,A) has i,: %(X — U,A — U)—> %(X,A) an 
isomorphism; 

(7) 4 (pt) = 0 for n #0 [A (pt) is called the coefficient group]. 


3.8 Theorem (Existence). Given any abelian group G, there exists a homology 
theory with coefficient group G. 


Proof. Let #%(X, A) = H,(X, A;G), singular homology with coefficients in G. 
Then each of the axioms has been proved previously. O 


3.9 Theorem (Uniqueness). On the category of finite CW pairs and maps of 
pairs, homology theories are determined, up to isomorphism, by their coefficient 
groups. That is, if #, and #, are homology theories and h: H, + H, is a 
natural transformation (that is, it commutes with induced homomorphisms and 
boundary operators) such that h: Ho(pt) > Ho(pt) is an isomorphism, then h: 
H(X, A) ~ H,(X, A) is an isomorphism for each integer n and each finite CW 
pair (X, A). 


Proof. First note that the proofs of Theorems 2.14 and 2.16 (the relative 
homeomorphism theorem) only require that singular homology theory sat- 
isfy these axioms. So the analogs of these results will hold for any homology 
theory. 

Denote the zero-sphere S° as the union of two points S° = xuUy, and 
consider the diagram 


Hy) > Hx y,x) 

HY) > HEX, x) 
which commutes by the naturality of h. The horizontal maps are excision 
maps, so both horizontal homomorphisms are isomorphisms by Axiom 6. 


Since the first vertical homomorphism is an isomorphism by the hypothesis, 
we conclude that 


h: H4(S°, x) > Hi(S°, x) 
is an isomorphism for each k. Now consider the diagram 
Hogss(S°,X) ——> Hx) ——> (8°) — H(S°,x) — H109) 
= : = , = f = , 
His (S°,X) ——> Hf (x) ——> Hf (S°) —— HG(S°,x) ——> H1() 


where the rows are exact by Axiom 4. By the five lemma (Exercise 4, Chapter 
2), h: H,(S°) + #/(S°) is an isomorphism. 
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We now prove inductively that h is an isomorphism for spheres of all 
dimensions. Suppose h: #,(S""!) + 4(S""') is an isomorphism, n > 0. The 
n-disk D" has the homotopy type of a point, so by using Axiom 5 we have an 
isomorphism h: #,(D") > %4/(D"). In the commutative diagram 


H(D",S""!) —*+ H{S",x) 


HEAD", S"-!) + H6(S", x) 


the horizontal homomorphisms are isomorphisms since they are induced by 
relative homeomorphisms, while the vertical homomorphism on the left is an 
isomorphism by the five lemma (Exercise 4, Chapter 2). So we conclude that 
h: 46,(S", x) + A_(S",X) is an isomorphism, and again apply the five lemma to 
see that h: A(S") — A,(S") is an isomorphism. This completes the inductive 
step. 

We are now ready to prove the theorem by inducting on the number of 
cells in the finite CW complex, X. Of course the conclusion is true if X has 
only one cell, so suppose that h is an isomorphism for all complexes having 
less than m cells. Let X be a finite CW complex containing m cells. If dim 
X =n, pick a specific n-cell of X and denote by A the complement of this top 
dimensional cell. Then A is a subcomplex of X having m — 1 cells and there 
is a relative homeomorphism 


m: (D", S"7!) — (X, A). 

In the commutative diagram 
H,(D",S"!) —*+ H,{X, A) 
z f 


H(D",S"') 2+ HX, A) 


h 


the horizontal homomorphisms are induced by relative homeomorphisms, so 
they are isomorphisms. The first vertical homomorphism is an isomorphism 
by the inductive argument above. Hence 


h: A(X, A) > A(X, A) 


is an isomorphism for each k. Finally, the five lemma together with the induc- 
tive hypothesis imply that 


h: A(X) + A(X) 
is an isomorphism. This establishes the theorem for any finite CW complex, 


and the similar result for pairs follows by another application of the five 
lemma. O 
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Note: During recent years, many theories have been developed which sat- 
isfy all of the axioms except Axiom 7. These have been called “generalized 
homology theories” and include stable homotopy, various K-theories, and 
bordism theories. Some of these theories are able to detect invariants which 
cannot be detected by ordinary homology. As a result, problems have been 
solved by these techniques whose solutions in terms of singular homology 
were either extremely difficult or impossible. Certainly any thorough study of 
modern methods in algebraic topology should include a significant segment 
on generalized homology and cohomology theories. 


We now want to introduce singular cohomology theory. If A and G are 
abelian groups, denote by Hom(A,G) the abelian group of homomorphisms 
from A to G, where (f + g)(a) = f(a) + g(a) for each ain A. If 6: A> Bisa 
homomorphism, there is an induced homomorphism 


¢*: Hom(B, G) ~ Hom(A, G) 


defined by ¢*(f) = fog. Note that if y: BC is a homomorphism, then 
(Wo g)* = $7 op”. 
For a chain complex {C,, 6} and an abelian group G, define abelian groups 
C" = Hom(C,, G). 
Then the boundary operator 0: C,,, > C,, has 
o*: Cc" or crt 
and the composition 0% o d* = (G0 d)* = 0, So this resembles a chain com- 
plex except that the indices are increased rather than decreased. This leads us 
to define a cochain complex to be a collection of abelian groups and homo- 


morphisms {C",6} where 6: C"-+ C"*! and 506 = 0. The homomorphism 
6 is the coboundary operator. 

Note that if {C",6} is a cochain complex and we define D, = C~" and 
6 = 06: D, + D,_,, then {D,,0} becomes a chain complex. So the two notions 
are precisely dual to each other and the use of cochain complexes is mainly a 
convenience. 

The basic definitions for chain complexes may be duplicated for cochain 
complexes. If {C",d} and {D", 5’ are cochain complexes, a cochain map f of 
degree k is a collection of homomorphisms 


f: C’'+ prtk 
such that fo 6 = 6’ o f. Two cochain maps f and g of degree zero are cochain 
homotopic if there is a collection of homomorphisms 
T: C"~—+ DD"! 
such that 6’T + Td = f — g. T is a cochain homotopy. 
Note that if {C,,¢} and {D,,é’} are chain complexes and f, g: {C,,é} 
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{D,,0'} are chain homotopic chain maps, then for any abelian group G the 
cochain maps 


f*,g*: {Hom(D,, G),d’*} + {Hom(C,, G), 07} 
are cochain homotopic. 

Let C = {C",6} be a cochain complex and define Z"(C) = kernel 6: C” > 
C"*! the group of n-cocycles, and B"(C) = image 6: C""'! + C", the group of 
n-coboundaries. The nth cohomology group of C is then the quotient group 

H"(C) = Z"(C)/B"(C). 
If A = {A"}, B = {B"}, and C = {C"} are cochain complexes and 
is a short exact sequence of cochain maps of degree zero, then there exists a 
long exact sequence of cohomology groups 
“+ H"(A) > H"(B) > HC) 5 H(A), 
where the connecting homomorphism A is defined in a fashion analogous to 


the connecting homomorphism for homology. 
Now let (X, A) be a pair of spaces and G be an abelian group. Define 


S"(X, A; G) = Hom(S,(X, A), G) 
as the n-dimensional cochain group of (X, A) with coefficients in G. Let 

6: S"(X, A; G) > S"*1(X, A; G) 
be given by 6 = 0*. This defines the singular cochain complex of (X, A) 
whose cohomology is the graded group 

H*(X, A:G) 

as the singular cohomology group of (X, A) with coefficients in G. Each of the 
covariant properties of singular homology becomes a contravariant property 
of singular cohomology. In particular, if f: (X, A) > (Y, B) is a map of pairs, 
than there is induced a homomorphism 

f*: H*(Y, BG) — H*(X, A; G). 
If g: (Y, B) + (W,C) is another map of pairs, then (gf)* = f* o g*. 

Let 
0+F5H>K=0 

be a short exact sequence of abelian groups and homomorphism which is 
split by a homomorphism ;: H — F. If G is an abelian group and f is a non- 
zero element of Hom(K,G), then 2*(f) = fo7z is a nonzero element of 


Hom(H,G) since z is an epimorphism. It is evident that i? o 7* = (x0 i)* = 
0. On the other hand, let h: H + G be a homomorphism such that i*(h) = 
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hoi= 0. Since h is zero on the image of i = kernel of 2, h may be factored 
through K. The resulting homomorphism h: K > G will have 2*(h) = h. 
Thus, the kernel of i* is equal to the image of x*. 

Finally, since y 0 iis the identity on F, (y 0 i)* is the identity on Hom(F, G). 
But this implies that i* is an epimorphism. Therefore, we have completed the 
proof of the following. 


3.10 Proposition. If 0 + F SH3K-—Oisa split exact sequence and G is an 
abelian group, then 
0 + Hom(K, G) © Hom(H, G) “> Hom(F, G) + 0 


is exact. g 


For example, if (X, A) is a pair of spaces, the sequence 
0 + S,(A) > S,(X) > S,(X, A) +0 
is split exact since S,(X, A) is a free chain complex. Thus, by Proposition 3.10 
0 > S*(X, A; G) > S*(X; G) > S*(A;G) +0 
is a short exact sequence of cochain complexes and cochain maps. By the 


previous remarks, this produces a long exact sequence in singular cohom- 
ology, 
+ ~» H"(X, A; G) > H"(X;G) > H"(A; G) > H"*!(X,A;G)> °°. 

It is important to note the necessity of the hypothesis in Proposition 3.10 
that the original sequence be split exact. For example, if i: Z— Z is the 
monomorphism given by i(1) = 2, then 

i*: Hom(Z, Z,) + Hom(Z, Z,) 
is zero and thus fails to be an epimorphism. The other conclusions of exact- 
ness will hold in general since they were established without using the fact 
that the sequence was split. As in the case of the tensor product, this failure 


to preserve short exact sequences may be measured. 
Let E be an abelian group and take a free resolution of E, 


0+R5F3E-0. 
Then for any abelian group G the sequence 
0 + Hom(E, G) "> Hom(F, G) “+ Hom(R, G) 
is exact by the proof of Proposition 3.10. Define 
Ext(E, G) = coker i* = Hom(R, G)/im i*. 


The basic properties of Ext are dual to those of Tor and may be established 
in the following exercises: 
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EXERCISES 3. (a) If E is free abelian, Ext(E, G) = 0. 

(b) Ext(E, G) is independent of the choice of the resolution for E. 

(c) Ext(E,G) is contravariant in E and covariant in G; that is, given homomor- 
phisms f{: E > E’ and h: G — G’ there are induced homomorphisms f*: Ext(E’,G) > 
Ext(E, G) and h,: Ext(E, G) > Ext(E, G’). 

(d) f0+A4B “C50 is a short exact sequence, then exactness holds in 

0 > Hom(C, 6)“ Hom(B, G) 5 Hom(A,G) > Ext(C, G) 
 Ext(B, G) 5 Ext(A,G) = 0. 

Since we have defined S"(X, A; G) = Hom(S,(X, A), G), it is useful to adopt 
the following notation: if ¢ is in S"(X, A; G) and cis in S,(X, A), then the value 
of ¢ on c is the element of G denoted by <¢,c>. Note that this pairing is 
bilinear in the sense that 

<b1 + $256) = G1,0> + <h2,0> 
and 
COC, + C2> = (G,C1) + (b,C2). 
In particular, for any integer n we have <¢,nc> = <ng,c>. Thus the pairing 
produces a homomorphism 
S"(X, A; G) @ S,(X, A) > G 
for each n. This homomorphism will be studied in more detail in the next 


chapter. 
In this notation the boundary and coboundary operators are adjoint; that is, 


<g,0c> = (69, c). 
(In a somewhat different setting this is called the fundamental theorem of 
calculus.) Furthermore, if f: (X, A) > (Y, B) is a map of pairs, ¢ € S"(Y, B; G) 
and ce S,(X, A), then 
<¢,f4(c)> =. <f *(d), c>. 
The cochain ¢ € S"(X, A;G) is a cocycle if and only if 
<0¢,c’> =0 forall c’é€S,,,(X, A), 
or equivalently, if 
<¢, dc’) = 0. 
Thus, ¢ is a cocycle if and only if ¢ annihilates B,(X, A). 
On the other hand, suppose that ¢ = 6¢’ is a coboundary, where ¢’ € 
S"1(X, A; G). Then 
<¢,c) = (0$',c> = ¢$', de> 
so that if g is a coboundary, then ¢ annihilates Z,(X, A). 
Now let x €¢ H"(X, A; G) be represented by a cocycle ¢ and y € H,(X, A) be 
represented by a cycle c. Then we define a pairing 
« , >»: H"(X, A;G) © H,(X, A) - G 
by <x, y> = ¢¢,c>. To see that this is well defined, let ¢ + 6¢’ and c + dc’ be 
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other choices for representatives of x and y. Then 
<b + 0p',c + dc'> = ¢g,c> + (6g',¢ + dc'> + ¢g, 0c'> 
= ¢g,c)> + ($',0c + B0c') + <dg,c'> 
= ¢o,c). 
This pairing is called the Kronecker index and may be viewed as a homo- 
morphism 
a: H"(X, A;G) ~ Hom(H,(X, A), G). 

For example, consider the zero-dimensional cohomology of a space X. 
$°(X;G) = Hom(S,(X), G) and S,(X) may be identified with the free abelian 
group generated by the points of X. Since any homomorphism defined on 
So(X) is determined by its value on the basis, we may identify S°(X;G) with 
the set of all functions from X to G. 

Of course, B°(X;G) = 0, so the cohomology may be determined by iden- 
tifying the group of 0-cocycles. Note that ¢ will be a 0-cocycle if and only 
if <6¢,c> = <¢,dc> = 0 for all c in S,(X). This will be true if and only 
if d(o(1)) = ¢(c(0)) for every path o in X. Therefore, we have identified 
H°(X;G) = Z°(X;G) with the set of all functions from X to G which are 
constant on the path components of X. From this description we have the 
following. 


3.11 Proposition. If X is a topological space and {X,},¢, is the decomposition 
of X into its path components, then 


H°(X;G) = |] G,, 


aeA 

the direct product of copies of G, one for each path component of X. O 

There is a natural embedding of G in H°(X;G) defined by sending g € G 
into the function from X to G having constant value g. If p is a point and 
nm: X — pis the map of X to p, then 

n*: H°(p;G) + H°(X;G) 
maps H°(p;G) = G isomorphically onto this embedded copy of G. As for the 
case of homology we define 
H*(X;G) = H*(X;G)/im r*, 

the reduced cohomology group of X with coefficients in G. 


Essentially all of the results we have established previously for homology 
carry over in dual form to cohomology. For example, we have the following. 


3.12 Theorem. Let (X, A) be a pair of spaces and U © A a subset with U ¢ 
Int A. Then the inclusion map of pairs 
i: (X — U, A — U)>(X, A) 
induces an isomorphism 
i*: H*(X, A;G) — H*(X — U,A — U;G). 
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Proof. We have observed that 
iz: S,(X — U, A — U) > S,(X, A) 
induces an isomorphism on homology groups (Theorem 2.11). The following 
exercise implies that i, is a chain homotopy equivalence. Thus, 
i*: S*(X, A; G) — S*(X — U, A — U;G) 


is a cochain homotopy equivalence and i* is an isomorphism. O 


Exercises 4. If f: C — D is a chain map of degree zero between free chain complexes, 
such that f induces an isomorphism of homology groups, then f is a chain homotopy 
equivalence. [Hint: Take the algebraic mapping cone C;, of f (see page 167). Use the 
fact that C, has trivial homology to construct the homotopies. ] 


3.13 Theorem. If f, g: (X, A) — (Y, B) are homotopic as maps of pairs, then the 
induced homomorphisms 


f*, g*: H*(Y, B; G) > H*(X, A;G) 


are equal. 


Proof. We showed in Theorem 2.10 that 
fas 94: S,(X, A) > SCY, B) 
are chain homotopic. Therefore 
f*,.9*: S*(Y, B; G) + S*(X, A; G) 
are cochain homotopic, and it follows that f* = g*. oO 


EXERCISES 5. Formulate and prove the Mayer-—Vietoris sequence for singular cohom- 
ology. 


Exercise 6. State the Eilenberg—Steenrod axioms for cohomology and prove the 
uniqueness theorem in the category of finite CW complexes. 


EXAMPLE. We want to compute H*(S",x,;G). First note that H*(S°, x9; G) is 
isomorphic by excision to 


weeg@ale sbik=0 
Ee 0 otherwise. 


As usual (Figure 3.1) we decompose the n-sphere irto its upper cap E”, and 
lower cap E” with x, ¢ S""' = E". E”. Let z be a point in the interior of 
E. 

Note that since the inclusions x, — E”, and x, — E” are homotopy equiva- 
lences, the relative cohomology groups H*(E".,X9;G) and H*(E",x9;G) are 
both zero. Thus, in the exact cohomology sequence of the triple (S”, E” , xq) 
we have an isomorphism 
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Figure 3.1 


H*(S", E".; G) + H*(S", x9; G). 
The point z may be excised from the pair (S”, E2 ) to give an isomorphism 
H*(S", EG) 3 H*(S" — z, E™ — 2;G). 
Now the pair (S" — z, E — z) may be mapped by a relative homeomorphism 
to the pair (E7.,S""') so that we have an isomorphism 
H*(S" — z, E" — 2;G) = H*(E",S""!;G). 

Finally, the exact sequence of the triple (E.,S"~', x.) yields an isomor- 

phism 
H*"1(S""1, Xo; G) > H*(E%,, S""1; G). 
Thus 
H*(S", x9; G) = H*"1(S""!, x9; G), 

which completes the inductive step to prove that 


G for k=n 


H*(S",x9:G) = ; 
oer ‘0 otherwise. 

All of these similarities between homology and cohomology might lead 
one to ask: why bother? There may be many answers to this question; we 
briefly cite only three: 


(i) When the coefficient group is also a ring, the cohomology of a space may 
be given a natural ring structure. (This is not true for homology groups.) 
This additional algebraic structure gives us another topological invariant. 

(ii) Cohomology theory is the natural setting for “characteristic classes.” 
These are particular cohomology classes, arising in the study of fiber 
bundles, which have many applications, particularly to the topology of 
manifolds. 
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(ii) There are “cohomology operations,” naturally occurring transforma- 
tions in cohomology theory, which have many applications in homotopy 
theory. 


In Chapter 5 we will define the ring structure in (i) while studying the 
relationships between homology and cohomology theory. The topics in (ii) 
and (ili) are more advanced and will not be dealt with here. Perhaps the best 
source for topic (ii) is Milnor [1957]. The original source for topic (iii) is 
Steenrod and Epstein [1962]; see also the book by Mosher and Tangora 
[1968]. 

We close this chapter with an extension of the universal coefficient theo- 
rem which establishes the first basic connection between homology and co- 
homology groups. 


3.14 Theorem. Given a pair (X, A) of spaces and an abelian group G, there 
exists a split exact sequence 


0 > Ext(H,_,(X, A), G) > H"(X, A; G) + Hom(H,(X, A), G) > 0. 


EXERCISE 7. Prove Theorem 3.14. oO 


CHAPTER 4 


Covering Spaces 


The concept of a covering space is a valuable source of examples, applica- 
tions, and problems, as well as a basis for new ideas. Our analysis begins with 
an exploration of the lifting problem for a map into the base space. When the 
mapping is restricted to be a closed loop, the resulting structure is seen to be 
the fundamental group, and this provides a framework within which the 
lifting properties may be recast in algebraic terms. Continuing with this 
connection, the relations among the covering spaces over a given base are 
expressed in terms of the subgroups of the fundamental group of the base. 
The chapter closes with an examination of the relationship between the fun- 
damental group and the first homology group and a discussion of Van 
Kampen’s Theorem, a useful computational tool. 


A space X is said to be locally pathwise connected if given any x € X and 
any open set U about x, there exists a pathwise connected V with x € Int V 
and V c U. Figures 2.4 and 2.6a give examples of spaces that are pathwise 
connected but not locally pathwise connected. For the remainder of this 
chapter the spaces considered will all be pathwise connected and locally path- 
wise connected, unless it is stated otherwise or apparent from the context. 

If X is a topological space, a covering space of X is a space X and a 
continuous function p: X + X such that 


(a) pis onto, and 
(b) given any x € X there is a connected open set U about x such that p maps 
each component of p~'(U) homeomorphically onto U. 


X is the total space, p is the covering projection or covering map, X is the 
base space, and U is a fundamental neighborhood of the covering. 
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EXAMPLES. (1) Consider S' as the complex numbers of modulus one, S' = 
{ze C||z| = 1}. The function exp: R' — S' given by exp(t) = e?*" forms a 
covering space. Given any x € S', a connected open set U about x that is 
properly contained in S' has p~'(U) a countable disjoint union of open inter- 
vals in R, each mapped homeomorphically onto U by exp (Figure 4.1). 

(2) Recall from Chapter 2, the equivalence relation x ~ —x on S” gives rise 
to a quotient map z: S” + RP(n). This is a covering space in which a funda- 
mental neighborhood U about x in RP(n) can be taken to be the image under 
m of an open disk V about a point of z~'(x) such that V is contained in an 
open hemisphere of S". V and — V will then be the two components of x7 "(U). 

(3) One can view the torus T? as a quotient of R* under the equivalence 
relation that sets (x, y) ~ (x + m,y +n) for any m, ne Z. The quotient map 


gq: R? > T? 


maps each unit square in the plane onto the torus (Figure 4.2). 
The image of the x-axis under qg is homeomorphic to S'. For intuitive 
purposes we will call this the “horizontal” circle S, in T, and the orientation 


rae 
| 


Figure 4.1 


Figure 4.2 
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of the x-axis determines a “positive horizontal” direction around T?. Simi- 
larly, the image of the y-axis yields a “vertical” circle S, in the torus and a 
“positive vertical” direction, once qg has been specified. If we set L = {(x, y)€ 
R?|x or y € Z} to be the lattice in R*, then g maps L onto the union of these 
two circles, S, v S,, which intersect in a single point. Both g: R? > T? and 
q|_: LS, v S, are covering spaces. 


Exercise |. Explain why the following functions are not covering spaces: 


(a) p: [—1,1] > [0,1] by p(x) = |x| 
(b) h: LS! by h(x, y) = e27*» 
(c) q: R? — {(0,0)} + T?, __ the restriction of g to the punctured plane. 


The strength of a covering space p: X > X lies in the facts that X and X 
are locally identical, and the preimages in X of fundamental neighborhoods 
in X are systematically combined to produce the space X. It is clear from the 
examples that the total space and the base space may be significantly differ- 
ent in a global sense. 


Now let p: X + X be a covering space, and f: Y + X be a continuous 
function. A fundamental question that arises in many applications is the 
lifting problem: Does there exists a continuous function g: Y + X such that 


pg =f? 
X 


3x 
The local properties of the covering space provide some hope. Specifically, 
start with y € Y, and consider x = f(y) eX. Let U be a fundamental neigh- 
borhood of x, and select a component V of p7!(U) < X. The continuity of f 
provides an open set W about y with f(W)< U. Since ply: VU is a 
homeomorphism, the composition 


Ol) Tipe wax 


gives a lift of f|. In other words, there will always be a lifting on some open 
set about any given point of Y. However, the global structure of the spaces 
makes it clear that a lifting over all of Y need not exist. 


EXERCISE 2, (a) Show that the function f: S! > S! given by f(z) = z> cannot be lifted 
to R in the covering space exp: R > S’. 

(b) Show that the inclusion map i: RP(2) > RP(3) cannot be lifted to S? in the 
covering space : S? > RP(3). 

(c) Show that the identity map id: S$, v S, > S, v S, cannot be lifted to L in the 
covering space q: L > S, v S,. 
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We now restrict Y to be a closed interval. For this simple case a lifting will 
always exist, and the analysis of the resulting properties will lead us to a new 
algebraic tool for solving topological problems. 


4.1 Proposition. If p: X > X isa covering space, and f: [0,1] ~— X isa path in 
X, then there exists a lifting g: [0,1] — X for p; i.e. g is a continuous function 
and pg = f. 


Proof. The preceding discussion shows that if z € p-'(f(0)), then there is an 
open set W about {0} and a lift g of f| with g(0) = z. Moreover, once z is 
selected, and W is chosen so that its image under f lies in a fundamental 
neighborhood of (0), this lifting is uniquely determined. 

Define D = {t € [0,1]|f: [0,t] — X can be lifted to a path in x beginning 
at z}. Since W contains an interval about 0, D is nonempty. D is bounded 
above by 1, so let d € [0, 1] be the least upper bound of D. We will show that 
d € D and, in fact, d = 1. 

Take a fundamental open set U’ about f(d) in X. Since f is continuous, 
there exists an open set W’ about d with f(W’) © U’. Furthermore, there is a 
point z’eW’' with 0<2z'<d and 2’eD. The lifting of f:[0,2’']+ xX 
determines a point g(z’) in X, and this point in p~'(f(z’)) together with the 
fundamental neighborhood U’ permit a lifting of f: [z',d] + X. Since these 
liftings agree at z’, they may be combined to produce a lifting over the entire 
interval [0, d], establishing that d € D. 

Suppose d < 1. Then using the same W’, there would be point z” € W’ with 
d <z" <1. The same argument shows 2” € D, and consequently that d is not 
the least upper bound of D, contradicting the original choice of d. Thus d = 1, 
D = [0,1], and the lifting exists. O 


It is clear from the above argument that once the initial point /(0) is lifted, 
the remainder of the lift is uniquely determined. In fact, a more general 
proposition is true: 


4.2 Proposition. Let p: X — X be acovering space, and f: YX be acontinu- 
ous function with Y connected. If g,, 92: Y > X are liftings of f with g,(y) = 
g2(y) for some y in Y, then g, = go. 


EXERCISE 3. Prove Proposition 4.2. O 


For a covering space p: X + X, fix a point X, in the base space X, and 
consider paths in X that begin at Xo, ie., functions f: [0,1] — X with f(0) = 
Xo. If Xp is a selected element of p~'(x,), there is unique lift of f to a path in 
X beginning at %. Note that if the original path f in X is a loop, it need not 
be the case that the lift of f is a loop in X. In fact it is this variation in the 
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Figure 4.3 


lifted path that carries information on the loop in the base, and through it, 
the topological properties of the base itself. 

In the previous example (3), g: R? > T?, let %) be the origin in R? and 
Xo = q(%o) in T?. Let f be the loop in T? that wraps once around the torus 
in the “positive horizontal” direction and twice around the torus in the “posi- 
tive vertical” direction. This loop lifts to a path in R? from X) = (0,0) to (1, 2), 
another point in q™' (xq) (Figure 4.3). 

On the other hand, in example (2) consider RP(2) as S' with a 2-cell at- 
tached via a map of degree 2 from 0D? — S'. What is the result of lifting the 
loop in RP(2) that wraps once around this 1-skeleton? 

To understand this question, it helps to specify a pre-image of the 1-skele- 
ton of RP(2) under the quotient map S* + RP(2). One way to express it is as 
a closed semicircle at the equator; the equivalence relation identifies the two 
endpoints to produce the I-skeleton. While RP(2) cannot be drawn as an 
imbedded surface in R*, an open “collar” about the 1-skeleton can be ex- 
pressed as a Mobius band M © RP(2), with the 1-skeleton along the midline. 
Under the quotient map, M arises from a collar extending above and below 
the semi-circle in S*; the identification of x with — x provides the twist on the 
ends of the collar to produce M (Figure 4.4). 

In the expression of RP(2) as a 2-cell attached to S', M arises as the image 
of an open collar along the boundary of D*. The map of degree 2 wraps 0D? 
twice around the 1-skeleton, producing the entire band M. From this repre- 
sentation, it is clear that a loop traversing the 1-skeleton once lifts in S? to a 
path from X) to —X,. Note that if the loop is repeated to produce a loop that 
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Figure 4.4 


wraps twice around the 1-skeleton, then the lift becomes a loop with terminal 
point back at %). This was not the case in the first example; repeating the 
loop in T? would lift to a path with endpoint (2, 4), etc., and the lifts of succes- 
sively composed loops in T* would never return to % = (0,0). 


EXERCISE 4. To prove the next proposition, it will be necessary to use the important 
concept of the Lebesgue number. If Y is a metric space and U is an open covering of 
Y, a Lebesgue number for U is a positive number yp such that any subset of Y with 
diameter less than y is contained in some open set in U. Prove that if Y is a compact 
metric space and U is an open cover of Y, then U admits a Lebesgue number. 


4.3 Proposition. If p; X + X is a covering space and F:Ix1—+X is a 
homotopy between paths fy and f,, then for any lift of fo(0) = F(0,0) to a point 
in X, there is a unique lifting of the homotopy F to a homotopy G: I x I+ X 
between paths gy and g, which are lifts of fy and f,; that is, pG = F. 


Proof. Using the continuity of F, there is about each (s,f)in I x I an open set 
U whose image under F is contained in a fundamental open set in X. The set 
of all such U forms an open cover of the compact set I x J. Let p be a 
Lebesgue number for this covering, and select pointsO = tg <t, <""'<t,= 
1 so that each rectangle [t;,t;,,] x [t;,t;4,] has diameter less than y. 

Now consider [to,t, ] x [to,t,]- Its image in X under F is contained in a 
fundamental open set. Thus the lift of F(to,t 9) = F(0,0) to X uniquely 
determines a lifting G on [to,t,] x [to,t,] into X. The rectangle [to,t,] x 
[t,,,] likewise is mapped by F into a fundamental open set. Along the edge 
[to.t,] x {t,} a lift G has already been defined. There exists a lift of F that 
agrees with G along this edge, and by 1.2, it must be unique. 

Continuing in this manner, G may be extended to [fo,t,] x J, then in the 
same manner to [t,,f,] x I, always using the previous lifting along one or 
more edges of the small rectangle. The end result is a unique map 


G:IxI xX 
such that G(0,0) agrees with the lift of F(0,0) and pG = F. Oo 
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Note that if the homotopy F between the paths fo and f; keeps the initial 
and terminal points of the paths fixed, then the same must be true of G in X. 
In particular, for loops at x, there is the following corollary. 


4.4 Corollary. Let p: X + X be a covering space with p(%o) = Xo and f bea 
loop in X at Xg. If g is the lift of f with initial point X,, the terminal point of g 
in p(x) is an invariant of the homotopy class of the loop f, under homotopies 
that keep the endpoints fixed. O 


This relationship between based homotopy classes of loops at xo and the 
discrete set p™'(x,) in X is vey important. Assuming X is pathwise con- 
nected, for any point w in p~!(xq), there is a path g in X from Xp to W. Then 
pg is a loop at x, that clearly lifts to g. In other words, the correspondence 


{based homotopy classes of loops at x9} — p~'(Xo), 


sending the class of f into the terminal point of the lift of f with initial point 
X,, has its image precisely the set of points in p~'(x,) lying in the path 
component containing Xo. 

A natural question to ask is whether this correspondence is one-to-one. 
Suppose f and f’ are loops at xq lifting to paths g and g’ leading from X, to 
the same point w in p~!(x,). Note that if there exists a homotopy G in X from 
g to g’, fixing the endpoints of the paths, then pG is a based homotopy 
between f and f’, hence f and f’ would lie in the same class. So the question 
may be recast: Given two paths in X from % to wW, does there exist a 
homotopy between them, fixing the endpoints? Spaces that have this prop- 
erty for any pair of points are said to be simply connected. In our previous 
examples the answer to this question is affirmative for 


exp: RS}, 

n:. §" > RP(n), ifn > 1, and 

g, R? > T?. 

However, the restriction of q to the lattice L does not have this property. 
In Lthere are paths from X) = (0,0) to (1, 1) that are not homotopic. In other 
words, there are distinct based homotopy classes of loops in S, v S, that lift 
to produce the same terminal point in q™'(x9). 

For a simpler example of this phenomenon, consider the covering space 
given by the mapping 


Wy: S} 25S 


where w,(z) = 24, for some positive integer g. Taking q = 3, consider the two 
loops x and f in the base, where x traverses S' once in a counterclockwise 
direction and f traverses S' four times in the same direction. Then « and B 
lifted to the same initial point in the total space will produce the same 
endpoints, but the original loops « and f are not homotopic in the base. 
This correspondence also helps in understanding a new algebraic struc- 
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ture. In the covering space exp: R > S', a loop f traversing S' once in a 
counterclockwise direction lifts to produce the integer | as its terminal point, 
if we choose X, to be 0 € R. Composing the loop f with itself k times in S' 
forms a loop that produces the integer k € R. Similarly, reversing the direc- 
tion along f gives a loop f’ that produces — 1 € R, and the composition of f 
and f' is a loop that produces 0 = X, as its terminal point. 

For the covering space g: R* + T’, we previously described a loop f in T? 
that lifts to a path in R? from X%, = (0,0) to (1, 2). Now let g be a loop at x, 
wrapping once around T? in the “horizontal” direction, but with the negative 
orientation, and let h be a loop at x, wrapping twice around T? in the 
“negative vertical” direction. The loop in T” produced by traversing f, then 
g, then h lifts to a path in R? from (0,0) to (1,2) to (0,2) to (0,0). Since this 
loop in R? is homotopic to the constant loop at (0,0), the composed loop in 
T? must be homotopic to the constant loop at x). Note that this conclusion 
remains valid if the order of the composition of f, g, and h is changed. 

A final example shows that this commutative relationship is not always the 
case. The restriction of q to the lattice L may be described in the same 
intuitive terms. Let f be a loop in S, v S, that wraps once around S,, in the 
positive direction and g be a loop that traverses S, once in the positive 
direction (Figure 4.5). 

The loop in S, v S, formed by traversing f first and then g lifts in L toa 
path from (0,0) to (1,0) to (1, 1), while the path formed by traversing g first 
and then f lifts to a path from (0,0) to (0, 1) to (1, 1). These two paths in L are 
not homotopic; consequently, the two composed loops in S, v S, are not 
homotopic. 

To summarize these observations and examples, the based homotopy 
classes of loops at x, in the base space X may be represented by the effect 
each class has on p~'(x,). Composition of loops in X provides a product 
whose effects may be observed, to some degree, on p~'!(xq) in X. From the 
last example it is clear that the product operation on homotopy classes of 
loops need not be commutative. 

We now make this structure more formal. Let X be a space and x,¢€ X. 
The fundamental group or Poincaré group 7,(X,Xo) is the set of based 


0, : 
(Qu) ap q 


Figure 4.5 
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homotopy classes of loops at x, in X, with product structure given by the 
composition of loops. That is, if a: [0,1] X and f: [0,1] X are loops at 
X,, then <x> and </>, the respective homotopy classes, are elements of 
7, (X, xo). Their product <a>: <P> is the class in 2,(X,x 9) represented by 
a B: [0,1] + X where 

a(2t) for O<t<1/2 

x pr = 4" 

B(2t — 1) for 1/2<t<l. 

Note that «- f is indeed a loop at xo. 

To see that <«2>-<f)> is well defined, we must show that the homotopy 
class of x: 6 does not vary with the choice of representatives in the classes <a> 
and <>. So suppose 2’ ~ a and f’ ~ f are other representatives of («> and 
<B>, respectively. Then there exists a based homotopy 

F: [0,1] x [0,1] > X 
such that F(t,0)= a(t) and F(t, 1) = a’(t). Likewise, there exists a based 
homotopy 
G: [0,1] x [0,1] + x 
with G(t,0) = B(t) and G(t, 1) = f(t). Then define 
H: [0,1] x [0,1] ~ X 
F(2t, s) if0<t<1/2and 
by H(t,s) = : 
y HS) a 1s) if t2<t<l. 

The two definitions agree along the segment t = 1/2, so H is continuous. 
H(t,0) = a: B(t) and H(t, 1) = «’- p(t). Clearly, H(0,s) = x9 = H(1,s) for all s. 
So «°f is homotopic to a’: f’, and the product <a>: <B> = <a: B> is well 
defined. 

To see that this product is associative, let a, 8, and y be loops based at x, 
in X. We must show 

(<a>*< BD) Cyd = (a> (K BD <7). 
Restating this in terms of the representing loops, we must show that (a: f)-y 
is homotopic to x-(f-y) as loops based at x. Here 
a(4t) fO<t<1/4 
(a B)- y(t) = < B(4t — 1) if1/4<t< 1/2 
y(2t — 1) if1/2<t<1 
and 
a(2t) fO<t<1/2 
a-(B-y)(t) = 4 B(4t — 2) if1/2<t<3/4 
(4-3) if3/4<t <1. 
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Formulating a based homotopy between these two loops becomes easier if 
viewed geometrically (Figure 4.6). 


a((4/(s + 1))t) ifs>4t—1 
H(s,t)= < B(4t—s— 1) if4¢t—-1>s>4t-2 
(442 — s)(t —(s + 2)/4))  if4e-—2>s. 


Along the segments where the definitions change, the function H takes each 
point into x). Consequently, H is continuous and («: #)-y is homotopic to 
a (By). 

The identity element of the group 7, (X, xq) is the class of loops homotopic 
to the constant loop e at xo, that is, e(t) = xp for0 < t < 1. For any element 
<a> in m,(X, x9) there is an inverse <«>~', the class represented by %, where 


a(t) = a(1 — t). 


Note that is just the loop « traversed in the opposite direction. To see that 
<%#> = <a>! we must establish based homotopies between a: &% and e, and 
between %:« and e (Figure 4.7). 


o 
" 


a B Y 


Figure 4.6 


Rt 


a 


Figure 4.7 
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On [0,1] x [0, 1] define 


a(2t) ifs <1-—2t 
G(s, t) = < a((1 — s)/2) ifs > 1—2t and s>2t-1 
a(2t — 1) ifs <2t-1. 


Note that if a value of s is selected and the loop at level s produced by G is 
traced, it will proceed along « to the point o((1 — s)/2), remain at that point 
until t = (s + 1)/2, and then retrace that portion of a back to x)». When s = 0, 
this yields x-%; when s=1, this yields e. The verification that %-« is 
homotopic to e is similar. 

If (Y, yo) is another space with designated basepoint, and f: X > Y is a 
continuous function having f(x.) = Yo, then we define 


Se! T1(X, Xo) 7 71(Y, Yo) 


by f,(<%>) = < fa, Le., the homotopy class represented by the loop at y, in 
Y given by composing f with the loop «. If « is another representative of (a), 
then a homotopy in X from « to a may be composed with f to produce a 
homotopy in Y from fa to fa’. Thus f,(<#>) is a well defined element of 


71(Y, Yo). 


4.5 Proposition. If f:(X,x 9) — (Y, Yo), is a map of pairs, then 
fal TM (X, Xq) > 11 (Yo) 


is a homomorphism of groups. 


Proof. The verifications above show that 2,(X,x9) and 7,(Y, yo) are in fact 
groups. For elements (> and ¢f> in z,(X, xo) represented by paths x and f, 
it is clear from the definitions that f,(<#>- <B>) = f, (KO) F(X BD). EJ 


EXAMPLE. Let <x» be a class in 7,(S', xo), where xq is chosen to be the point 
(1,0) in S'. Using the covering space exp: R > S', we lift 2 to a path in R with 
initial point 0. The terminal point of this lift is an integer which we denote 
d(x). Since any loop homotopic to x must lift to a path with the same terminal 
point, d(x) depends only on the class of « in 7,(S',x 9). Consequently, d 
defines a function from z,(S', x9) to Z. Note that if the initial point of the lift 
of a is taken to be the integer k, then the terminal point of the lift will be 
k + d(x). Consequently, if a and f are loops at xo, then d(a-f) = d(a) + d(f). 
In other words, we have produced a homomorphism 


d: 2,(S', x9) > Z, 


called the degree of the loop. 

For any integer m in Z there is a path 7 from 0 to m in R. Projecting this 
path down to the base, y = exp? is a loop at x, for which d(y) = m; hence d 
is an epimorphism. On the other hand, let x and f be loops in S! with 
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d(a) = k = d(). So the lifts & and f are paths in R with initial point 0 and 
terminal point k. Define a function 


H: [0,1] x [0,1] >R 


by H(t,s) = (1 — s)a(t) + sB(O) 0 <s5 <1. Since R is convex, this is well de- 
fined and continuous. This homotopy from @ (s = 0) to f (s = 1) fixes the 
endpoints at 0 and k throughout the deformation. Then expH is a based 
homotopy from @ to f. Therefore <a> = <f>, and d is a monomorphism. 
This completes the proof of the following proposition. 


4.6 Proposition. The degree of a loop defines an isomorphism 


d: m,(S', x9) > Z. O 


For the next two calculations, we need an important property of maps 
between finite CW complexes: If X is a k-dimensional finite CW complex, A 
is a subcomplex, and f: (X, A) (Y, B) is a map of finite CW pairs, then f is 
relatively homotopic to a map taking X into the k-skeleton of Y. This is a 
consequence of the Cellular Approximation Theorem (Theorem 2.25). 

Now suppose <«> is an element of 7,(S",xq), n > 2. If w is a point in the 
interior of an n-cell of S”, the preceding property may be applied to produce 
a representative a’ of <a> such that w does not lie on the loop 2’. Removing 
w from S” and projecting stereographically from that point identifies {S” — w} 
with R”. Since R” is convex, the loop in R” resulting from « may be deformed 
into the constant loop. Translating the homotopy back to {S" — w} estab- 
lishes that x’ is homotopically trivial, and <a> = <e>. So the fundamental 
group of S” is trivial for n > 2. 

Note that this same argument may be used to show that if & and f are 
paths from yo to 2, in S", n > 2, then & is homotopic to B via a deformation 
keeping the ends fixed at y,. and zy. This observation may be applied to 
calculate the fundamental group of real projective space. 

Suppose <f>e7,(RP(n),x9), represented by the loop f. Using the 
covering space 


7: (S", Yo) > (RP(n), Xo) 
we lift 8 to a path f in S” with initial point yy. The terminal point of will be 
either yo or — yo, since z~'(xo) = {¥o, — Yo}. Define a function 

o: 1,(RP(n), x9) > Z, = {1, —1} by 
1 if the terminal point of f is y 
a(<B>) = , : ie 
-1 if the terminal point of fis — yo. 

For clarity we are writing the group Z, multiplicatively. As before, the func- 
tion ¢ is a homomorphism, and the existence of a path in S” from yo to — yo 


shows o is an epimorphism. 
Given two loops f and y in RP(n) that lift to paths 6 and 7 with the same 


4. Covering Spaces 97 


terminal point, the observation above establishes a homotopy from f to Fin 
S”, and subsequently from f to y in RP(n). Therefore o is also a mono- 
morphism. We now summarize these observations. 


4.7 Proposition. For n > 2, 
71 (S", Vo) = 1, 
and 


m,(RP(n), xo) ® Z2. [=] 


EXERCISE 5. Use the covering space g: R? > T? to prove that 


m,(T*,X9) = Z x Z. 


Some of the results expressed previously in terms of covering spaces may 
now be reformulated in the framework of fundamental groups and induced 
homomorphisms. 


4.8 Proposition. If p: X > X is a covering space, then the induced homomor- 
phism 


Pa: ,(X, Xo) > 14(X, Xo) 
is a monomorphism. 
Proof. Suppose 7 is a loop at Xo in X with p,{<F>) trivial in 2,(X, xo). That 
is, there exists a homotopy in X from p? to the constant loop. By Proposition 


1.3, this homotopy lifts to a homotopy in X between 7 and the constant loop 
at X). Thus <7) is trivial in 7,(X,X9), and p, is a monomorphism. oO 


4.9 Theorem. If p: X > X is a covering space, Y is pathwise connected, and 
f: Y +X is a continuous function, then a necessary and sufficient condition 
for the existence of a lift f: Y > X is that f,(m(Y,yo)) S p,(™(X, Xg)). 


Proof. The necessity of the condition is evident, since the existence of a lift f 
means the following diagram is commutative. 


1 ,(X, Xo) 


te Py 


Se 
™,(Y, Yo) ——— 1 (X, xo). 


Since f, = Dil the image of f, is contained in the image of p,. 

Now suppose that f,(7:(¥, yo)) S Py(™1(X, Xo)), and let y be a point of Y. 
Pick a path w in Y with w(0) = yo and w(1) = y. Then fm is a path in X from 
Xo to f(y). Lift this path in X to a path @ in X with initial point %,. Define 
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J(y) = @(1). This is our candidate for a lifting of the map f. As it is defined, it 
is clear that f = pf (Figure 4.8). 

We must show that the function f is well defined and continuous. First we 
show that the definition of f(y) is not dependent on the choice of the path w. 
Suppose that w’ is another path from y, to y. Then (w’)~!w is a loop at yo. 
The image under f, of this loop is a loop f at xo. Thus there is a loop Bat X 
with p,(<f>) = <P), that is, pf and f are homotopic. 

Take a homotopy between these loops in X, and lift the homotopy to X 
with initial point %). Since the loop f is closed, the lift of 6 must also be 
closed. Another way of expressing this is that, the lifts of f(w) and f(w’), 
which begin at X), must both end at the same point in X. This means that 
@(1) = &’(1), so the image of y under f is well defined. 

To see that f is continuous, let y and w be as above, and take an open set 
U about f(y) in X. Since p is a covering map, we may assume that p maps U 
homeomorphically onto a connected open set p(U). Then f~'(p(U)) is an 
open set about y. Y is locally pathwise connected, so there is a pathwise 
connected open set V about y contained in f~'(p(U)). If z is any other point 
of V, there is a path in V from y to z. Composing this path with w produces 
a path from y, to z. Since the definition of f(z) does not depend on the choice 
of path from yo to z, we may use this composition; hence it is clear that 
f(z) € U. This proves that f is continuous, so we have established the exis- 
tence of a lifting. O 


This theorem is remarkable in that it describes an algebraic condition that 
is sufficient for the existence of a lifting of f Practically all of the applications 
we have encountered have involved necessary algebraic conditions for the 
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existence of certain topological features. This theorem is appealing in that it 
not only describes a sufficient condition for the existence of a lift, but also 
provides a concise description of the lift itself. 


EXAMPLE. For any positive integer q, we earlier defined w, to be the standard 
map of degree q on S' 


4: sis} 


given in complex coordinates by taking z € S' into 2’. For this covering space 
the image of «,+: 7,(S', xo) > 7,(S', xo) is the subgroup qZ. Consequently, if 
q > 1, no map 


wo: S§'oS8! 


lifts through @, unless q divides r. In particular, taking r = 1, «, is the iden- 


tity and there is no “cross section” of the map a, for q > 1, ie., there is no 
map s: S' + S' such that w,s = the identity. 


An obvious question that must be considered is how the choice of the 
basepoint x, in X affects the fundamental group. Clearly, 7,(X,x,) can carry 
information only on the path component containing x9. So assume that X is 
pathwise connected, and let x, be another point of X. Select a path « in X 
with «(0) = x, and a(1) = x, (Figure 4.9). 

Given a loop f based at x,, we produce a loop at x9 by taking the compo- 
sition ~~! Ba. Note that if 8 is modified to f’ via a homotopy based at x,, then 
composing this homotopy with « and a7! as above shows that the loops 
a |B’ and «7! Ba are homotopic, based at x9. The correspondence f > a7! Ba 
therefore defines a function 


hy: 1(X,X1) +71 (X, xo). 


4.10 Proposition. 


(a) h, is an isomorphism of groups. 

(b) If x’ is another path from xq to x, which is homotopic to « via a homotopy 
fixing the endpoints, then h, = h,.. 

(c) If «7! is defined by a”'(t) = a(1 — 1), then (h,)' = hy-s. 


Figure 4.9 
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Proof. We prove only that h, is one-to-one, leaving the remaining parts as an 
exercise. Suppose f is a loop at x, with h,(8) homotopically trivial at x9. So 
there exists a homotopy based at x, between «~'fa and eg, the constant path 
at x9. To see that f is homotopic to e,, we modify # through several steps. 

First note that as loops at x,, f is homotopic to (ax7')B(aa7!). This com- 
position may be reassociated as a(a”'Ba)a~' within the same homotopy class 
at x,. Now apply the homotopy from (a~'fa) to e, to show the composition 
is homotopic to 2(e))x7'. Finally, note that x(e))«7! as a loop at x, is 
homotopic to e,. 

In summary, if h,(<8>) = 1, then <B> = 1 in 2,(X, x1). Oo 


EXERCISE 6. Prove the remaining parts of Proposition 4.10 (a), (b), and (c). 


We look briefly at an example to see that if a path y from x, to x, is not 
homotopic to a, then h, need not be the same isomorphism as h,. Consider 
X = §S, v S, with its covering space q: L> S, v S,. Let xo be the point of 
intersection of the two circles, and let x, be antipodal to xo on the horizontal 
circle (Figure 4.10). 

Let a be the horizontal path from x, to x, which lifts in L to the segment 
from (0,0) to (1/2,0). Let y be the path from x, that traverses the vertical 
circle once and then follows « from x, to x,, lifting in L to the segment from 
(0, 0) to (0, 1) to (1/2, 1). 

Now take f to be the loop at x, traversing S, once in the positive direction. 
Note that h,(B) = x-'Ba, as a loop at Xo, lifts in L to a path from (0,0) to 
(1/2, 0) to (3/2, 0) to (1,0). On the other hand, h,(£) = y "fy, as a loop at xo, 
lifts in L to the path from (0,0) to (O, 1) to (1/2, 1) to (3/2, 1) to (1, 1) to (1, 0). 

Although these paths in L have the same endpoints, they are not 
homotopic. If h,(f) and h,(f) were homotopic as loops at xo, the homotopy 
between them could be lifted to L. So for this example the isomorphisms h, 
and h, are not the same. 

Note that if we take x, = x9, then h, becomes an inner automorphism of 
71(X, xq), that is 


(0.1) ap q 
a 
1 —+ 
(0.0) (1.0) 


Figure 4.10 
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h,(<B>) = <a>'¢ BY <a). 
Of course, if z,(X, xo) is abelian, then any such isomorphism is the identity. 
Now suppose p: X ~ X is a covering space in which X is pathwise 
connected. The lifting theorem (4.9) was concerned with the image of the 
homomorphism 
Pi 11(X, Xp) > 7,(X, Xo). 


Is this subject to change with the choice of X, in p~'(x,)? In general the 
answer is yes, but the variation can be precisely characterized. 


4.11 Proposition. If p: X + X is a covering space with X pathwise connected, 
then as y ranges over the points of p ' (Xo), P,(™4(X, y)) ranges over all conju- 
gates of Pa (™(X, Xo) in 1(X, Xo). 


Proof. Let y € p~'(xo) and select a path @in X from &, to y. Then a = p&isa 
loop at x9, and 


P,(7,(X, y)) = py (hel (X, Xo) 
= h,(p,(t(X, Xo) 


shows that p,(7,(X, y)) is a conjugate of p, (7, (X, Xo)). 

On the other hand, let <¢> €7,(X,x9) and consider the conjugate 
<b>" (py (1 (X, Fo)) <>. Lift the loop n = ¢7! to a path q in X with initial 
point X,. Taking y = #(1), we see that 


Pyl™1(X,y)) = Py (g(t (X Xo))) 
= h,(p,(1(X, Xo))) 
= (n> Pal 1(X, Xo) <n! 
= (b> *pg(1(X, Fo) <>. 
So each conjugate of p,(m,(X, Xo)) in 7,(X, xq) is an image for some choice 


of y. | 


This result allows us to state the lifting theorem (Proposition 4.9) in a more 
general form: 


4.12 Corollary. If p: X + X is a covering space, Y is pathwise connected, and 
f: Y + X is acontinuous function, then a necessary and sufficient condition for 
the existence of a lift f: YX is that f,(%,(%Yo)) be contained in some 
conjugate of p,(T 1(X, X)). oO 


Note that two choices for y in p-'(x9) may yield the same conjugate in 
7m,(X,x). In fact, all y will yield the same conjugate in the case that 


102 Homology Theory 


p,(71(X, Xo)) is normal in ,(X,x,). In particular, this is the case if 2,(X, xo) 
is abelian. 

From our examples we have seen a family of connected covering spaces 
with base space S!: 


(a) For each positive integer m, the m-fold covering 
Wm: S' + S'; and 


(b) The exponential map 
exp: R-S!. 


It is natural to ask how these are related, or, more specifically, when does 
there exist a mapping of covering spaces that preserves the covering relation- 
ship? The answer will rely on the lifting theorem, but first we consider the 
more general setting. 

Suppose g: W + X and p: X > X are covering spaces over the same base 
space X. A homomorphism. of covering spaces (or a map of covering spaces) i is 
a continuous function f: W > X, such that pf(w) = q(w) for every Win W. In 
other words, the following triangle is commutative 


The homomorphism f is an isomorphism if there exists a homomorphism 
h: X + W with fh and hf the respective identity maps. 

It will supplement our understanding of covering spaces if we can establish 
how such mappings arise and how they are related to the subgroups of the 
fundamental group of the base, X. For this analysis we will consider only 
covering spaces in which X is pathwise connected. 


4.13 Lemma. If q: W — X and p: X — X are covering spaces over a pathwise 
connected base X, and f: W -» X is a mapping of covering spaces in which f 
maps W onto X, then f itself is a covering space. 


Proof. Given X in X, we must produce a fundamental open set for f about %. 
Since both q and p are covering maps, there exist about p(X) fundamental 
open sets V, for q and V, for p. Let U be the component of V, m V, contaning 
p(X), and consider p~'(U). Each component of p~'(U) is mapped homeomor- 
phically onto U via p. let U be the component of p~'(U) containing %. 

Now f-'(p-'(U)) = q"'(U), and each component of this set is mapped 
homeomorphically onto U via q. Since f is onto, at least one of these compo- 
nents must contain a point of f~'(X). By composing homeomorphisms we see 
that each component of f~'(U), i.e., those components of g~'(U) that contain 
a point of f ~!(%), is mapped homeomorphically onto U. Thus f is a covering 
map. fe] 
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Figure 4.11 


4.14 Lemma. If g: W > X and p: X + X are covering spaces over a pathwise 
connected base X in which both W and X are pathwise connected, then any 
mapping of covering spaces f: W > X is itself a covering space. 


Proof. By the previous lemma it suffices to show that f is onto. Given Xin X, 
select a point W in q~'(p(X)) (Figure 4.11). Since X is pathwise connected, 
there is a path ¢ in X from f(w) to X. Projecting this path down into X gives 
a path based at q(w) = p(X). There is a unique lift of this path to W with 
initial point w. Call this path (. Now f¢ and ¢ are paths in X with initial point 
f(%), projecting via p into the same path in X. By the uniqueness of lifts, f¢ 
and ¢ must be the same path. Thus ¥ = ¢(1) = f(¢(1)) is in the image of f, and 
f is onto. 

We conclude that f: W — X is a covering space. O 


Note that these two results place significant limitations on the continuous 
maps from W to X that can be homomorphisms of covering spaces. The 
following propositions provide further restrictions, as well as specific con- 
ditions for the existence of a homomorphism. 


4. 15 Proposition. If g: W — X and p: X + X are covering spaces with W and 
X pathwise connected, and f,g: W > X are homomorphisms of covering spaces 
for which g(w) = f(W) for some point w in W, then f = g. 


Proof. Since f and g are both “liftings” of q to X, and since W is pathwise 
connected, we may apply Proposition 4.2. In other words, if f and g agree at 
a point, they are identical on W. oO 


In the special case that W = X, an isomorphism of the covering space is 
called an automorphism. The following observation is an immediate conse- 
quence of Proposition 4.15: 
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4.16 Corollary. If f: X + X is an automorphism of a pathwise connected 
covering space p: X + X, and f is not the identity, then f is fixed-point free. 
O 


4.17 Proposition. Let g: W— X and p: X > X be covering spaces with W 
pathwise connected. If 4, (™1(W, Wo)) is contained in a conjugate of 
p, (7 AX, Xq)), then there exists a homomorphism f: W — x 


Proof. This follows directly from the Lifting Theorem (4.9). Note that we may 
not be able to require that the homomorphism take wy into Xp. Oo 


A covering space p: X — X is regular if, for each closed path a in X, either 
all lifts of x to X are closed or no lift of x is closed. 


EXERCISE 7. (a) Let p: X — X be a covering space with xX pathwise connected. Then 
prove that (X, p) is regular if and only if for any points X, and X) in p7'(xp) there is an 
automorphism of (X, p) taking X; into X. 

(b) Show that the covering space p: X > X, with X pathwise connected, is regular 
if and only if p,(1,(X,%)) = py (1(X,%,)) for every X, and X, in p7'(xo). 

(c) Find an example of a covering space, with X pathwise connected, which is not 
regular. 


4.18 Proposition. Let g: WX and p:X +X be covering spaces with W 
pathwise connected. There is a homomorphism f: W +X with f(Wo) = X if 
and only if q, (7 1(W, Wo)) is contained in p,(,(X, Xo). oO 


We can summarize these results in the following theorem: 


4.19 Proposition. Two pathwise connected covering spaces q: W— X and p: 
X — X are isomorphic if and only if for any two points Wo and Xo lying above 
Xo» Fy (™1(W, Wo)) and p,(m,(X, Xo)) are conjugate in m,(X, Xo). 


Proof. If the image subgroups are conjugate in 7,(X, x9), then using Proposi- 
tion 4.11, we can change the basepoint in W to w, so that the images of Vx 
and p, are equal. _ Applying Proposition 4.18, there exist homomorphisms 
f: WX andh: X > Wwith f(w,) = % and h(%) = w,. Now by Corollary 
4.16 each composition must be the respective identity, since hf(w,) = w, and 
SAS) = Rp. Aaa) 

Conversely, an isomorphism f: W -+ X implies the images of p, and q,, are 
equal for one choice of basepoints. By Proposition 4.11, varying the base- 
points within q~'(x9) and p~'(xo) will produce conjugate subgroups as images. 


O 


At this point we have established that isomorphism classes of pathwise 
connected covering spaces of (X,xq) give rise to conjugacy classes of sub- 
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groups of 2,(X,x,). Furthermore, homomorphisms of pathwise connected 
covering spaces (which are themselves covering spaces) correspond to “inclu- 
sion” of conjugacy classes, i.e., one conjugacy class is “included” in another if 
each subgroup in the first is contained in some subgoup in the second. 

There is one remaining piece of the puzzle that is more difficult to resolve: 
Given a conjugacy class of subgroups of 2,(X, XQ), does there exist a covering 
space p: X + X with Dp, (7 ,(X, Xy)) in this class? We will outline the answer to 
this question; for more details see Massey [1967]. 

The simplest nontrivial case is associated with the conjugacy class of the 
subgroup {1}. That is, since s, is a monomorphism, we seek a pathwise 
connected covering space s: E> X with 2,(E,é) = {1}. Such a covering 
space is called a universal covering space because it exhibits the following 
universal mapping property: For any covering space p: X > X, there exists a 
homomorphism f: (E,s) > (X, p). This holds for (E,s) since 5,((E, €9)) = 
{1} is a subgroup of every image. 

Now suppose 7, (E,é) = {1}, and let U be a fundamental open set about 
Xq and V a component of s-'(U) mapped homeomorphically onto U by s. 
The diagram 


~ i ~ . 
1,(V,e9) —~— 1,(E,é) 
(sly | = Sy 


m(U,X9) —*+ m,(X, xo) 

is commutative, where i and j are inclusion maps. Now (sly), is an 
isomorphism, and 7,(E,é) = {1}, so any nontrivial element of 2,(U,xo) 
must be in the kernel of j,,. In other words, any nontrivial loop in U, based at 
Xp), Must be homotopically trivial in X. A space with this property at each 
point is said to be semilocally simply connected. Put more directly, a space Y 
is semilocally simply connected if for each y in Y there exists an open set V 
about y such that any loop in V, based at y, is homotopic in Y to the constant 
loop at y. 


EXERCISE 8. Find an example of a space Y that is not semilocally simply connected. 


The preceding discussion shows that if X fails to be semilocally simply 
connected, then X will not have a simply connected covering space. How- 
ever, there are examples of universal covering spaces, i.e., covering spaces 
with the universal mapping property, in which the total space is not simply 
connected. See Spanier [1966] for a specific example. 

For our purposes we will assume the space X is semilocally simply con- 
nected; this is the case for all manifolds and finite CW complexes. So given a 
pathwise connected base (X, x,), consider the set of all paths in X with initial 
point x9. For any point x, in X, the paths from x, to x, fall into distinct 
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homotopy classes (with endpoints fixed). The homotopy classes of paths be- 
come the points of the space E. Take é, to be the class of the constant loop 
at xy. The function s: E > X assigns to a homotopy class the endpoint x, 
in X. 

Our assumptions regarding the local properties of X allow a topology to 
be introduced in E so that s is continuous and is, in fact, a covering space. To 
see why E will be simply connected, take a nontrivial loop at x, in X. This 
represents a homotopy class, hence a point in E lying above xo, but not equal 
to é). Thus any nontrivial loop at x, lifts to a nonclosed path in E. Since Sy 
is a monomorphism, there can be no nontrivial loops at in E. Therefore 
E is simply connected. 

Now suppose s: E- X has 7,(E,é)) = {1} and let G be a subgroup of 
aie Xo). Each element g in G produces, via lifting the path to é, a point geo 
in s-!(xg), and consequently an automorphism of E. This action of G on E is 
particularly nice, due to Corollary 4.16 and the properties of E. The quotient 
space F/G admits a map 


r: E/G>X 


that is a covering space, and r, (7, (E/G, {€})) is equal to the subgroup G. For 
example, start with a loop « in G. Lift « to a_path in E from & to é,. These 
two points are identified in the quotient E/G, and the resulting loop is 
mapped via r, to a. 

We summarize these observations in the following theorem. Again, for a 
complete proof, see Massey [1967]. 


4.20 Theorem. For a semilocally simply connected space (X,x9) the isomor- 
phism classes of pathwise connected covering spaces of (X,xX,) are in one-to- 
one correspondence with the conjugacy classes of subgroups of 7,(X,X9). O 


ExAMPLE. We return to the connected covering spaces of S'. Writing 
7, (S', xo) * Z multiplicatively with generator 0, for each positive integer n 
there is a subgroup nZ = {0"*|k € Z}. Together with {1}, this is the complete 
set of subgroups of 2,(S', xq), and each is its own conjugacy class. For m > 0, 
Wm: S! + S', the m-fold covering, has 


image(Wp+) = mMZ S 7,(S', xo). 
Of course, exp, has image {1}. Consequently, as m ranges over all positive 


integers, we produce all isomorphism classes of connected covering spaces of 
S'. Furthermore, there is a homomorphism of covering spaces 


F:(S', @m) > (S*, 4) 
if and only if k divides m. 
EXERCISE 9. If p: X + X is a covering space with X pathwise connected, define the 


multiplicity of p (or the number of sheets of p) to be the cardinality of {p~'(Xo)}. Prove 
that the multiplicity of p is the index of p, (a, (X, Xp)) in 7, (X, Xp). 
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There is a clear relationship between the fundamental group and the first 
singular homology group for a pathwise connected space. As we have seen, 
both assign a group to a space and a homomorphism of groups to a continu- 
ous map of spaces. Furthermore, homotopic maps are seen to induce the 
same homomorphism. For certain familiar spaces, e.g., spheres, projective 
spaces, and the torus, the fundamental groups are isomorphic to the homology 
groups, so one might begin to believe there is little new information con- 
tained in the fundamental group. The first major distinction lies in the obser- 
vation that fundamental groups need not be abelian. Indeed, a space as 
simple as the join of two circles readily produced a product of loops that do 
not commute. 

A less obvious distinction lies in the absence of a process in the fundamen- 
tal group that is analogous to the subdivision procedure in singular 
homology. While a loop in a space bears a striking resemblance to a singular 
1-simplex, it cannot be subdivided into smaller loops the way a simplex may 
be decomposed into smaller simplices. This difference means we can expect 
no Mayer-Vietoris sequence as an aid to making computations. However, 
there is an analogous theorem for the fundamental group that will be 
discussed later in this chapter. 

For now let us focus attention on the specific connections betwen 7 ,(X, x9) 
and H,(X). Given a loop a at xq in X, we think of « as a map of pairs 
a: (I, CD) > (X, xq), where I = [0,1]. Then x induces a homomorphism on the 
first relative homology groups 


a,: Hy (1,01) > H,(X, Xo). 


If o denotes a chosen generator for H, (I, éI), corresponding to an orientation 
for the interval J, then the element a, (c) in H,(X, xo) suggests a function from 
loops at x9 into H,(X,x9). Note that if a’ is a loop at xj, based homotopic to 
a, then a, = x, and 2,(c) = (0). 

Thus we have a function 


h: 1(X, Xo) > Hi (X, Xo) 


called the Hurewicz homomorphism. To see that h actually carries the product 
in 7, into the sum in H,, we return to the level of singular cycles and chains. 
Note that h(<x>) may be represented by the singular l-simplex x: | > X,a 
relative 1-cycle in the pair (X, x,). Similarly, for ¢f> in 7,(X,x,) we think of 
f asa relative 1-cycle. The product <x» <P> is assigned by h to the homology 
class represented by the relative 1-cycle dictated by & on the first half of the 
interval and by f on the second half. To establish that this cycle is homolo- 
gous to the sum of the cycles representing h(<a>) and h(< >), consider the 
relative singular 2-simplex depicted in Figure 4.12. 

Along the edge from v, to v, the value is <a> ¢« 8>. The segment, /, from the 
midpoint of this edge to the vertex v, is mapped into xy. The edge from vy to 
v2 is mapped via 4, suitably parameterized, as is each ray emanating from vo 
to a point on /. Similarly, the edge from v, to v, is mapped via f, as is each 
ray starting at a point of 4 and ending at v,. The resulting singular 2-simplex 
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Figure 4.12 


has as its boundary a relative l-cycle representing h(<x> <B>) — h(<a>) — 
h(< B>). Thus 
h: 1, (X, x9) > H,(X, xq) 


is a homomorphism of groups. 


4.21 Proposition. The Hurewicz homomorphism 
h: 1 (X,Xo) + Hy(X, xo) 


is an epimorphism with kernel the commutator subgroup of 7 ,(X, Xo). 


Proof. To see that h is an epimorphism, suppose t is a relative 1-cycle in 
(X, xq). Then t is a finite sum of singular 1-simplices 


T= Y md; 


where dt = 0. Note that, for each i, 0g; is the difference of two 0-simplices, i.e., 
the algebraic difference of two points in X. The fact that dt = 0 in the relative 
chain group means the algebraic sum of all points outside of {x,} is zero. 

Consider the set of all 0-simplices arising from the relative 1-chain t. We 
think of each cf these as a point in X. For each 0-simplex y, in this finite set, 
choose a path w; from Xo to y,;. This can be done since X is pathwise con- 
nected. If y; happens to be x9, we choose the path to be constant. Call this the 
collection of “vertex paths” from x, to the 1-chain t (Figure 4.13). 

Now suppose ¢, is a 1-simplex in t, with 6¢, = y, — y,. The composition 
9m is a loop at xo that traverses ¢; in the positive direction. Let f in 
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iS 
Figure 4.14 


m,(X, Xo) be the product of all such loops arising from 1-simplices in 1, taken 
with multiplicity dictated by the coefficients in the associated sum. Let us 
intuitively examine h(<f)>). Since ét = 0, each O-simplex outside xg sums 
algebraically to 0. Consequently, the path w; occurs in 8 the same number of 
times as w;'. Therefore, when viewed as singular 1-simplices, all the vertex 
paths in h(<fB>) sum to 0, and the remaining paths produce t. Hence 
h(< B>) = 1, and h is an epimorphism. 

To analyze the kernel of h, suppose « is a loop at x9 with h(<a>) = 0. In 
other words, when considered as a relative cycle, « is a boundary. So there 
exists a relative 2-chain 0 = )\ m,@; in X with 00 = «. As before, we select a 
finite family of “vertex paths” from x, to the 0-simplices of #. Denote the 
0-simplices of @ by {t,} and the corresponding vertex paths by {C,} (Figure 
4.14). Suppose ¢C@, = <to,f)> + <ty,t2> + <to,to> = G9 +0, + 6,. Then 
consider the composition 


A= (Co*6262)(62'0,6,) (Cy oC). 


Note that since this loop arises as the boundary of a 2-simplex, it is 
homotopically trivial. The orientation of ég, dictates a direction along each 
edge, and hence a direction along each bracketed loop in the composition 4,. 
Reversing the orientation of an edge replaces the loop in the composition 
with its inverse. 

Now since 0@ = x, one of the loops described above must be « itself, with 
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the vertex paths constant at x,. We want to consider the product of all such 
loops produced in 0, and for clarity we assume that the first loop in the 
product is x. Write the product of the loops from ¢6 in the form 


MyMN2N3 °° NpH 


and note that the composition Is trivial in 2,(X, Xo). So 


a = my nony My. 


The algebraic sum of the 1-simplices other than « must be 0 since ¢@ = a. 
Hence each singular 1-simplex that occurs is expressed in equal numbers 
with each orientation. This means that 4,4243°*', is a product of loops in 
which a loop and its inverse appear an equal number of times. Consequently, 
112N3°°*, must lie in the commutator subgroup, and so must «. 
Therefore the kernel of h is contained in the commutator subgroup. Con- 
versely, since H,(X, xo) is abelian, the commutator subgroup of 72,(X, xo) is 
contained in the kernel of h. | 


As a final topic in this chapter, we consider the problem of computing the 
fundamental group of the union of two spaces in terms of the fundamental 
groups of each space individually and of their intersection. It has already 
been observed that the lack of a process analogous to simplicial subdivision 
makes this problem more difficult than the same question for homology 
groups. However, the approach we use does involve decomposing a loop into 
segments contained in one subspace or the other. 

So let X = X, UX, be the union of two open sets with X,, X, and X) = 
X,0X, all nonempty and pathwise connected, with xy € X,; 7 X2. The in- 
clusion maps of subspaces give rise to the following commutative diagram 


iy* 


11(X 9, Xo) m1(X1,Xo) 
(4.22) ie ae 
11(X2,X9) ———>__™(X,Xo)- 


The first step is to show that 2,(X,x9) satisfies a “universal mapping” 
property with respect to diagrams of this type. 


4.23 Proposition. If G is a group and k, and k, are homomorphisms so that the 
following diagram is commutative 


™1(Xo,Xo0) — ™(X 1, Xo) 


ky 


(4.24) [- 
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Figure 4.15 


then there exists a unique homomorphism 
Bi 1(X, x9) 7G 
such that pj. = k, and pjz. = kp. 


Proof. Let x be a loop in X at x9. Since X, and X, are open, we can find a 
finite set of points Xo = Yo, Vy, ---» Ym = Xo along « with the property that 
each y; lies in X9 and the segment t;,, from y; to y;,, lies in either X, or X}. 
For each point y, select a path B; in X9 = X, 0 X, from Xo to y; (Figure 4.15). 

Note that for each integer i, 0 <i<m, there is a loop at x9 given by 
traversing f;_, from Xo to y;_,, t; from y;_, to y;, and then £;* from y, back 
to Xo. Call this loop 6; = Bj '1,;B;_,. It is clear that 6, lies entirely within either 
X, or X,, hence 6; represents an element of the respective fundamental 
group. 

Define a function 


Le 1\(X,X9) 9G 


by p(x) = k,(0,)°k,(82)°°*k,(6,,), where it is understood that k, means either 
k, or k, depending on whether 96; lies within X, or X,. Note that there is 
some potential ambiguity if 6; lies in both X, and X,, but this means 0; 
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Figure 4.16 


arises from Xg, and the commutativity of (4.24) implies that, in this case, both 
choices yield the same result. 

Although our intuition strongly supports this definition of y, there are 
several questions that must be resolved: 


(1) Is this definition of u independent of the choices of the points y,; and the 
paths p,? 
(2) If and a’ are homotopic loops, is u(a) = pa’)? 
(3) Is p ahomomorphism? Does pj,+ = k, and pj2+ = k,? 
(4) Is u unique with regard to these properties? 
First consider a single point y; along «, and suppose another path y, is 
chosen in XQ from xp to y; (Figure 4.16). Note that 
ky (Bi t:B;-1) = ky (Bi vive tiB)-1) = Kal Bry) ka vi t:Bi-1) 
On the other hand 
Ky (Biss Ti41 Bi) = ky (Bits Ti4ivi?i Bi) = ky (Bits Tia Yi) Kez Bi) 
= ky (Bettis) OK (Br yd1- 
Since B;'y; is a loop in Xq and since the diagram (4.24) commutes, the 
value of k, on this loop will be the same, whether k, is k, or k,. Thus 


ky (Bisiti41 Bi) kyl Br 1:8; -1) = ky (Bri ties?) kaye tiBi-1)- 

So the product will not change when y; is used in place of f;. Repeating this 
argument at each y; shows that the product defining p(a) is independent of 
the choice of the paths 8;. 

To see that p is independent of the choice of the points y,, consider once 
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Figure 4.17 


again the loop f;'t1;8;_,. Suppose another point z € Xo is added along 1,, 
separating T; into g,; and g;_,, and ¢ isa path in XQ from Xp to z (Figure 4.17). 

Note that if B;*1,8;_, lies in X;, then B;*g,@ and ¢°'@,_,B,-, are both 
contained in X,, and 


k,(B; 9:4) ky (6 *@i-1 Bi-1) = k,(B; 0:60 *9;-1Bi-1) = k,(B; 1; 8-1). 


Thus adding an additional point to the set of {y,} does not change the 
value of (a). More generally, adding a finite number of points to the set, ie., 
refining the {y,;}, leads to the same result. Now given two distinct sets of 
choices for the points {y,}, we can consider the mesh of the two sets, 
producing a refinement of both. The corresponding definitions of u(a) must 
agree since they are both equal to the value computed using the refinement. 
Therefore the definition of (a) is independent of the choice of the points {y;,}. 

Suppose 2’ is a loop at x9 homotopic to «. 

If F: [0,1] x [0,1] + X is a homotopy between « and «’, we can subdivide 
the unit square so that each small rectangle is mapped by F into either X, or 
X, (Figure 4.18). Proceeding one small rectangle at a time, we deform 2 into 
«’ through a finite sequence of paths such that each step involves a homotopy 
in which the only change occurs within either X, or X,. For such a restricted 
deformation, the points { y;} may be chosen so that the value of » is unchanged. 
Hence pu (a) = u(a’), and yw is well defined on 7,(X, xo). 

It is clear that pj,. =k, and pj,. = k,. The verification that p is a homo- 
morphism of groups and that p is unique with regard to these properties is 
left as an exercise. O 
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Figure 4.18 


This result should be put in more conventional terms. Given a category C 
and a diagram 


ae 


Cc 
(4.25) | 
B 


of objects and morphisms, a solution is an object D and morphisms r and s 
making the following diagram commute 


Gos A 
| | 
B —— D. 


A pushout of (4.25) is a solution with the universal mapping property de- 
scribed in Proposition 4.23. In other words, it is a solution that admits a 
unique, compatible morphism to any other solution. 


EXAMPLES. (1) In the category of topological spaces and continuous functions, 
a space X written as the union of two open subsets X, and X, will produce 
a diagram of inclusion maps 


NANG tN 


j 


x, 


whose pushout is X, UX. 
(2) Similarly, if Y is a space and f: S"~' > Y is a map, the pushout of the 
diagram 
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is the space Y U, D" = ¥Y,. 
(3) In the category of groups and homomorphisms, for any groups A and 
B there is a diagram 


{1} ——> A 


| 


B 


The pushout of this diagram is called the free product of A and B, written 
A+B. One must establish the existence of such a group and of the homo- 
morphisms A > A * Band B > A B. An element of A * B can be thought of 
as a word (g1,92,---,9m) in A and B, a finite sequence of elements, alternating 
from one group or the other, with no g, equal to the identity. The product is 
defined by juxtaposition followed by coalescence, when appropriate. The 
identity element in A* B is the empty word. With this characterization the 
homomorphism r assigns an element a e€ A to the word (a), likewise for the 
homomorphism s. 
More generally, if 


& 


is a diagram of groups and homomorphisms, there exists a pushout G which 
is the amalgamated free product (A * B)/H, where H is the normal subgroup 
of A « B generated by the elements (i(c), [ j(c)]~'), where c € C. For details see 
Gray [1973], Massey [1967], or Spanier [1966]. Note that this characteriza- 
tion of A * B and its amalgamation tracks closely the argument used in prov- 
ing Proposition 4.23. 

These observations, together with Proposition 4.23, provide a basic tool 
for computing fundamental groups. 


4.26 Van Kampen Theorem. [f X = X, UX, is written as the union of two 
pathwise connected open sets with X , \ X , pathwise connected, then 


Xi, X>, 
wey e —_ 25 Xo) 
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where H is the normal subgroup generated by the words (i,.(x), [iz»(a)]') for 
ainn,(X,; AX 4,Xo). 


Proof. Within a given category, once a pushout is shown to exist, it will be 
unique up to isomorphism. This is a direct result of the existence and 
uniqueness of a compatible morphism from a pushout to any solution. 

The conclusion of Proposition 4.23 may be restated in this setting: A 
pushout of the diagram 


™(X, 0 X3,X9) —, ™(X 1, Xo) 


in* 


™1(X2,Xo) 


is 7,(X, Xo). Applying the observations in the preceding discussion, this must 
be isomorphic to the amalgamated free product of 7,(X,,x 9) and 7,(X 2, Xo). 
O 


4.27 Corollary. If X = X, UX, is the union of pathwise connected open sets 
and X, © X, is both pathwise connected and simply connected, then 


14 (X, Xo) © 11 (X 1, Xo) * 11 (X2, Xo). Oo 


EXAMPLES. (1) Let X = S, v S, be the join of two circles with common point 
Xo, and let X, and X, be S, and S,, each expanded to include a connected 
open set about x, in the other circle (Figure 4.19). Then X, 7 X, is con- 
tractible, and (4.27) may be applied to conclude 


nm (X, Xo) ~ m,(S,, Xo) * 7,(S,, Xo) 
=Z*Z, 


the free group on two letters. Denote these generating elements by a and b. 

(2) Write the torus T? as X, U X, where X, is an open disk on T? and X, 
is the complement of a smaller closed disk D& X, (Figure 4.20). Then 
1(X1,X9) & {1}, and X, 7 X, has the homotopy type of a circle. Suppose 
is aloop in X, 7 X, generating its fundamental group. 


Figure 4.19 
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Figure 4.20 


Figure 4.21 


The space X, may be retracted onto S, v S, (Figure 4.21). Note that the 
deformation of X, onto S, v S, carries the generating loop « onto the prod- 
uct aba~*b™ in 1,(X,Xo). Thus in the isomorphism 


1 (X 1, Xo) * 1(X2, Xo) 
H 


11(X,Xo) ® 


the resulting group is 


™(X,Xo) Z2*Z 
H  H 


where H is the normal subgroup generated by aba~'b~!. Note that 
(aba~'b7')ba = ab, 

in fact H is precisely the commutator subgroup of Z * Z. Consequently, 
m(X,X9) & ZOZ 


as we determined previously. 
(3) Write RP(2) as S' U, D*, where f: S' + S’ is a map of degree 2. Let X, 
be the interior of D?, and let X, be the complement in RP(2) of the center of 
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D? (Figure 4.22), Then X, is contractible, and X, retracts onto S'; a 
generating loop f in X, (7 X, is wrapped twice around S' during this retrac- 
tion. Hence 2,(RP(2), xo) = ({1} *Z)/H where H is generated by the square 
of the generator of the fundamental group of S'. Therefore 7,(RP(2), xo) is 
cyclic of order 2. 


Exercise 10. Determine the fundamental group of the Klein Bottle. 
Exercise 11. Describe the universal covering space of the Klein Bottle. 


EXERCISE 12. For any positive integer k, find a topological space whose fundamental 
group is cyclic of order k. 


EXERCISE 13. Determine the fundamental group of CP(n) for each n > 1. 


EXERCISE 14. Ifn > 1, prove that any continuous function g: S" > S' is homotopically 
trivial. 


Exercise 15. Suppose X is a finite CW complex with no cells of dimension 1. What 
can you say about the fundamental group of X? 


EXERCISE 16. If X is a finite CW complex of dimension k > 2, with one 0-cell, one 
1-cell, and no 2-cells, show that 7, (X, x9) is infinite cyclic. 


EXERCISE 17. A knot is a simple closed curve imbedded in R?. Two knots K, and K, 
are said to be equivalent if there exists an orientation-preserving homeomorphism 


Siz ap 


Figure 4.22 


Figure 4.23 
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h: {R? — K,} > {R? — K,}. A knot equivalent to an ordinary Euclidean circle in a 
plane in R? is said to be unknotted. The group of the knot K is the fundamental group 
of R? — K. Clearly, two equivalent knots have isomorphic groups. 


(a) Considering S? as the one point compactification of R*, show that for any knot K, 
the inclusion {R? — K} < {S? — K} induces an isomorphism of fundamental 
groups. 

(b) Consider S? as the unit vectors in C? ~ R*, and take K to be the unit circle in the 
complex plane determined by the first coordinate 


K= {(21,22)€ S|lzy = I}. 


This is, by definition, unknotted. Show that the group of this knot is infinite cyclic. 
This unknotted circle K is the core of a solid torus 


Tx = {(21,22) € S?|lz,/? = 3}. 
There is an analogous circle 
L = {(21,22) € S||z2| = 1} 
at the core of the solid torus 
T,, = {(2;,22) € S3|{z2l? = 4}. 
These solid tori intersect in a torus 
T= TNT, = {(21,22) € S9||z, |? = and (z,(? = 4}. 


It may help to picture T as a standard torus in R?, with core K the unit circle in the 
(x, y)-plane. In this representation, L would lie along the z-axis (Figure 4.23). Now let 
N bea knot lying on the torus T that traverses m times in the horizontal (K) direction 
and n times in the vertical (L) direction. This is a torus knot of type (m,n). 


(c) Use Van Kampen’s Theorem to show that the group of this knot is isomorphic to 
(Z * Z)/H, where H is the normal subgroup generated by (a”,b"), a and b the 
generators arising from K and L. 


CHAPTER 5 


Products 


In this chapter we introduce the theory of products in homology and 
cohomology. Following the Kiinneth formula for free chain complexes, we 
state and prove the acyclic model theorem. This is applied to establish the 
Eilenberg—Zilber theorem and the resulting external products in homology 
and cohomology. When the coefficient group is a ring R, it is shown that the 
cohomology external product may be refined to the cup product, giving the 
cohomology group the structure of an R-algebra. This structure is computed 
for the torus by introducing the Alexander-Whitney diagonal approxima- 
tion. Also, a cup product definition of the Hopf invariant is given. Finally, the 
cap product between homology and cohomology is defined in anticipation of 
Chapter 6. 

Suppose that C = {C,,0} and D = {D,, 0} are chain complex. In Chapter 3 
we discussed the formation of a new chain complex by tensoring a given 
chain complex with an abelian group. We now want to generalize this to give 
a procedure for tensoring two chain complexes to form a new chain complex. 

Define a chain complex C @ D by setting 


(C@ D), = > C, @ D,-K- 
k 
The boundary operator on a direct summand 
0: C, ® D, > C,-; ® D, ®C, @ D,-1 
is given by the formula 
O(c @ d) = 6c @d + (—1)’c @ ad. 


To check that this gives a chain complex, note that 
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0(e(c ® d)) = 6(e6c @ d + (— 1)’c @ Gd) 
= 0dc ® d + (—1)? ‘dc @ dd + (—1)’dc @ Od 
+ (—1)?"(c @ Géd) 
=0. 
Since the elements (c @ d) generate C @ D, it follows that 6 o é = 0. 


Note that if f: C + C’ and g: D > D’ are chain maps between chain com- 
plexes, there is an associated chain map 


f®gC@DiC@eD 


characterized by f © g(c @ d) = f(c) @ g(d). 
Now suppose that C is a free chain complex. The exact sequence 
0+ Z,(C) > C, -> B,-1(C) > 0, 
where « is the inclusion, must split because B,_,(C) is free. Thus, there exists 
a homomorphism 
¢: C, > Z,(C) 
which is just projection onto a direct summand, that is, ¢ o « = identity on 
Z,(C). 

We consider the graded groups Z,(C), B,(C), and H,(C) to be chain com- 
plexes in which the boundary operators are all identically zero. Denote by ® 
the composition ® = zo ¢, 

C, 4 Z,(C) > H,(C), 
where z is the quotient map. Then ® is a chain map between chain complexes 
because 
(0c) = n(0c) = 0 = 6®(c). 


5.1 Theorem. If C and D are free chain complexes, the chain map 
®@id: C@D-H,(C)@D 
induces an isomorphism 


(® @ d),: H,(C @ D) > H,(H,(C) ® D). 


Proof. Recall the exact sequence of chain complexes and chain maps 
0>2Z,(C)4C5B,(C) 30, 


where ¢ has degree —1. Since the sequence splits, we may tensor with the 
chain complex D and preserve exactness. This yields an exact sequence of 
chain complexes and chain maps 

a@id €@id 


0 Z,(C) @ D——> C ® D——  B, (C)@D > 0 
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and thus an exact homology sequence 
(2@id), (e Bid, 
> H,(Z,(C) @ D) —— H,(C @ D) ——> 
4 H,-:(Z,(C) @ D) >, 


where (€ @ id), has degree — 1 and A is the connecting homomorphism, 
On the other hand, the short exact sequence 


0 B(C) + Z,(C) > H,(C) +0 


H,,-,(B,(C) @ D) 


of chain complexes need not split. However, since D is free, exactness will be 
preserved in 


05 B(C)@ DS Z (CK @DZS HQ @D-=0. 


Passing to the homology groups of these complexes we have the long exact 
sequence 


+ H,(B,(C) ® D) "5 H,(Z,(C) ® D) “5 H,(H,(C) ® D) 
H,4(B,(C) @ D) > 
These two long exact se ace 
H,(B,(C)® D) —“— H,(Z,(C)® D) ““"5 —H,(C.@ D) 
: I [rom 
H,(B,y(C)@ D) “2s H,(Z,(C) ® D) “2s H,(H,(C) ® D) 
8% H,_,(B,(C)@ D) —“— H,-4(Z,(C)® D) 


—*—, H,_,(B,(C)® D) “= H,_,(Z,(C) @ D) 


may be related in such a way that each rectangle commutes up to sign (see 
the following exercise). Now the proof of the five lemma (Exercise 4, Chapter 
2) only required commutativity up to sign; hence, we apply the five lemma to 
conclude that 


(® @ id),: H,(C ® D) > H,(H,(C) ®@ D) 


is an isomorphism. This completes the proof. O 


EXERCISE 1. Show that in the diagram in the preceding proof each rectangle commutes 
up to sign. 


This proposition reduces the problem of computing the homology of the 
chain complex C @ D to computing the homology of the simpler complex 
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H,(C) @ D. Note that if c @ de H,(C) @ D,, then é(c @ d) = (— 1)Pc @ dd, so 
that up to sign the boundary operator is just 


id @ 0: H,(C)® D, + H,(C) ® Dy-1 


Therefore, for p fixed H,(C)@ D is a subcomplex of H,(C) ®@ D, in fact a 
direct summand, and we conclude that 


H,(H,(C) ® D) = 2 Hy(Hp(C D). 


Now if two boundary operators differ by sign only, it is evident that they 
produce the same homology groups. Thus, we may assume that the bound- 
ary operator in the chain complex H,(C) @ D is id @ 6. Note that the n- 
dimensional component of this complex is H,(C) @ D,_, 

Since D is a free chain complex, we are in a position to apply the universal 
coefficient theorem, Theorem 3.6, to the chain complex H,(C) ® D. Thus 


Summing these over all values of p, we have aot the proof of the 
Kiinneth formula for free chain complexes: 


5.2 Corollary. If C and D are free chain complexes, then 
H(C@D)x FY H(C)\@H(D)® Y Tor(H,(C), H(D)). =O 
ptq=n r+s=n— 


EXAMPLE. Suppose c € Z,(C) but c is not a boundary. Suppose further that 
r-c = €c' for some c' € C,,, and some minimal integer r > 0, so that c repre- 
sents a homology class of order r. Similarly let d € Z,(D) represent a homol- 
ogy class of order r so that rd = ed’ for some d’ € D,4,. Then in (C @ D),4.444 
the element (c' @ d — (—1)’c @ d’) is a cycle because 


e(c' @d —(—1)Pc @d') = dc’ @d + (—1)P*'c’ @ dd — (-1)?éc @ d’ 


— (—1)??c @ ad’ 
=rc@®d—c@rd 
=r(c@®d—c@d) 


= 0. 


In this way torsion common to H,(C) and H,(D) produces homology classes 
in Hysgri(C @ D). 


Given spaces X and Y, the Kiinneth formula of Corollary 5.2 may be 
applied to the singular chain complexes S,(X) and S,(Y) to give the 
isomorphism 


H,(S,(X) @ S,(¥)) = H,(X) @ H,(Y) ® es Tor(H,(X), H,(Y)). 


ptq=n rts=n-1 
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We turn now to the problem of relating H,(S,(X) © S,(Y)) to H,(X x Y), the 
homology of the cartesian product of X and’ Y. 

The solution of this problem will be stated in terms of the acyclic model 
theorem, a useful tool in homological algebra. To put this result in its proper 
setting we require a number of definitions. A category @ is 


(a) a class of objects, 
(b) for every ordered pair of objects a set hom(X, Y), of morphisms viewed as 
functions with domain X and range Y, 


such that whenever f: X > Y and g: Y > Z are morphisms, there is an ele- 
ment go f in hom(X, Z). These are required to satisfy the following axioms: 


1. Associativity: (ho g)o f=ho(gof). 
2. Identity: For every object Y there is an element 1y € hom(Y, Y) such that 
if f: X > Y and g: Y > Z are morphisms, then ly o f = fand go ly =g. 


EXAMPLES. (i) The category whose objects are sets and whose morphisms are 
functions. 

(ii) The category of abelian groups and homomorphisms. 

(ili) The category of topological spaces and continuous functions. 

(iv) The category of pairs of spaces and maps of pairs. 

(v) The category of chain complexes and chain maps. 


If @ and @ are categories, a covariant functor T: @ > @ is a function that 
assigns to each object X in @ an object T(X) in @ and to each morphism 
f: X > Yamorphism T(f): T(X) > T(Y) such that 


(a) Ty) = Inq, 
(b) T(feg) = T(f)° T(g) 


A functor K 1s contravariant if for f: X > Y, K(f): K(Y) > K(X) and 


ne ee ae 
K(fog) = K(g)° K(f). 


EXAMPLES, The correspondence (X,A)— S,(X,A) and [f:(X,A)—> 
(Y, B)] > Lfy: S,(X, A) > S,(¥, B)] is a covariant functor from Category (iv) 
above to Catesory (v v). 

(2) The correspondence X > H"(X;G) and [f: X ~ Y] > L[f*: H"(Y;G) > 
H"(X;G)] is a contravariant functor from Category (iii) to Category (11). 


Suppose that @ and @ are categories and T,, T,:@ >.@ are covariant 
functors. A natural transformation t: T, > T, is a function which assigns to 
each object X in @ a morphism 1(X): T,(X) > T,(X) in @ such that com- 
mutativity holds in 
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TS) 
T,(xX) —— T,(¥) 
(X) (Y) 
TAS) 


F(x) —— 1,(¥) 


whenever f: X > Y is a morphism in @. 

Now fix a category @. Suppose that = {M,},-, is a specified collection 
of objects in @. @ will be called the models of @ A functor T from @ to the 
category of abelian groups and homomorphisms is free with respect to the 
models .@ if there exists an element e, € T(M,) for each « such that for every 
X in @ the set 


{T(f)(e,)|a€ A, f € hom(M,, X)} 


is a basis for T(X) as a free abelian group. A functor T from @ to the category 
of graded abelian groups is free with respect to the models .@ if each T, is, 
where 7, is the nth component of T. 


5.3 Theorem (Acyclic Model Theorem). Let @ be a category with models 4 
and T, T’ covariant functors from @ to the cateogry of chain complexes and 
chain maps, such that T, =0 = T, for n<0 and T is free with models &. 
Suppose further that H(T'(M,)) = 0 fori > 0 and M, € 4 If there is a natu- 
ral transformation 
®: Ho(T) > Ho(T’), 
then there is a natural transformation 
Prat 


which induces ®, and furthermore any two such @¢ are naturally chain 
homotopic. 


Proof. By the hypothesis T7o(M,) and 75(M,) are the respective cycle groups 
in dimension zero. Thus, there are epimorphisms z and z’ onto the homology 
groups: 


Ty(M,) —- H,(T(M,)) 


¢ ® 


€s--<65- 


T3(M,) —~—> H,(T'(M,)) 


Since 7p is free with models .4, there is for each « a prescribed element 
e° € T,(M,). So for each a we choose an element ¢(e°) € 7j(M,) such that 
no p(e7) = Oo x(e2). 

Let f: M, > X be a morphism in @ Then T(/)(e°) is a basis element in 


126 Homology Theory 


To(X) and we define ¢(T(f)(e°)) = T’()(¢(e2)). This defines ¢ on the basis 
elements of the free abelian group T,(X) so there is a unique extension to a 
homomorphism 

b: To(X) > To(X). 


To check that ¢ induces the original ® on zero-dimensional homology, we 
must show that the front face of the followng diagram commutes: 


To(M,)------]--% To(M,) | 
| Ho(T(X)) + Ho(T(X)) 
Ho(T(M,)) —*— Ho(T'(M,)) 


The bottom face commutes by the naturality of ®. The left and right faces 
commute since T(f) and T’(f) are chain maps. The back face and the top 
face commute by definition; thus, the front face must also commute. 

Since T, is free with models .4, there is for each a a prescribed element 
e} € T,(M,). From the above, ¢(ée}) is a well defined element of 75(M,). 
Moreover, since ¢ induces ® on zero-dimensional homology, ¢(e}) must be a 
boundary in T(M,). So let c € T/(M,) with dc = ¢(de!) and define g(e!) = c. 
Using the above technique we extend ¢ to a homomorphism ¢: T,(X) > 
T,(X) for each object X in @. 

Suppose ¢ is defined in dimensions less than n, and consider the set {e? |e? € 
T,(M,)} given by the fact that T, is free with models .4 By the inductive 
hypothesis ¢(0e”) is a well-defined element of 7;_,(M,). Since it is a cycle and 
T’ is acyclic in positive dimensions, it is also a boundary. So define ¢(e7) to 
be an element of 7,(M,) whose boundary is ¢(ée7). Once again ¢ may be 
extended using the fact that T is free with models 4. This defines ¢ on T(X) 
for all objects X in @. 


EXERCISE 2. Show that for each X in &, ¢: T(X) > T’(X) is a chain map, and for each 
morphism f: X > ¥,¢0 T(f) =T'(f)o¢. 


This defines the natural transformation ¢: T > T’. Suppose now that 
¢'. T—>T’ is another such natural transformation, inducing ® on zero- 
dimensional homology. For each object X in @ we must construct a chain 
homotopy 7: T(X) > T’(X), which is natural with respect to morphisms in 
€, having 


OF +F0=6-F¢. 
We define 7 inductively. Suppose that it has been defined in dimensions less 


than n, and recall that T,(X) has basis {T(f)(e”)} as a free abelian group. For 
n > O the element 
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b(e2) — $ (ez) — F (Cez) 
is acycle because 
eplet) — 06'(et) — OF (ek) = doe? — Hae” — (—F ade" + goer — g'0e2) 
=0. 


Since T’ is acyclic in positive dimensions, this cycle must bound, so define 
Fe") to be an element of T,,,(M,) whose boundary is (¢(e7) — ¢’(e2) — 
7 (6e")). Again we extend 7 to be defined on T(X) for all objects X in @ by 
using the fact that T is free with models I. This same technique will work for 
the case n = 0 because the cycle ¢(e°) — ¢'(e2) must bound. This is a conse- 
quence of the fact that ¢ and ¢’ induce the same homomorphism (®) on 
zero-dimensional homology. 

This 7 gives the desired chain homotopy and is natural with respect to 
morphisms of &, so the proof is complete. ‘a 


Note: The technique in the proof of Theorem 5.3 is essentially the same as 
that used in Theorem 1.10 and Appendix I, although the former is in a more 
general context. 


EXERCISE 3. Reprove Theorem 1.10 as a corollary to the acyclic model theorem. 


We now want to apply this theorem to relate the homology of the chain 
complex S,(X x Y)to the homology of S,(X) @ S,(¥). Let @ be the category 
of topological spaces and continuous functions. (This may easily be general- 
ized to the category of pairs of spaces and maps of pairs.) Denote by @ x @ 
the category whose objects are ordered pairs (X, Y) of objects in @ and whose 
morphisms are ordered pairs (f, f’) of morphisms in @ with, f: X > X’ and 
f': YY’. Let @ be the set of all pairs (o”, 0%), p, g >Oin @ x @ where o* 
is the standard k-simplex. Define two functors from @ x @ to the category of 
chain complexes and chain maps by 


T(X,Y)=S,(X x Y) and ~~ 7’(X, Y) = S,(X) @ S,(¥). 


Both of these functors are free with models .4 Furthermore, both have 
models acyclic in positive dimensions. 

The path components of X x Y are of the form C x D, where C and D are 
path components of X and Y, respectively. As a result there is a natural 
isomorphism 


H)(X x Y) 5 Ho(S,(X) ® S,(¥)) 


because H,(S,(X) @ S,(Y)) = Ho(X) @ Ho(Y) by the Kiinneth formula of 
Corollary 5.2. 

From the natural transformations ® and ®~' we apply the acyclic model 
theorem, Theorem 5.3, in each direction to conclude that there exist chain 
maps 
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@: S,(X x Y)> S,(X) @ S,(Y) 


and 
¢: S,(X) @ S,(Y) > S,(X x Y) 
that induce ® and ®™’, respectively, in dimension zero. 

Thus, ¢ 0 ¢ is a chain map from S,(X) © S,(Y) to itself inducing the iden- 
tity on zero-dimensional homology. But the identity chain map also has this 
property, so by Theorem 4.3, go ¢ is chain homotopic to the identity. Simi- 
larly the composition ¢ o ¢ is chain homotopic to the identity on S,(X x Y). 
Therefore 


¢,: H,(X x Y) > H,(S,(X) @ S,(Y)) 


is an isomorphism with inverse ¢,. This completes the proof of the 
Eilenberg—Zilber theorem: 


5.4 Theorem. For any spaces X and Y and any integer k there is an 
isomorphism 


o,: HX x Y)—> H,(S,(X) @ S,(¥)). O 


By combining Theorem 5.4 and Corollary 5.2 we have established the 
Kiinneth formula for singular homology theory: 


5.5 Theorem. If X and Y are spaces, there is a natural isomorphism 


H(X x Y)x Yo H(X)@H(YO Y _ Tor(H,(X), Hs(¥)) 
ptq=n 


r+s=n- 


for each n. O 


Suppose now that we have fixed a natural chain map 
g: S,(X x Y)> S,(X) @ S,(Y) 
for any spaces X and Y with the above properties. The composition 
3! 
H,(X) ® Hy(¥) > Hy ql Se(X) ® Sy(¥)) 2 Hys(X * Y), 


where the first homomorphism takes {x} @ {y} into {x @ y}, is called the 
homology external product. The image of {x} @ {y} under the composition is 
usually denoted {x} x {y}. From the Kiinneth formula we may conclude 
that this is a monomorphism for any choice of p and gq. In fact the Kiinneth 
formula for singular homology may be restated as a split exact sequence 
05 Y HAX)@H(Y)+H(X x Y)> Yo Tor(H,(X),H,(1)) > 0, 
ptq=n r+s=n-1 
where the monomorphism is given by the external product. 
Our primary purpose now is to construct the analog of this in cohomol- 
ogy, that is, a product 
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H?(X;G,) @ H“Y;G,) > H?*4{X x Y;G, @ G). 


If xe S’(X;G,) and Be S*(¥Y;G,), then a: $,(X)>G, and f:S,(Y) > G, 
are homomorphisms. Denote by « x f the homomorphism given by the 
composition 


SpegX x Y) 4 S,(X) @S,(Y) 4 G, @ G, 


where x @ f is defined to be zero on any term not lying in S,(X) @ S,(Y). 
Thus, x x Be S?*4(X x Y;G, ®G,). This defines an external product on 
cochains 


S?(X;G,) ® SY; G,) a S?*4(X x Y;G, ® G,). 
5.6 Proposition. If a € S’(X;G,) and B € S%Y;G,) are cochains and « x Pe 
S’*4(X x Y;G, ® G,) is their external product, then 
O(a x B) = (da) x B +(—1)Pa x dB. 


(This is the derivation formula for cochains.) 


Proof. The diagram 
Spraai(X x Y) —*> S,(X)@S,(Y) 


é é 


Speg(X XY) —*> sy(x@sy) “25 G,@G, 
commutes since ¢ is a chain map. Thus 
d(a x B)=(x@ Po god =(a@P)odog. 
On the other hand 
(da) x B = ((62) @ B) od and ax df =(2@ dp)og. 


Therefore, it is sufficient to check the behavior of these three homomor- 


phisms on the image of ¢. 
Let e @ c be a basis element of S,(X) @ S,(Y). Then (2 @ f) o 6 will be zero 
one ®c unless 


(1) e€ S,4,(X) and c € S,(Y) or 
(ii) ee S,(X) and c € S,,,(Y). 


In the first case 
(2 @ B) o Ge @c) = (4 @ B)(Ge @c + (—1)?**e @ Gc) 
= a(de) @ B(c) + 0 
= ((da) @ B)(e @ c). 


In the second case 
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(2 @ B)°o lle @ c) = (a @ B)(Ce @ c + (—1)’e @ Oc) 
= (— 1)Pa(e) ® B(ec) 
= (—1)?(4 ® dB)(e @ c). 


Since all three homomorphisms will be zero on any basis element not of the 
form (i) or (ii), we conclude that d(a x B) = (da) x B + (—1)?( x df). oO 


5.7 Corollary. This induces a well-defined external product on cohomology 
groups 


H?(X;G,) @ H"Y;G,) + H?*(X x Y;G, @ G,) 
given by {x} x {B} = {x x B}. 
Proof. This will follow immediately from three consequences of Proposition 
5.6: 


(a) cocyle x cocycle is a cocycle; 
(b) cocycle x coboundary is a coboundary; 
(c) coboundary x cocycle is a coboundary. 


If dx =0 = df, then d(x x B) = (da) x B +(—1)?a x 68 =0. This estab- 
lishes (a); (b) and (c) follow in similar fashion. O 
The product given by Corollary 5.3 is the cohomology external product. 
Exercise 4. If f: X’—X and g: Y'>Y are maps, {x} ¢H?(X;G,), and {Ble 

H4(Y;G,), show that 
(f x g)*({a} x {B}) =f *{ah x a BS 
in H?*4(X' x Y';G, @ G)). 
Let R be an associative commutative ring with unit. So there is a homo- 
morphism yp: R ® R > R given by p(a @ b) = ab. We now specialize the co- 


homology external product to the case where G, = R = G,. For a € S?(X; R) 
and fe S4(Y;R) define x x, Be S?*4(X x Y; R) to be the composition 


Syig(X x Y)4S,(X)@ S,(Y) “4 R@RAR. 

As before this induces a well-defined product on cohomology groups 
H?(X;R) @ H%(Y:R) > H?*4(X x Y:R) 

by taking {a} © {f} into {a x, B}. 

5.8 Lemma. Let {a} ¢ H?(X;R) and {fB\e H*%(Y;R) and define the map T: 

Xx YY x X by T(x, y) = (y, x). Then 

T*: H°*4(Y x X;R) > H°*4(X x Y;R) 
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has 
*({B} x1 {}) =(—1)P({a} x, {B})- 
Proof. Define T’: S,(X) @ S,(Y) > S,(Y) @ S,(X) on a basis element e @ c, 
where e € S,(X yand c ¢ S,( Y), by 
T'(e ® c) =(-1)"c Se. 
Then consider the diagram 


S,(X x Y) —£> S,(X)@S,(¥) 


* * ia Gat 
T. [ R@®R —— R. 


Sy xX) — Mer aa 


It is evident that (— 1)?*p o (2 @ B) = po (B @ a) o T’ since R is commutative. 
Restricting our attention to the rectangle, we observe that the composition 
¢ o T,, is achain map, since both ¢ and T, are chain maps. We also claim that 

of is a chain map. To establish this it is sufficient to show that T’ is a 
chain map, so let e € S,(X) and c € S,(Y). Then 


T° C(e @c) = T (Ce @c + (—1)?e ® Oc) 
= (— 1)? 4c @ de + (— 1)? Mc @e 
= (— 1)?" ce @ de + (—1)?4dc @e. 


On the other hand 
Co T'(e®c) = 0((—1)"¥c @ e) 
= (—1)?¥éc @ e + (—1)?4*4c @ de 
= (—1)"dc @ e + (—1)?*c @ Ge. 


Since these two expressions are equal, we conclude that T’ is a chain map. 

Now if we check on zero-dimensional homology, it is evident that T’o ¢ 
and ¢o T, induce the same transformation. By applying the acyclic model 
theorem, Theorem 5.3, we conclude that these two chain maps are naturally 
chain homotopic. Therefore, the cohomology class represented by the com- 
position po (P @ x) o go T, is the same as the class represented by (— 1)?#u © 
(x @ B) o ¢. In other words 


T*({B} x1 (ah) = (— DP{a} xy (Bh. O 


5.9 Lemma. If {a} ¢ H*(X;R) and {B\ € H*(Y;R) and f: X'+X,g: Y' + Y 
are maps, then 


(f x g*({a} x1 (Bh) = S* a} x1 GF {B}. 


Proof. This follows routinely as in Exercise 4. Oo 
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5.10 Lemma. If {a} €¢ H*(X;R), {8B} € H*(Y;R), and {y} © H*(W; R), then 
({a} Xa {B}) x1 {7} = (ah i (LB) x1 {7}). 


ExERCISE 5. Prove Lemma 5.10. im 


Observe that if we take Y = point, then H*(Y; R) = H°(Y;R) = Rand the 
external product 


H*(X;R)@ H*(Y;R)—> H*(X x Y;R) 
has the form 
H*(X;R)@® R- H*(X:R). 


This gives H*(X;R) the structure of a graded R-module. Moreover, it fol- 
lows from Lemma 5.9 that any map f: X’> X induces an R-module 
homomorphism 


f*) H*(X:R) > H*(X'R). 


For any space X let d: X + X x X be the diagonal mapping given by 

d(x) = (x, x). Then the composition 
H?(X;R) @ H4(X;R) > H?*(X x X;R) 5 H"*4(X;R) 

sending {a} @ {f} into d*({«} x, {B}) defines a multiplication in the R- 
module H*(X; R). This is called the cup product and is usually written {a} U 
{B} or just {}-{B}. 

By applying the previous lemmas we may conclude the following impor- 
tant result. 


5.11 Theorem. For R a commutative associative ring with unit, X a topological 
space, H*(X; R) is a commutative associative graded R-algebra with unit. Any 
continuous function f: X' + X induces an R-algebra homomorphism 


f*: H*(X;R) > H*(X';R) of degree zero. O 


As a point of information, a graded R-algebra M = )), M* is commutative 
if given any homogeneous elements m, ¢ M’ and m, € M‘, we have 


m,’m, = (—1)?*mym, in M?*4, 


Note: It is important to observe that while all of the development of prod- 
ucts so far has been in terms of single spaces for the sake of clarity, the same 
constructions may be duplicated using pairs of spaces and relative homology 
and cohomology groups. It is important to point out that in this context, the 
cartesian product of pairs is another pair given by 


(X, A) x (Y,B) =(X x Y,X x BUA x Y). 
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ExeErCIsE 6. Is the connecting homomorphism in the long exact cohomology sequence 
for the pair (X, A) an R-module homomorphism? An R-algebra homomorphism? 


The essential tool used in defining the cup product of two cohomology 
classes is the composition of chain maps 


S,(X) 3 S,(X x X) 45S, (X) @ S,(X). 


More generally, suppose that t: S,(X) > S,(X) @ S,(X) is a chain map such 
that 


(i) t(a) = a @ a for any singular 0-simplex a; 
(ii) t commutes appropriately with homomorphisms induced by maps of 
spaces. 


Then by applying the acyclic model theorem, Theorem 5.3, we see that any 
such t must be chain homotopic to ¢ o d,. This implies that the cup product 
on cohomology classes is independent of the choice of t as long as the stated 
conditions are satisfied. A chain map t with these properties is usually called 
a diagonal approximation. For use in later definitions and examples it will be 
helpful to have a specific example for t. The following is the Alexander- 
Whitney diagonal approximation. 

Given a singular n-simplex ¢: o" > X in a space X, define the front i-face 
9, 0 <i <n, to be the singular i-simplex 


iPlto,--+ sti) = P(tos.--,t;,0,--.,0). 
Similarly let the back j-face ¢;,0 < j <n, be the singular j-simplex 
H(to,---.tj) = P(0,...,0,t0,..., bj). 
Then define 
1(¢) = es iP @ 
i+jen 


for ¢ a singular n-simplex in X. 

For example, if ¢:0? >? is the identity, then t(¢)=0®@¢ + (0,1)@ 
(1,2) + ¢ @ 2 where 0 and 2 are the obvious 0-simplices and (0, 1) and (1, 2) 
are 1-simplices (see Figure 5.1). 


tw 
i) 


0 1 0 1 


Figure 5.1 
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It is evident that Properties (i) and (ii) above are satisfied by t. The only 
mild complication is left as the following exercise. 


ExERCISE 7. Show that the Alexander—- Whitney diagonal approximation t is a chain 
map. 


Using this specific model for 7, let us see exactly what the cup product 
looks like. Let « € S?(X;R) and Be S1(X;R) and ¢ be a singular (p + q)- 
simplex in X. Then 

Kau B,g> 


is the image of the composition 
b> FG @ b> 0,6) @ Bld) > 21,0): B(Q,). 
Thus, (2 U B, b> = <4, pb) <B, o>. 
EXAMPLE. We want to compute the cohomology ring of the two-dimensional 
torus T? = S' x S'. Recall that H,(T?;Z) = Z @ Z, and the generators may 


be represented by % and f in Figure 5.2b. For H,(T?;Z) = Z we may use as 
generator the 2-chain ¢ — w, where (Figure 5.2c) 


0(0) = ao, G(1) = ay, (2) = a, 
and 
W(0) = ao, W(1) = 43, w(2) = az 


(see Figure 5.2a). 
Using the universal coefficient theorem, Theorem 3.14, we see that 
H'(T?;Z) = Hom(H,(T?; Z), Z) and we choose as generators a, £, where 


a(@)=1, a(B) =0, 
B@)=0, B(B)=1. 


Now 
B 2 
a a 
a 
ao ay 0 ] 


{a) (b) (c) 


Figure 5.2 
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C20 BO — WD = (4,18 <B,b1> — (41> <B> 

= (a,%>°<B, B> — <a, B>-<B,%> 

S40 

=, 
On the other hand 

{nag — W> = (a, %>*<a,B> — <a, B>*<a,® 
= 0. 

Similarly <8 U B,@ — YW = 0. Since H?(T?; Z) x Hom(H,(T?; Z), Z) = Z, we 
now have computed the cohomology ring H*(T?; Z). Thus, H*(T?; Z) is the 


graded algebra over Z generated by elements « and 8 of degree 1, subject to 
the relations 


a27=0, f?=0, af =—fa. 


Note: This has the form of an exterior algebra on two generators. How 
about the cohomology ring of the n-torus T” = S’ x -:- x S'9 


Suppose that f: S?"~! + S" is a map, n > 2. There is a procedure for asso- 
ciating with such a map an integer H(f), the Hopf invariant of f. This may be 
defined using the cup product in the following way: Let {«} and {f} be 
generators of the cohomology groups H?""(S?""!; Z) and H"(S";Z), respec- 
tively, represented by the cocycles « and f. Since {8} U {PB} = 0, the cocycle 
BB must be a coboundary. That is, there exists a cochain y € S?"~*(S";Z) 
with 


oy = BUP. 


Since H"(S2""!; Z) = 0, the cocycle f *(B) € S"(S?""!; Z) must be a cobound- 
ary, and there exists a cochain ¢ in S""1(S?""; Z) such that de = f *(f). 
Now ¢u f *(B) and f *(y) are cochains in $7"~'(S?"~'; Z). Moreover 


def *(B) — f*(y)) = de Ude) — f*(BU B) 
= devde— f*(B)u f*(B) 
= 0. 


So we define H(f) to be the integer which when multiplied times {a} gives the 
cohomology class of eu f *(B) — f*(y). That is 


{eu f*(B) — f*O)} = AP): {a}. 
EXERCISE 8, (a) Let f: S?""! + S" be a map of Hopf invariant k. If g: S?"~! + S?""! and 


g: 5" > S" are maps of degree p, determine H(gf) and H( fg). 
(b) If 
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ge kL gn 


is a commutative diagram where f has Hopf invariant k, how are the degrees of h and 
h related? 


Let us give an alternate definition for H(f). Recall that S" and S*""! may 
be given the structure of finite CW complexes, each having only two cells. 
Given a map f: S*"~! — S$", we denote by S} the space obtained by attaching 
a 2n-cell to S" via f (see Chapter 2). Then SF is a finite CW complex with three 
cells, of dimension 0, n, and 2n. Applying the technique of Theorem 2.21 we 
see that since n > 1, the cohomology of S} is given by 


Hi(St) x Z for i=0,n, 2n 

ee 0 otherwise. 

Denoting by b € H"(S}; Z) and a € H?"(S}; Z) a chosen pair of generators, we 
define H(f) to be that integer for which b? = H(f)-a in H?"(S?; Z). 


ExERCISE 9. Show that the two definitions of H(/) are equivalent. 


In order to show that H(f) is an invariant of the homotopy class of f, we 
need the following result due to J. H. C. Whitehead. 


5.12 Proposition. [f fo, f,: 5S’ ~ X are homotopic maps into a space X, then 
the identity map of X extends to a homotopy equivalence 


h: X, > Xy,. 


Proof. Let { f,} be a homotopy between fy and f, and denote an element of 
D?*" by Ou, where ue S? and0 <0 <1. 

Given a radius in the attached disk in X,, (Figure 5.3a), the inner half 
should be mapped onto the corresponding radius in X,,. Then the outer half 
is used to trace out the path of the homotopy from f;(u) to fo(u) (Figure 5.3b). 
Specifically then define the map h by 


h(x) = x for xeX; 
h(@u) = 20u for ue S?, 0<O6<}; 
h(Ou) = fr—-29(u) for ueS’, $<0<1 


Defining a similar map h’: X,, > X,,, itis easily seen that the compositions 
hoh’ and h' oh are homotopic to the respective identities. oO 
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“YS 


fi(uy 
fo(u) fo(u) 


Figure 5.3 


5.13 Proposition. If f5, f,: S*"~! > S" are homotopic maps, then H(fo) = 
H(f,). 


Proof. Let h: St, + S;, be the homotopy equivalence given in Proposition 
5.12. If ig: (D2, S"-+) — (St, S") and i,: (D?",S?"-1) — (St, 8"), denote the 
relative homeomorphisms corresponding to fo and f,, the diagram 


(D™", S21) —2_+ (S7,, 5") 
iy h 


(S;,,S") 


is homotopy commutative. This homotopy is easily defined by setting 
g (Ou) = ho ig((1 ~ $1)0u). 
This implies that the diagram of cohomology groups 


H2"(S" S$") —“+ H?"(St_, S") 


* ;* 
it i 


H?"(D?", Sat) 


is commutative. Thus, a choice of an orientation for D?" dictates compatible 
choices of generators 


a, € H*"(S} ,S") and dy € H?"(S7,, S") 
and corresponding choices of generators 
a, € H*"(S}.) and ay € H?"(S}.) 


such that h*(a,) = do. 
Furthermore, if b, ¢ H"(S;,) and by e H"(S;,) are generators corresponding 


138 Homology Theory 


to a chosen orientation of D”, then since h is the identity on S", it follows that 


h*(b,) = bo. 
Therefore 
H( fo)" aq = bg = (h*(b,))? 
= h*(b?) 
= h*(H i. a;) 
_ = H(f,)h 
= H(f,)- ao, 
and 
H( fo) = H(f,). 0 


Note: If n is odd, the commutativity of the cup product implies that b? = 
—b?, so that H(f) = 0. Thus, the Hopf invariant can only be nonzero for 
maps f: S#"-! —, $7", 


5.14 Proposition. For any n > 0 there exist maps from S*"™' to S?" of arbi- 
trary even Hopf invariant. 


Proof. As a corollary of Exercise 8, it is sufficient to show that there exists a 
map with Hopf invariant +2. 

Recall that S$?” x S?" may be given the structure of a finite CW complex 
having one 0-cell, two 2n-cells, and one 4n-cell (see Proposition 2.6), Further- 
more, there is a map 


ee gan = g2n Vv gn 


where $2" v S2" is the 2n-skeleton of S?" x S?", such that $2” x S$?" is the 
space obtained by attaching a 4n-cell to S?" v S?" via f,. 
Define a map 


g: g2n Vv gen nee g2n 
by g(x, p) = x, g(p, y) = y, where S*" v S?" is identified with 
(S?" x p)U(p x $74 c g2n x gen 
From the commutative diagram 
San-l f g2" Vv gen 


of 


we see that g induces a map 
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GS x SS (Sv S)p > 


Using this map g we want to prove that the Hopf invariant of gf is +2. 

Let e € H°(p), 1 ¢ H°(S?"), and c € H?"(S?") be generators of these infinite 
cyclic groups. Then H*"(S?" x $2") is the infinite cyclic group generated by 
c xc and H?"(S§2" x §*") is the free abelian group with basis consisting of 
1 x candc x 1. As before let a e H*"(S?") and b e H?"(S2") be generators of 
these infinite cyclic groups. 

First, we must compute g*(b) € H?"(S2" x $2"). If j: p> S?" is the inclu- 
sion, then both rectangles in the following diagram commute: 


H?"(S2") ”* H2"(S2" x 52) x H?"(S?7") ® H°(S?") 


= [ [« x j)* = | (id)*@j* 


H?™(S?") + H?"(S?" xp) ——_ H?"(S?") @ H°(p) 

Thus 

i*(b) = te x e = 4(id)*(c) x j*(1) 
or 

(id x j)*9*(b) = +(id x j)*(c x 1). 
This means that the element 

g*(b) tex 1 
is in the kernel of (id x j)* for some choice of sign. Now the kernel of 
(id x j)* in H?"(S?" x S?") is the infinite cyclic subgroup generated by 1 x c, 
so 
g*(b)+cx1=m(1 xc) 

for some integer m. 


By the same argument, g*(b) + 1 x c = k(c x 1) for some integer k. These 
two properties together imply that with a proper choice of sign, we have 


gt(b) = 4texK1l4t1 xe 
It can be easily checked that 
(tex 141 xc)? =(c x 1)? + 2%(c x 1): xc) +01 x 0)? 


cxil+2exc+1 x c? 


= +2c xc, 


since c? = 0. 
Finally, since 


GH (G2) SHS? 87) 


is an isomorphism, 
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b? = g*"*(g*(b?)) = GF (CHI 41 x c)) 
g* 3 (42c x c) 


= +2a. 
This proves that H(gf) = +2. CJ 


There remains the question of the existence of maps having odd Hopf 
invariant. Using the results of the next chapter we will be able to show that 
the Hopf maps S? > S? and S’ > S* each has Hopf invariant one. By using 
the Cayley numbers, one can define an analogous map S'* > S® of Hopf 
invariant one. Results of Adem [1952] on certain cohomology operations 
imply that there can exist maps f: S*"~! + S$?" of odd Hopf invariant only 
when n is a power of 2. Finally, there is a deep theorem due to Adams [1960], 
that for n # 1, 2, or 4 there is no map f: S*"~! > S?" of odd Hopf invariant. 
An important consequence of this theorem is that the only values of n for 
which R’" carries the structure of a real division algebra are: n = 1 (real num- 
bers), n = 2 (complex numbers), and n = 4 (quaternions). [See Eilenberg and 
Steenrod, 1952, p. 320]. 

As a reference for further information on the Hopf invariant we recom- 
mend Hu [1959]. We cite only briefly one further result: two maps from S? 
to S? are homotopic if and only if they have the same Hopf invariant. 


As the final topic of this chapter we introduce a variant of the cup product 
which will be useful in the following chapter. Let X be a space and R bea 
commutative ring with unit. If « € S’(X;R) we may view « as a homomor- 
phism of all S,(X) into R by setting it equal to zero on elements of dimension 
different from p. 

The composition 

S4(X) 5 S,(X) @ 5,(X) SS R @ S,(X) 


when tensored throughout with R yields 
R® S,(X) “35 R @S,(X)@ S, (X) V5 R @ R @S,(X) 25 R@S,(X). 
Ifc € S,(X;R) = R @ S,(X), we define the cap product of « and c, a Mc, to be 
the image of c under this composition. Note that 

amce S,_,(X; R). 


For example, suppose t is the Alexander—Whitney diagonal and ¢ is a 
singular n-simplex. Then the above composition has 


1@¢@-7 1 @) 5 00 4}-+18 91,8) bp 9310) 8 bry 
itjen 


If we interpret R @ S,(X) as the free R-module generated by the singular 
simplices of X, then 
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2016 = 2(,9)' On-p- 


It is evident that this is closely connected to the cup product. To make this 
relationship specific, let x € S?(X; R), B ¢ S4(X;R) and ¢ € S,,,(X; R), where ¢ 
is a singular simplex. Then 


(BU 4, b> = B(qd): a(¢,). 
On the other hand 
(4, BO b> = a B(qd)' o> = B(qd) 2(¢,)- 
Since this is true for all ¢, it follows that for any c € S,,,(X; R), 
(5.15) <Buac =<a4Boac>. 


Finally, we must determine the action of 6 on the chain ec. To do this 
we evaluate an arbitrary cochain y on 6(a 4c), 


<y,€(anc)> = dy,aNc> = Kx Udy, c>. 
Suppose that « € $4(X; R), c € S,(X;R) so that amc € S,_4(X; R). Recall that 
O(auy) = dauy +(—1)!a U dy 


or 
au dy = (—1)(d(@ Uy) — (6a) VU»). 


So by substituting into the previous equation we have 
<7,0(a rc)> = (— 1){d(a U7 — da U7, > 
= (—1)'[<7,a.0 6c) — <y,daN ¢)] 
= <y,(—1)"(a née — banc). 
Since this is true for all cochains , it follows that 
(—1)'0(a Ac) = (aM Oc) — (6a Ne). 


From this derivation formula we conclude that the cap product on chain 
groups induces a well-defined product on homology groups which takes the 
form 

HX; R) @ H,(X; R) > H,-4(X; R) 


and sends {x} © {c} into {a oc}. 

Exercise 10. Formulate and prove a statement showing that the cap product is natu- 
ral with respect to homomorphisms induced by mappings of spaces. 

Exercise 11. A graded group {G,} is said to be of finite type if for each q, G, is finitely 


generated. Prove the following theorem. 


5.16 Theorem (Cohomology Kiinneth formula). Let G and G’ be abelian 
groups with Tor(G, G’) = 0. If H,(X;Z) and H,(Y;2Z) are of finite type, then 
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there is a split exact sequence 


0> > H(X;G)@ H1Y;G') > H"(X x Y;G@C) 


pt+q=n 


+ Y¥ Tor(H?(X;G),H"Y;G')) > 0. gO 


pt+q=nt+1 
EXERCISE 12. Let X and Y be spaces and R be a commutative ring. If uy € H?(X; R), 
u, € H4(X;R), v, € H"(Y;R), and v, € H°(Y;R), then in H?*#*"*(X x Y;R) we have 

(uy x vy)U(U2 X v2) = (— 1)" (Uy U Ug) x (Vy U 2). 
Exercise 13. If ue H?(X;R), v € H9(Y;R), py: X x YX, and p,: X x YY are 
the projection maps, then 

ux v= pt(u) VU piv). 
Exercise 14. If uy e H?(X;R), u. € H%(Y;R), z, € H,,(X;R), and z, ¢ H,(Y; R), then in 
Hin+n-p-qiX * Y;R) we have 
(Uy x uz) 0 (21 X Zz) = (— 1)" (Uy 9.24) & (U2 O23). 
EXERCISE 15. Show that the cap product may be extended to relative homology and 
cohomology groups of a pair to give products of the form 
H"(X, A) @ H,(X, A) > H,-4(X) 

and 


H*(X) @ H,(X, A) > H,_,(X, A). 


CHAPTER 6 


Manifolds and Poincaré Duality 


This chapter deals with some of the basic homological properties of topologi- 
cal manifolds. Since the main result is the Poincaré duality theorem, we begin 
with a simple example to establish an intuitive feeling for this classical result. 
This is followed by material on topological manifolds and a detailed proof of 
the theorem. The approach used follows the excellent treatment of Samelson 
[1965, pp. 323-336] and proceeds by way of the Thom isomorphism theo- 
rem. Several applications of the theorem follow, including the determination 
of the cohomology rings of projective spaces and results on the index of 
topological manifolds and cobordism. 

Before proceeding with the general approach, let us see how the theorem 
may be motivated from an example. Briefly, the Poincaré duality theorem 
will say that if M is a compact oriented n-manifold without boundary, the ith 
Betti number of M is the same as the (n — i)th Betti number for 0 <i <n. In 
the following example we will indicate how such a correspondence arises. 

Suppose we are given a portion of a triangulated surface K as shown in 
Figure 6.1. By taking the first barycentric subdivision (see Appendix I) we 
arrive at a new triangulation K’, as shown in Figure 6.2. If v isa vertex in this 
new triangulation, define the star of v in K’ to be the union of all open cells 
in K’ that contain v in their closure. Thus, star(A; K') is the open 2-cell shown 
in Figure 6.3, whereas star(vy; K’) is the open 2-cell shown in Figure 6.4. 

Given a simplex o in K, we define its dual cell o* in K’ by 


o* = () star(v; K’), 


where v ranges over the vertices of o. For example, the dual of the vertex A is 
star(A; K’), the closure of Figure 6.3, while the dual of the 2-simplex ABC is 
the vertex vg. Similarly the dual of the 1-simplex AB is the 1-cell joining vy 
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Figure 6.1 


Figure 6.2 


Figure 6.3 
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Figure 6.4 


A 
B 


Figure 6.5 


Figure 6.6 


and v,. Note that while the dual of a simplex need not be a simplex, it is a cell 
in the complementary dimension. 

As a specific example we take the boundary of a 3-simplex, a triangulated 
surface homeomorphic to S? (Figure 6.5). This surface may be viewed as a fin- 
ite CW complex having four 0-cells, six 1-cells, and four 2-cells. By taking the 
dual cells of each of these simplices we get a corresponding CW decom- 
position for the same space as shown in Figure 6.6. Here we have four 2-cells 
(A*, B*, C*, D*), six 1-cells (AB*,..., CD*), and four 0-cells (ABC*,..., BCD*). 

To compute the Betti numbers of these complexes we use the cellular chain 
complex of Theorem 2.21. Recall that if Y is a finite CW complex and 


Cal C= ey) 
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is a portion of the chain complex, then the ith Betti number 


BAY) = a(Y) — y41(Y) — 7X), 


where a,(¥) is the number of i-cells in Y and ),(Y) is the rank of the image of 


x 


jt 


Denoting by X and X* the two structures above we may make the follow- 


ing comparisons: 


ao(X)=4 
given by A, B, C, D 
4,(X) = 6 
given by AB,..., CD 
4,(X)=4 
given by ABC,..., BCD 
yo(X) = 0 


¥,(X) = 3, basis 


given by A— B, A—C,A-—D 


¥2(X) = 3, basis 
given by C(ABC — ABD), 


a,(X*) =4 
given by A*, B*, C*, D* 
a,(X*) = 6 
given by AB*,..., CD* 
a(X*) = 4 
given by ABC*,..., BCD* 
73(X*) = 0 


¥,(X*) = 3, basis 
given by 0(A* — B*), 


a(A* — C*), 0(A* — D*) 


y, (X*) = 3, basis 
given by ABC* — ABD*, 


¢(ABC — ADC), @(ABC — BCD) — ABC* — ADC*, ABC* — BCD* 
73(X) = 0. Jo(X*) = 0. 


Putting this information together, it is evident that Bo(X) = B2(X*) = 1, 
B,(X) = B,(X*) = 0, and B,(X) = Bo(X*) = 1. It may be helpful to keep this 
sort of geometric picture in mind as we develop the algebraic techniques 
necessary to establish the theorem in its general setting. 

In R" define the half-space H” to be the set of all points (x,,...,x,) 
such that x, > 0. A topological n-manifold is a Hausdorff space M having a 
countable basis of open sets, with the property that every point of M has a 
neighborhood homeomorphic to an open subset of H”. The boundary of M, 
denoted @M, is the set of all points x in M for which there exists a homeo- 
morphism of some neighborhood of x onto an open set in H" taking x into 
{(x1,--+5X,)|X, = 0} = 0H" ¢ H". 


ExeERCISE 1, Let h be a homeomorphism of an open subset U of H” onto an open 
subset of H”. If x e U ACH", then show h(x) € GH”. 


It follows immediately from this exercise that if x e 0M, then all homeo- 
morphisms from open sets about x to open sets in H” must map x into 


6. Manifolds and Poincaré Duality 147 


CH". M is an n-manifold without boundary if 0M = @, or, equivalently, if each 
xéM has a neighborhood homeomorphic to an open set in R". A closed 
n-manifold is a compact n-manifold without boundary. 


EXaMPLEs. (1) Any open subset of H” is obviously an n-manifold. 

(2} For each point x € S", stereographic projection from —x is a homeo- 
morphism from S" — {— x} onto R”. This gives S" the structure of a closed 
n-manifold. 

(3) For each point y e RP(n) pick a point x e S" with z(x) = y, where 


nm: S" + RP(n) 


is the identification map. Let i: (D” — S"~!) > S" be the inclusion of the open 
hemisphere centered at x. Then z oi is a homeomorphism of an open subset 
of R" onto an open set about y. Therefore, RP(n) is a closed n-manifold. 

(4) Let GL(n) denote the set of all real n x n matrices having nonzero 
determinant. By ordering the entries we may view GL(n) as a subspace of R” 
and give it the induced topology. Under this identification, the determinant 
function R” > R is continuous and has GL(n) as the inverse of the open set 
R — {0}. Thus, GL(n) is an open subset of R” and hence is an n?-manifold 
without boundary. 

(5) The Mobius band, formed by identifying the two ends of a rectangle so 
that the indicated arrows coincide (Figure 6.7), is obviously a 2-manifold with 
boundary. 


6.1 Lemma. If U is an open subset of R", then H(U) = Ofori > n. 


Proof. Before proceeding with the proof, we point out a slight generalization 
of the chain complex in Theorem 2.21. If (X, A) is a finite CW pair, the groups 


H,(X’ U A,X?! U A) 


form a chain complex whose homology is H,(X, A). Note that if every cell of 
X of dimension greater than p is contained in A, then H,(X, A) = 0 fori > p. 
Let {z} € HU) be an homology class represented by an i-cycle z, i > n. 
The image of each singular simplex in U isa compact subset. Since z is a finite 
linear combination of singular i-simplices, the union of the associated images 
forms a compact subset X ¢ U. 
Define 


Figure 6.7 
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Figure 6.8 


é = Inf{\|x — yl |x eX, ye R" — U}. 


Note that ¢ > 0, since X is compact, R” — U is closed, and X 7(R" — U) = 
@. Since X is compact, there exists a large simplex GS" in R" such that X is 
contained in the interior of S". 

From Appendix I we know that there exists an integer m with mesh 
Sd"S" < ¢. Now consider Sd”S" as a finite CW complex under the sim- 
plicial decomposition. Let K be the subcomplex of Sd”S" consisting of all 
faces of simplices which intersect X (Figure 6.8). Note that by construction 


XCKCU., 


A portion of the exact homology sequence of the finite CW pair (Sd"S", K) 
has the form 


> Hi4,(Sd"S", K) > H(K) > H(Sd"S") > +. 


By our previous comments, H,,,(Sd"S", K) = 0. Also H,(Sd"S") = 0 since 
the space is a simplex, hence, a convex subset of R” (see Theorem 1.8). There- 
fore, H;(K) = 0. 

Since z was a cycle in X, it is also a cycle in K. The fact that H;(K) = 0 
implies that z bounds an (i + 1)-chain in K. But this (i + 1)-chain also lies in 
U; hence, z bounds a chain in U and {z} = 0. 0 


6.2 Lemma. If M is an n-manifold without boundary, then Hj(M) = 0 for 
i> nv. 


Proof. Let z be an i-cycle in M,i > n. Then as in Lemma 6.1 we associate with 
z the compact subset X ¢ M, which is the union of the images of the singular 
simplices which make up z. There exists a finite collection U,,..., U,, of open 
sets in M, each homeomorphic to an open set in R", with X < |) U;. (Open 
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sets of this type will usually be called coordinate neighborhoods or coordinate 
charts.) We will show that {z} = 0 by proving that H,(\_) U;) = 0 so that z 
must bound in (} Uj. 

Proceeding by induction on the number of coordinate neighborhoods, it is 
true for m = | by Lemma 6.1. Suppose that 


w( U u,) =0. 


There is a Mayer--Vietoris sequence for the space (\_}f-, Uj) U U,4,, which 
has the form 


r r+1 r 

ieee i( e u,) ® H(U,41) > u1( U) u) > H;-, (( ) u,) O Us) a 
j=l j=l j=l 

The term on the right is zero by Lemma 6.1 since the space is an open subset 

of a coordinate chart; similarly H,(U,,,) = 0. It follows from the inductive 

hypothesis that H,(\_Jj2{ U,) = 0. This completes the inductive step. oO 


This result tells us that the nontrivial homology of such a manifold all 
occurs in dimensions less than or equal to the dimension of the manifold. 
When the manifold is connected but not compact, this result may be refined 
to show that the top-dimensional homology group (dimension of the mani- 
fold) must also be zero. To establish this, we need the following lemmas. 


6.3 Lemma. Let U be open in R" and ae H,(R", U). If for every pe R" — U, 
the homomorphism induced by inclusion 


je: H,(R", U) > H,(R",R" — p) 
has j,+(a) = 0, then a = 0. 


Proof. The connecting homomorphism for the exact sequence of the pair 
(R", U) gives an isomorphism 


A: H,(R", U) > H,-(U). 


We will prove that a = 0 by establishing that A(a) = 0 in H,_,(U). 

So let b = A(a). Once again, since the “image” of a cycle representing b is a 
compact subset of U, there exists an open set V with V compact ¢ U and an 
element b’ in H,_,(V) with i,(b’) = 5, i: V > U the inclusion. 

Let Q be an open cube containing V and define K = Q — QU (Figure 
6.9). For each point p in K there exists a closed cube P containing p such that 
POV = @. From the diagram 


H,.(V) —*>  H,.(U)  —*— —, (R",U) 


Pp 


H,-(R" — p) —~—> H,-:(R" — p) —— H,(R",R" — p) 
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Figure 6.9 


in which the rectangles commute, it is evident that the image of b’ under the 
homomorphism 
H,-,(V) > H,-,(R” — p) 


is zero. A finite number of such closed cubes cover K, say P,,..., Pn- 
Now suppose that the image of b’ under the homomorphism 


H,-,(V) > Hy-1(Q — (P,) UU P,)) 


is zero (this is certainly true when k = 0, since Q is contractible). 
Denoting Q, = Q — (P, U-:: U P,), consider the Mayer-Vietoris sequence 
relating Q, and R" — P,,,: 


“> A(Q, YU (R" — Py) 


mono 


> Hy-;(Qk+1) —— Hy-1(Q%) ® Hy-1(R" — Paar) a 


The first group is zero by Lemma 6.1. The images of b’ in the two direct 
summands are both zero; hence, the image of b’ in H,_,(Q,41) is zero. This 
completes the inductive step and we conclude that the image of b’ under the 
homomorphism 


H,-.(V) > Hy-,(Q — (P, 0-1 U Pp) 2 Hy1(Q.0.U) 


is zero. Since the inclusion of V in U factors through Qn U, it follows that 
the image of b’ in H,_,(U), that is, b, is zero. Hence, a = 0. | 


6.4 Lemma. If x and y are points in the interior of a connected n-manifold M, 
then there is a homeomorphism h: M > M, homotopic to the identity, having 
h(x) = y. 


Proof. Note that since M is locally homeomorphic to H”, M is locally path- 
wise connected. That is, each point of M is contained in a pathwise connected 
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Figure 6.10 


open set. This implies that the path components of M are both open and 
closed. Since M is connected, there can be only one path component, so M 
must be pathwise connected. 

Now if M is connected, so is M — 0M = the interior of M (see the follow- 
ing exercise). So let p: [0,1] > M — 0M bea path from x to y. This compact 
subset of M — 0M may be covered by a finite number of open sets, each 
homeomorphic to the open unit disk in R". Denote these disks by U,,..., Un 
and the corresponding homeomorphisms by hy, ..., Ay. 

Let x = Xo, X1,---, X; = y be a collection of points on the path with the 
property that for each j, the segment from x; to x;,, is contained in some U; 
(Figure 6.10). The desired homeomorphism may now be constructed induc- 
tively. It is sufficient then to show that for 0 < j < k there is a homeomor- 
phism h: M > M, homotopic to the identity, with h(x;) = x;4,. 

So suppose x; and x;,, are in U;. Define a homeomorphism 


g. D® — STI aR 
by 


The inverse of g is given by 


Ww 


Boat 
ae das rar 


Let gh,(x;) = (a,,42,...,4,) and gh;(x;,) = (b,, b,...,5,). Define the transla- 
tion function 
f: RR" 


by f(w,,...,w,) = (wy + (by — ay), W2 + (bp — a2), ..., W, + (6, — 4,)). Then 
f isa homeomorphism with 


S(gh(x;)) = gh;(X;41). 
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Moreover, f is homotopic to the identity via the homotopy 
Fi(Wy,.--5 Wa) = (Wy + t(D — a,),..-,W, + 0(B, — an) O<t<l. 
Thus, we have a homeomorphism for each t 
g 'of,og: D”—S"™'>D"— gsr} 


that takes h,(x;) into h;(x,;,,) when t = 1. Note further that, for each f, this 
may be extended to a homeomorphism from D" to D" by defining it to be the 
identity on the boundary (see Exercise 3). 

Now define a homotopy h,: M > M by 


ae Zz if zeM-—U, 
Oe theleog efogoh(2) if zeU, 


Then each h, is a homeomorphism, hg is the identity and h,(x,;) = xj,,. This 
completes the inductive step, so that by composing maps and homotopies we 
may give a homeomorphism homotopic to the identity taking x intoy. © 


Note: We actually have proved something stronger than the conclusion of the 
lemma. If f, g: X + Y are homeomorphisms between topological spaces, then 
f is isotopic to g if there exists a map F: X x [0,1] — Y such that 


(1) F(x,0) = f(x); 
(2) F(x, 1) = g(x); 
(3) for0 <t < 1 the map x > F(x,t) is a homeomorphism of X onto Y. 


The construction used in the theorem makes it evident that the map h is 
isotopic to the identity. 


EXERCISE 2. If M is a connected n-manifold, show that the interior of M, M — 6M, is 
also connected. 


EXERCISE 3. Let (a;,...,a,) be a point in R” and define f: R"” = R" by f(x;,...,%,) = 
(x, + @;,...,X, + 4,). Using the map g: D" — S""! — R" defined by g(z) = z/(1 — |z]), 
show that the homeomorphism 

g) ofog: Dp" — gn-t +p" —gt 


may be extended to a homeomorphism D" > D" by defining it to be the identity on the 
boundary. 


6.5 Theorem. If M is a connected, noncompact n-manifold without boundary, 
then H,(M) = 0. 


Proof. First note that if p is any point in M, the homomorphism k,: H,(M) > 
H,(M, M — p), induced by the inclusion, is identically zero. To check this let 
{z} € H,(M) be represented by the cycle z and let C © M be acompact subset 
which supports the cycle z. 

First suppose p € M — C, so that {z} is in the image of the homomorphism 
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H,(M — p) > H,(M). Then by the exact sequence of the pair (M,M — p) it 
follows that k,({z}) = 0. 

If pe C, then select a point g with ge M — C. Such a point must exist, 
since C is compact and M is not. By Lemma 6.4 there is a homeomorphism 
h: M > M, homotopic to the identity, with h(p) = q. The restriction of h will 
then yield a homeomorphism from M — pto M — gq. 

From the commutativity of the diagram 


H,(M) —*— H,(M,M — p) 


ae 


H,(M) —*—> H,(M,M — q) 


and the fact that ki,({z}) = 0 we conclude that k,({z}) = 0. 

Now let {z} be an arbitrary homology class as above and cover the com- 
pact set C with a finite number of coordinate neighborhoods U,, ..., U,, 
where each U; is homeomorphic to an open disk in R". Denoting V, = 
i U;, we will show that {z} = 0 by proving that {z} is a boundary in h,, 
that is, H,(4) = 0. 

The argument proceeds by induction on k. For k = 1 the result follows 
from Lemma 6.1. So suppose H,(V,,) = 0 and consider the Mayer- Vietoris 
sequence for the union V,, U Uns; = Vines: 


A,(Vin) ® A, (Um +1) =>. H,(Vines) = Ay, (Vin O Un +1) 
= A,-1(Vin) ® H=(G wis). 
Now the first term is zero by the inductive hypothesis and Lemma 6.1 and 


H,,-;(Um+1) = 0 since U,,,; is homeomorphic to an open disk. Thus, to prove 
that H,(V,,4;) = 0 it is sufficient to show that the homomorphism 


i, H,-1(Vin a) Um+1) - n-1(Vin) 


is a monomorphism. 

So suppose that i,(f) = 0. Then there exist elements BP’ € H,(Uns1,Vin A 
Uns) and B" € H,(Viz, Vin O Uns 1) such that A,(B') = B = A,(B”), where A, 
and A, are the respective connecting homomorphisms. 

Consider the following diagram: 


A, Vins Vin Un+1) ae A, (Vine1> Vin Un +1) zeta H,(M, M _ P) 


4 


se in Fe (Vegi)? 


2 


Ay Jp* 


A, (Vin Un+1) SS: A, (Un+15 a) Un 41) aS A,(Un 41, Oda —p) 
Setting B = i,.(B’) — i,.(B”), observe that A(P) = 0, where A is the connect- 
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ing homomorphism of the pair (Vin41, Vn O Unsi)- Thus, there exists an a € 
H, (Vine) with j,(%) = B. 
Let pé Un.: — Vn OQ Ung, Then by the remarks at the beginning of the 
proof, i,.(%) = 0. Thus 
O = IC ig(@)) = 1B) = Uylis(B') — in+(B")) 
= [gite(B') — Lyine(B"). 
Now since p ¢ V,,, /, i. factors through H,(M — p,M — p) = 0, so l,io«(B") = 
0. Hence, !,i,.(B’) = 0. This implies that j,.(B’) = 0. 
It follows from Lemma 6.3 that B’ must be zero, hence f = 0 and i, is a 


monomorphism. Therefore, H,(V,,.,) = 0 and we have completed the induc- 
tive step. O 


6.6 Corollary. Let M be a closed connected n-manifold. If z € H,(M) and pe 
M such that 


ie: H,(M) > H,(M,M — p) 


has i,.(z) = 0, then z = 0. 


Proof. Since i,.(z) = 0, there must be an element z’¢ H,(M — p) with z 
being the image of z’. However, M — p is not compact, so by Theorem 6.5 
H,(M — p) = 0. Thus, z’ and also z must be zero. O 


6.7 Corollary. [f M is a connected n-manifold without boundary, then either 


(i) H,(M) = 0, or 
(ii) H,(M)x Z, and for every peéM the homomorphism ips: H,(M) > 
H,(M, M — p) is an isomorphism. 


Proof. From Corollary 6.6 we have that i,, is a monomorphism. Since 
H,(M, M — p) = Z, it follows that either H,(M) = 0 or H,(M) = Z. So sup- 
pose H,(M) # 0 and let ze H,(M) and we H,(M,M — p) be generators for 
the respective infinite cyclic groups. Then i,,(z) = +m-w for some positive 
integer m. We must show that m = 1. 

Note that the same proof as for Theorem 6.5 may be given to show that for 
any abelian group G, H,(M;G) = Ofor M aconnected noncompact manifold 
without boundary. Then consider the diagram 

ipy@id 


H,(M) @ Z,, = H,(M, M — P)® Z, 


2, | mono a2 | mono 


H,(M; Zn) —p8ts> H,(M,M — p; Zn) 


mono 
where the vertical monomorphisms come from the universal coefficient theo- 


rem. The commutativity of the square implies that i,, @ id is a monomor- 
phism. But 
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(ips © 1d)(z @ 1) = i,.(2)@ 1 = tm-w@l = +w@m=O, 
so that z@ 1 = 0. This only happens if m = 1. Therefore, i,. is an isomor- 
phism. C] 
Let M be an n-manifold without boundary. For each p € M let 
T, = H,(M,M — p) = Z 


and for coefficients in Z, 


T,(Z2) = H,(M,M — p;Z,) = Zp. 
Define the set 
TF = > T,. 
peM 


We want to introduce a topology on the set 7. To do so requires the 
notion of a proper n-ball. A proper n-ball in M is an open set V © M such 
that there exists a homeomorphism of D" onto V taking S""! onto V — V. For 
example, the interior of the region shown in Figure 6.1 1a fails to be a proper 
n-ball while the interior of the region in Figure 6.11b is a proper n-ball. 


Exercise 4. Show that if M is an n-manifold without boundary, then the collection of 
all proper n-balls in M forms a basis for the topology on M. 
Now if V is a proper n-ball in M and pe V, then there is an isomorphism 
jpx: H,(M, M — V) 5 T,. 
As a basis for the topology on 7 we take the sets 
Uy = {jip(o)|P € V} 


as V ranges over all proper n-balls of M and a ranges over all elements for 
H,(M, M — V). For example, the choice of a generator for H,(M,M — V) 
dictates, via the isomorphisms j,,, a generator for each T,, and these selected 
generators form a sheet in 7 which is homeomorphic to V. Since this may be 


(a) (b) 
Figure 6.11 
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done for either generator of H,(M,M — V) we see that the generators of the 
T, form two disjoint sheets each homeomorphic to V. 

More generally, if t: 7 — M is the natural projection, it is evident that t is 
a local homeomorphism. Each component of 7 is a covering space of M 
with either one or two sheets. In particular the generators of all the 7, form 
either a double covering of M or two distinct simple coverings. The restric- 
tion of t to this subset of 7 is the orientation double covering of M. In the case 
that there are two distinct simple coverings we say that M is orientable. An 
orientation of M is a map s:M > J with to s = identity on M and s(p)a 
generator of T, for each pe M. Of course, an orientable manifold has two 
possible orientations. 


EXERCISE 5. Let B be the Mobius band so that M = B — CB is a 2-manifold without 
boundary. Prove that M is not orientable by showing that the domain of its orienta- 
tion double covering is homeomorphic to the annulus S! x (0, 1). 


EXERCISE 6. Let M be an n-manifold without boundary and let M be the domain of its 
orientation double covering. Then show that M is an orientable n-manifold. 


Following the same procedure for the groups 7,(Z,), the generators form 
a simple covering of M so that there always exists a unique Z,-orientation. 

If M is a closed n-manifold, a fundamental class on M is an element ze€ 
H,,(M) such that 


nx: H,(M) > H,(M,M ac P) = qT; 


has i,.(z) a generator of T, for each p € M. A cycle representing z is a funda- 
mental cycle. 


6.8 Lemma. Let M be a closed n-manifold and U be an open subset of M. If 
an element x € H,(M, U) has j,.(x) = 0 for all pe M — U, where 


Jpx: H,(M, U) > T,, 
then x = 0. 
Proof. First suppose that M — U is contained in some coordinate neighbor- 
hood W. Then consider the commutative diagram 


H,(W,WaU) —+ — H,(W,W— p) 


H,(M,U) —®*+ H,(M,M — p) = T, 


where the vertical homomorphisms are excision isomorphisms. For each p € 
M—U=W—(WoU), it follows that j,.(x) = 0 if and only if h,, kills the 
preimage of x. Then by Lemma 6.3 the preimage of x must be zero, which 
implies that x = 0. 
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For the general case, since M — U is compact, we express M — U as the 
union of a finite number of compact sets, each contained in a coordinate 
neighborhood. We proceed by induction on the number k of such compact 
sets. In the previous paragraph we have proved the result for k = 1. For the 
inductive step we use the Mayer—Vietoris sequence 


H,,4,(M, UU U") > H,(M, Un U") 3 H,(M, U') @ H,(M, U"), 


where U’ and U” are open sets in M, and the fact that H,,,(M, U’U U"”) = 0, 
which follows by Lemmas 6.1 and 6.5 and the exact sequence ofa pair. ([] 


6.9 Lemma. Let M be a closed orientable n-manifold with orientation s: M > 
I. Then there exists a class z € H,(M) such that i,s(z) = s(p) € T, for all pe 
M. 


Proof. From our previous observations we know that for each p there exists 
a proper n-ball V, about p and an element x, ¢ H,(M,M — V,) such that if 
Ge V,, jqe(Xp) = S(q). The technique then is to piece together such proper 
n-balls, using a Mayer-Vietoris sequence and the compactness of M, to con- 
struct the desired global homology class. 

Since M is compact, there is a finite collection V,, ..., V, of proper n-balls 
which cover M. Suppose that there is an element 


2m € H,(M,M — (V, U---U V,)) 
such that 
Jqx(Zm) = S(Q) 
for all ge V, U-+: U V,,. Then consider the relative Mayer—Vietoris sequence 
H,(M,M ~ (V, 0+" 0 Vins) 
> H,(M,M — (V,U+++U Vi) ® H,(M,M — Viner) 
> H,(M,M — (V; +++ OV) O Vey) 


Starting with the nia Zm — Xm+, In the direct sum, let w be its image 
in H,(M,M — (V,0++ 0 Vy) O Vines). This implies that for all ge (WU U 
Van) O Van 41s Fal y= ~ 0 Now a Lemma 6.8 it follows that w = 0. 

Let Zn+, € H,(M,M — (V, -U Vn+1)) be the element which is mapped 
into Zm — Xm+, and note that ie Zm+1) = 8(q) for all ge V, U-** UVa gy. This 
completes the inductive step and the desired class z is z,. oO 


All of these results are summarized in the following theorem expressing the 
precise relation between orientation and fundamental class: 


6.10 Theorem. If M is a closed connected orientable n-manifold with orienta- 
tion s: — 7, then there is a unique fundamental class z € H,(M) such that 
ipeZ) = s(p) for each pe M. 
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Proof. This follows immediately from the previous lemmas. From Lemma 6.9 
we have the existence of such a fundamental class z. If z’ is another such class, 
then for each pe M 

ipx(2Z — 2') = s(p) — s(p) = 0 
so that z — z’ = 0 by Corollary 6.6, This proves uniqueness. 0 


EXERCISE 7. Let M, bea closed orientable n,-manifold and M, be a closed orientable 
n,-manifold. Then show M, x M, is a closed orientable (n, + n,)-manifold. 


Our procedure for proving the Poincaré duality theorem follows the style 
of Milnor [1957] by first establishing a form of the Thom isomorphism. So 
for the present, we assume that M is a closed, orientable n-manifold with an 
orientation s: M + 7. Then by the above exercise, M x M is a compact, 
orientable 2n-manifold. Define maps z,,2,: M x M —>M by projection onto 
the first or second coordinate, and for any pe M 


|, tp: MM x M 
by 1, (x) = (p, x), "p(x) = (x, p). Finally, denote by 
A:M>MxM 
the diagonal A(x) = (x, x) and note that 
n,°A=17,0A = identity on M. 


6.11 Lemma. Let V be a proper n-ball in M with p € V corresponding to the 
origin in D". There is a homeomorphism 


6:2n71(V) =V x Mon (V) 
such that 


(i) x, = 7,0 0 onall of nj '(V); 
(li) 00 A=r,onV; 
(ili) (n7. 0 80 1,),(s(q)) = s(p) for all ge V. 


Note: This states that V x M may be deformed in such a way that the first 
coordinate is unchanged (i), and the diagonal over V is transformed into the 
level set V x {p} (ii). Furthermore this is done in such a way as to preserve 
the orientation in the sense that the composition 

hae 

H,(M,M — q) > H,(q x M,q x (M — q)) 
6, 
> H,(q x M,q x (M — p)) 


> H,(M, M — p) 
takes s(q) into s(p) for all qin V. 
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(x,y) 


Figure 6.12 


Proof. Denote by 
h:V>D" 
the homeomorphism taking p into the origin. Define a homeomorphism 
i: (D" — 8D") x D" +(D" — 8D") x D" 
as follows: for x € D" ~ 0D", ye 0D", map the entire segment from (x, x) to 


(x, y) linearly into the segment from (x, 0) to (x, y) (Figure 6.12). 
Now define 
(4,4') if qg’¢V 


0) Ve n-utbasnan) for ge 
For fixed q € V, as q’ € V approaches @V, 0(q, q’) approaches (q, q’). It follows 
that 6 is a well-defined homeomorphism with the desired properties. | 
For any open set U < M denote by U™ the pair 
U* = (n;'(U),2,;'(U) — A(M)) = (U x M,U x M — A(M)) 
and in particular 


M* =(M x M,M x M — A(M)). 


6.12 Lemma 


(i) H,(M*“) = 0 fori <n; 
(ii) Ho(M) x H,(M*) under the homomorphism sending the 0-chain represented 
by pé M into the relative class represented by I,.(s(p)), where 


lye: H,(M,M — p) > H,(M x M,M x M ~ A(M)). 
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Proof. First consider the statement of the lemma with a proper n-ball V 
replacing M. The homeomorphism @ of Lemma 6.11 induces 


6:V* =(V x M,V x M—A(M))—>V = (M,M — p), 


since A(V) is taken into V x p. Therefore, the induced homomorphism on the 
relative homology groups is an isomorphism. Applying the Kiinneth formula 
of Theorem 5.5 to V x (M, M — p), Statement (i) follows for V * 

Consider the composition 


H,(V,V — q)"3-H,(V x M,V x M —~A(M)) 
“3 H,(V x (M,M — p)) = H,(M, M — p). 
a 
H,(V)@ H,(M, M — p) 


From Lemma 6.11, Part (iii) we know that 2,.0,/,.(s(q)) = s(p). The vertical 
isomorphism follows from the Ktinneth formula, where H,(V) © H,(M, M — p) 
is the infinite cyclic group generated by {q} ® s(p). These two isomorphisms 
imply that Part (ii) holds for V replacing M. 

Finally, we again use an inductive procedure to extend to the general case. 
Suppose that U and V are open sets in M such that the lemma holds for U, 
V, and Uc V. There is a diagram of Mayer-Vietoris sequences 


“+ H(UAV) > H(U)®H(V) > H(UUV) 305°: 


ee 


> AA(UCV)") > H,(U*) @ H(V*) > A(UOV)") > Ba((U OV)*)>-, 
where the vertical homomorphisms are those described in Part (ii). Note that 
if p and q are in the same path component of U, then it follows from Lemma 
6.11, Part (iii) that /,.(s(p)) = 1,.(s(q)). Applying the five lemma (Exercise 4, 
Chapter 2) completes the inductive step and, since M is compact, the proof is 
complete. im 


We are now ready to prove the following important theorem which has 
many applications in algebraic topology. 


6.13 Theorem (Thom Isomorphism Theorem). For a compact oriented 
n-manifold M without boundary, there is a cohomology class U € H"(M*) 
such that for any coefficient group G the homomorphism 


®*: H*(M; G) > H"**(M*;G) 
given by 
@*(x) = U Unt (x) 
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is an isomorphism. Here the cup product has the form 
H*(M x M;G)@ H"(M x M,M x M — A(M);Z) 
— H"**(M x M,M x M — A(M);G). 


Note: The class U e H"(M”%) is called the Thom class of the topological 
manifold M. 


Proof. We prove the theorem for G = Z. The general case follows by 
applying the universal coefficient theorem. 

Since H,(M*) = 0 for i < n, it follows from the universal coefficient theo- 
rem that H'(M*)=0 for i<n and H"(M*) x Hom(H,(M%), Z). From 
Lemma 6.12 we have a natural isomorphism of H,(M*) with Ho(M), hence 
also of Hom(H,(M*), Z) with Hom(H,(M), Z). Then we define U € H"(M”*) 
to be the class corresponding to the augmentation homomorphism 


H(M) > Z 


under these isomorphisms. In particular then it follows from Lemma 6.12 
that for all p € M the Kronecker index 


CU, Ipe(s(p))> = 1. 


For any open set V © M we denote by U,.¢ H"(V “) the restriction of the 
Thom class U. There is a cap product 


H"(V x M,V x M—A(M))@H,(V x M,V x M ~ A(M)) > H,_,(V x M) 


sending U, ® x into U, x. For any x¢ H,(V *) define ®,(«) to be the ele- 
ment of H,_,(V) given by ®,(a) = 2,.(U, 0 a). Thus 


®,: HV *) > H,(V) 


is anatural homomorphism of degree —n between graded groups. 
Now restrict to the case of V being a proper n-ball. Under the isomorphism 
of Lemma 6.11 


0*: H"(V x (M,M — p)) > H"(V*), 


the element 6*~'(U,) may be identified via the Kiinneth formula with 1 @ ye 
H°(V) ® H"(M,M — p), where » is a generator of the infinite cyclic group 
H"(M,M — p). 

By the naturality of the cap product 


My (U,0 4%) = myx 0 0,(0*(0*-'(U,)) 0 2) 
= 1(0*-*(U,) 0 8,(2)). 
So if @ € H,(M, M —~ p) is a generator with <y,w> = 1, then 
ty(U, Oa) = B, 
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where f ® w corresponds to x under the isomorphisms 
H,_,(V) @ H,(M, M — p) > H,(V x (M,M — p))# HV *). 


Therefore, ®,: H,(V *) > H,_,(V) is an isomorphism for each k. 

If V, S V, are open sets in M, the restriction of U,, is U,,. This fact, to- 
gether with naturality and the Mayer—Vietoris sequence, may be used in the 
manner of Lemma 6.12 to extend the result inductively to an isomorphism 


®,: H,(M*) > Hy,_,(M). 


By returning to the chain level we can define the adjoint of ®,; this yields 
a homomorphism 


*: Hi(M) > Hi*"(M*), 


Applying the universal coefficient theorem, we see that ®* is also an isomor- 
phism. Finally note that 


<@*(x), y> = <x, O,(y)> 
= €x,m™(Uy)> 
= <(n¥x,UNy> 
= (U UnT(x), yD 
for any x and y, so that ®*(x) = U U x¥ (x). O 


EXAMPLE. As an aid to understanding this important theorem, consider 
the following simple example: Let M =S' so that M x M is the two- 
dimensional torus. Recall from Chapter 5 the determination of the coho- 
mology ring structure in M x M. As before we denote generating 1-cycles in 
M x M by Zand 8, and their dual cocyles by « and f (Figure 6.13). It is not 
difficult to see that M x M — AM has the homotopy type of S', as is demon- 
strated in the following deformation (Figure 6.14). 

Now given an orientation for M = S', there is a generator @ € H,(M) such 
that i,.(@) = s(p) for all pe M. Thus, from the commutative diagram 


aa] 


Ip (™) 
1p) P 


Figure 6.13 
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Figure 6.14 


H,(M) —2>4 H,(M,M — p) 


H,(M x M) —*> —-H,(M*) 


we see that /,.(S(P)) = [psipx(@) = i,/,«(4). With a possible change in sign re- 
sulting from the choice of orientation, we have /,,(@) = %. Thus, the Thom 
class U € H'(M%) will have the property that 


1 = CU, 1p5(p)> = (U,i,(%)> = <i*U,@). 
From the exact cohomology sequence of the pair M~*, 
H*(M*) 3 H*(M x M)>H*(M x M — AM), 


it is not difficult to argue that i* is a monomorphism and j* is an epimor- 
phism. Furthermore, H'(M x M) is free abelian with basis elements « and f, 
and the kernel of j* is infinite cycle generated by a — f. This uniquely deter- 
mines the Thom class U corresponding to the given orientation. Changing 
the orientation of M changes the sign of U. 

Finally consider the Thom homomorphism 


@*: H'(M) > H2(M*). 
If a is the generator dual to 4, ®*(a) = U Un¥(a). Now in H'(M x M) we 
have 
<nt(a),m% + nB> = (a,7,.(m% + nB)> =m, 
so that x¥(a) = a. Using the isomorphism H?(M*) > H?(M x M), it follows 
that 
i*(D*(a)) = i*(U Unt(a)) = i*(U Va) = i*(U) Ue 


=(2— B)va= —Bva, 
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which is a generator of H?(M x M). Thus, ®*(a) is a generator of H*(M*) 
and ®* is an isomorphism. 


At this point we need another very basic property of topological manifolds. 


6.14 Theorem. If M is a closed topological n-manifold, there exists a topologi- 
cal embedding of M in R* for some large value of k. Furthermore, under this 
embedding there exists an open set U about M such that M is a retract of U, 
that is, there exists a map r: U + M such that r|y is the identity. 


Proof. See Appendix II. | 


6.15 Lemma. For M a closed manifold, there exists a neighborhood N of A(M) 
in M x M such that n,|y and m2\y are homotopic as maps from N to M. 


Proof. Applying Theorem 6.14 we cmbed M in R* and let U be a neighbor- 
hood of M which retracts onto M. Since M is compact there exists an ¢ > 0 
such that for any points x, y € M having distance (in R*) between x and y less 
than ¢, the segment from x to y lies in U. It is evident then that any two maps 
into M with the distance between corresponding points less than ¢ are homo- 
topic in U via the obvious homotopy. Applying the retraction r moves the 
homotopy into M. 

Now the projection maps z, and z, coincide on A(M) in M x M. Again 
using compactness, there must exist a neighborhood N of A(M) in M x M 
such that the distance between z,|y and z,{y is less than «. It follows then 
that these restrictions are homotopic in M. | 


6.16 Lemma. Define t: M x M—>M x M by t(x, y) =(y,x) and note that t 
induces a map of pairs t: M* + M”. Then for x € H*(M%;G), t*(x) = (—1)"x. 
Proof. First let V be a proper n-ball in M and consider the diagram 

H"(M x M,M x M — A(M)) ——> H"(M x M,M x M — A(M)) 


HV xV,VxV-A(V)) —— AVxV Vx V-AVY, 
where the vertical homomorphisms are induced by the inclusion map. Note 
that H"(V x V,V x V — A(V)) is infinite cyclic since (V x V.V x V — A(V)) 
has the homotopy type of (D", S""*). Furthermore, i*(U) is a generator of this 
group and t*(i*U) = (—1)"i*(U). Thus, we conclude that 


t*(U) =(—1)"U. 


Now let N be a closed neighborhood of A(M) satisfying the requirement of 
Lemma 6.15. We may further require that N be invariant under t. Then the 
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diagram 


Tix Uy 


H*(M) —“*4 H*(M x M) “4 H*(M*) 


ou ue hae 


Je(U)u 


H*(N) —— > H*(N,N — A(M)) 
is commutative where the composition across the top is ®*. Recalling that 
NM, = m,°t we have 
t¥j*(D*(x)) = 87*(U VU nP(x)) = OC F*(U) V (71 LW )*(2) 
= PFU) O(m2|y)*(x) = (= NPY) Vv (aly) *() 
which by Lemma 6.15 
= (1 7*(U) v (Hy )*X) = (— 1)7*(O*(X)). 


Since j* and ®* are isomorphisms, the result follows. | 


6.17 Proposition. If M is a closed n-manifold, then H,(M) is finitely generated. 


Proof. Using Theorem 6.14 we embed M in a high-dimensional euclidean 
space R™ so that some open set N about M in R”™ admits a retraction onto 
M, r: N > M. Choose a large m-simplex s” in R” so that M is contained in 
its interior. By the results of Appendix I there exists an integer k so that mesh 
Sd*s” is less than the distance from M to R™ — N. 

Let K be the union of all simplices in Sd“s” whose closures intersect M. 
Then K is a finite CW complex, M < K CN and the retraction r restricts to 
aretractionr: K > M. 

By Proposition 2.23 H,(K) is finitely generated and by Corollary 1.12 
H,,(M) is isomorphic to a direct summand of H,(K); hence, H,(M) is finitely 
generated. CO 


We are now ready to prove the main theorem of this chapter. 


6.18 Poincaré Duality Theorem. For M a compact connected orientable n- 
manifold without boundary, with orientation s: M > 7 and associated funda- 
mental class z, the homomorphism 


D: H*(M;G) > H,,_,(M;G), 
given by D(x) = x Oz, is an isomorphism for each k. 
Proof. Let Z be a cycle in S,(M) representing z. Then there is a homomor- 
phism of chain complexes 


Dy: S*(M;G) > S,-4(M; G) 
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given by cap product with z. Note that D, commutes with coboundary and 
boundary operators up to sign and induces D on cohomology and homology. 

Now let R be a ring with unit, x, y ¢ H*(M; R) and a, B € H,(M; R). Then 
there are the elements 


ax PpeH,(MxM;R) and xx y=nat(x)Und(y)e H*(M x M;R). 
If U € H"(M%) is the Thom class of M, denote by U the class i*(U), where 
i*: H"(M*) > H"(M x M) 


is induced by inclusion. Let ¢ be a chosen generator for Ho(M). 
The homomorphism i,: H,(M x M)—> H,(M%) takes ¢ x z into [,,(s(p)). 
Thus 


(6.19) (—1)"<U,z x e) = <U,¢ x 2 
= <i*(U),€ x z> 
= <U,1,.(s(p))> 
=1. 

If x € H’(M; R) and y € H*(M; R), then we claim that 

(6.20) 0 u(x x y) =(-10 Uy x »). 


In order to give this meaning we must view U as an element of 
H"(M x M;R). This is done by using the coefficient homomorphism Z > R 
given by taking 1 into the unit of the ring R. 

Then in the diagram 


H"(M*; R) ® H"**(M x M;R) oe H"*"*5(M™*; R) 


i*@id ix 


H"(M x M:R)@ H’*(M x M;R) —2—> H"™"*5(M x M;R), 


we have 
(—1)"U U(x x yy = 0*(U U(x x y)) 
= 1r*(U) Ut*(x x y) 
= (-1)"**U U(y x x). 
Therefore 


0 U(x x y) = i*(U) Vid(x x y) = i*(U U(x x y)) 
= (-1i*(U U(y x x) =(— "0 Uy x x) 


which proves Equation (6.20). 
Finally, for x ¢ H*(M; R) and « € H,(M; R) we have 
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<0, D(x) x a> = <U,(x.02) x > 
= (U,(x x I)n(z x )> 
= (x x 1)UU,(z x 2). 
Then by Equation (6.20) 
<U, D(x) xa>=<(1 x xy U,z x x» 
= (0,(1 x x)n(z x x) 
= (—1)"<U,z x <x,a)-e). 


It follows from Equation (6.19) that this last expression is equal to 
(—1)"""" <x, %>-1. We summarize these statements in the following impor- 
tant equation: 


(6.21) ix, 2> = (— 1)", D(x) x a). 


For the special case R = Z,, where p is a prime, the universal coefficient 
theorem becomes an isomorphism, 


H*(M;Z,) x Hom; (H,(M;Z,), Zp). 


Applying this to the above equation we see that x #0 implies D(x) # 0. 
Therefore 
D: H*(M;Z,) > H,(M; Z,) 


is a monomorphism. By Proposition 6.17 these are finite-dimensional vec- 
tor spaces, so since their dimensions must be the same, D must be an 
isomorphism. 

To extend this result to more general coefficient groups we use the method 
of “algebraic mapping cylinders” [Eilenberg and Steenrod, 1952]. Recall that 
D, is a homomorphism 

Dy: S*(M) > S,-1(M) 
with Dy od = 00 Dy. Define 

Cy-« = S***(M) ® S,-.(M) or = C,, = S*™"™*1(M) @ S,,(M), 
and a boundary operator 
0: Ce 4 Loner, a s™-™*2(M) ® Sn-1(M), 
by 
O(a, B) = (— da, 0B + D(x). 
Then we check that 
C0 A(a, B) = 6(— da, 68 + D,(2)) 
= (dda, 6(6B + D,(a)) — D,d()) 
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= (0, €D4(x) — Dz6(a)) 
= 0. 


Hence, {C,,,¢} defines a chain complex C. 
There is a short exact sequence 


03 5S,(M) 4 C,, 22s se-m*1(M) +0 


that determines a short exact sequence of chain complexes (the second homo- 
morphism will be a chain map up to sign only, but this will be sufficient for 
our purposes). Therefore, we have a long exact sequence of homology groups. 
What is the connecting homomorphism? 

Let ye S"-™*1(M) with dy = 0. Pick the element (y,0)¢ C,, that projects 
onto y. Then 


A(y,0) = (— dy, Do(y)) = (0, Dy(y)) 


and the element in S,,_,(M) having this as its image is D,(y). Thus the con- 
necting homomorphism for the sequence is D and the sequence has the form 


“+ H"™-"(M) > Hy,(M) > H,(C) > H"-"*1(M) 3 Hy—|(M) 9 


Now we may identify S*(M; Z,) with S*(M) ® Z,, so that for each prime p 
we have a long exact sequence 


“+ H""(M; Z,) > Hy(M; Z,) + Hy (C; Zp) > H""*!(M;Z,) 9° 


In the sequence, D is an isomorphism wherever it occurs. Hence, H,,(C; Z,) = 
O for all integers m and primes p. But since H,,(C) is finitely generated, it 
follows from the universal coefficient theorem that H,,(C) = 0 for all m. Thus, 
the first sequence shows D to be an isomorphism for integral coefficients. This 
same technique shows D to be an isomorphism for G any finitely generated 
abelian group. 

Finally, to extend to the general case, the fact that H,(M) is finitely gener- 
ated implies that H,(M;G) is the direct limit of {H,(M;G')} where G’ ranges 
over the finitely generated subgroups of G. Since D commutes with coefficient 
homomorphisms, we conclude that D is an isomorphism for general abelian 
groups G. C 


Note: The essence of the proof is the relationship between the Thom class 
and the duality homomorphism. Specifically, if x is a cohomology class and 
a is an homology class, the Kronecker index of x on & is, up to sign, the same 


as the Kronecker index of the “restricted” Thom class U on the external 
homology product D(x) x 2. 


Since all manifolds are orientable when the coefficient group is Z,, we may 
duplicate the previous proof to establish: 
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6.22 Theorem. For M a closed connected n-manifold with Z,-fundamental 
class 2, € H,(M; Z,), the homomorphism 


D: H*(M; Z,) > H,-«(M;Z,), 


given by D(x) = X 2), is an isomorphism. O 


We now turn to the relative case, that is, the duality theorem for a manifold 
with boundary. Therefore, let M be a compact manifold with boundary @M. 
The structures that were defined previously, the local homology groups T, 
and the orientation covering Y with projection t, may still be defined for 
points p€ M — @M. We define (M, @M) to be orientable if there exists a con- 
tinuous map s: M — 6M > J witht o s = identity and s(p) a generator of T, 
for each pin M — 0M. 

One of the most useful tools in studying manifolds with boundary is the 
“collaring theorem,” which states that there is a neighborhood of the bound- 
ary which resembles a collar, that is, it is homeomorphic to the cartesian 
product of the boundary and an interval. In its topological form it is due to 
Brown [1962]. 


6.23 Topological Collaring Theorem. [f M is a topological manifold with 
boundary ¢M, then there exists a neighborhood W of 0M in M such that W is 
homeomorphic to 0M x [0,1] in such a way that 0M corresponds naturally 
with 0M x 0. 


Proof. See Appendix IT. O 


If M is a manifold with boundary, define the “double” of M to be the 
manifold M formed by identifying two copies of M along 0M. 


EXERCISE 8. Show that (M,6M) is orientable if and only if M is orientable. 


Exercise 9. Show that if (M,¢0M) is orientable, then 6M is an orientable manifold 
without boundary. Is the converse true? 


6.24 Theorem. If (M,¢@M) is a compact connected orientable n-manifold with 
orientation s, then there exists a unique fundamental class z € H,(M,0M) 
such that for each p ¢ M — 0M, j,(z) = s(p). Furthermore, if A: H,(M,0M) > 
H,,-,(6M) is the connecting homomorphism, then A(z) is a fundamental class 
of CM, that is, it restricts to a fundamental class on each component of 0M. 


Proof. Since M is orientable, there exists a fundamental class 2 € H,(M) such 
that j,.(2) = 8(p) for all p ¢ M. Then we define z to be the image of 2 under 
the composition 


H,(M) > H,(M,M —(M — @M)) = H,(M,@M), 
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Figure 6.15 


where the second homomorphism is the inverse of an excision isomorphism. 
This gives the existence of the desired fundamental class z. 

Let D be a proper (n — 1)-ball in 0M. If W is a collar for 0M in M (Theo- 
rem 6.23), then under the homeomorphism W = @M x I there is an n-cell E 
corresponding to D x J (Figure 6.15). For any point p in the interior, D°, of 
the (n — 1)-cell D in 6M we have the following diagram: 


H,(M,@M) —*—> H,(M,M — E°) tH, (E, 2E) 
A A =|A 
H,\(@M) —“— H,\(M—E°) ———*—— H, ,(@E) 


Po 


H,,-,(0M, oM — P) 5 n-1(M > E°,(M 3 E*) ee P) < H,,-\ (GE, CE << P) 


in which each rectangle commutes and the horizontal isomorphisms follow 
by excision. 
If q is a point in E°, the factorization 


H,(M,é@M) —“ H,(M,M — 4) 


ed 


H,(M,M — E°) 


and the fact that j,.(z) is the generator s(q) imply that i,(z) is a generator for 
the infinite cyclic group H,(M,M — E®). Thus, there exists a generator z' for 
H,(E, CE) such that k,(z') = i,(z). 

From the diagram ki, A(z’) = i, A(z) and hence the images of A(z) and A(z’) 
in the infinite cyclic group H,_,(M — E°,(M — E°) — p) must coincide. Since 
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the image of A(z’) is a generator, so is the image of A(z). Therefore, j,.(A(z)) 
is a generator of H,_,(@M,0M — p) and A(z) must be a fundamental class for 
cM. 

To prove uniqueness, note first that if W is a collar for 0M, then both M 
and M — @M are homotopy equivalent to M — W°. Thus 

H,(M) = H,(M — 0M) =0 

by Theorem 6.5. So suppose z and w are fundamental classes in H,(M,¢M) 
corresponding to the orientation s. Since A(z) and A(w) are fundamental 
classes in H,_,(@M) corresponding to the orientation induced by s on éM, the 
restrictions of A(z) and A(w) to each component of 0M must agree by Theo- 
rem 6.10. Thus, z — w is in the kernel of A. By exactness and the fact that 
H,(M) = 0 it follows that z = w. oO 


6.25 Poincaré—Lefschetz Duality Theorem. Let (M,0M) be a compact ori- 
entable n-manifold with fundamental class z € H,(M,0M). Then the duality 
maps 


D: H*(M,éM) > H,_,(M) and D: H*(M) > H,_,(M,éM) 
given by taking the cap product with z are both isomorphisms. 
Proof. 1n M let M, and M, denote the two copies of M (Figure 6.16). There 
exists a two-sided collaring N of 0M in M. That is, N is homeomorphic to 
éM x I, where I = [—1, 1], with @M corresponding to 0M x {0}. Note that 


@N is homeomorphic to 6M x I. 
For i = 1, 2 consider the following diagram: 


OS A ie 
D; 
D =z [" Zz H,-.(M, Mist me N°) 


H,_4(M,@M) 2% H,_4(M;U N,0(M;U N)) 


where D; is defined to make the triangle commute. Since j is the inclusion 


Figure 6.16 
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map, the rectangle commutes by the naturality of the cap product; that is, 
Jal F*(X) 02) = xT j,(2)- 


On the other hand, if o e H,(/, él) is a generator, and ¢ is the element of 
H°(I) having ¢ Ao = o, then we have the following diagram: 


H*(@M) —— H*(éM x I) = eee 
D 


= naz (Az xo) H,_,(M, M — N°) 
Hy-1-1(0M) —> Hy «(0M x (1,21) = Hy-a(N, EN) ae 
where, once again, D is defined to make the diagram commute. The rectangle 
commutes since 
(x x 8) AN (Az x 0) = (x NAz) x (No) = (x NAz) x o. 
Note further that since Az is a fundamental class for 6M, it follows from 


Theorem 6.18 that D is an isomorphism. 
These homomorphisms may be used to connect the following Mayer- 


Vietoris sequences: 


+> H*'(M) ———> H*(M,UN)@ H*(M, UN) 


f D,@D, 


“> Hy-«(M) > Hy,-.(M, M2 — N°) @ H,-.(M, M, — N°) 
= H*(N) > °°: 


l 
< n-x(M, M — N°) >>>, 


where D is given by taking the cap product with 2, the fundamental class for 
M which is associated with z. It can be checked that each rectangle commutes 
up to sign. Since D and D are isomorphisms, it follows by the five lemma 
(Exercise 4, Chapter 2) that D, ® D, is an isomorphism. Going back to the 
first diagram, the fact that D, is an isomorphism implies that 


D: H*(M) > H,,-.(M, ¢M) 


is an isomorphism for each k. 
Finally, it follows from the diagram 


“+ H*\(@M) ——> H*(M,¢M) H*(M)>--- 


“| |~ R] nz 


‘+> H,-,(CM) ——>  H,-.(M) ——> H,-(M,¢cM)---- 
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and another application of the five lemma that 

D: H*(M,éM) = H,,_,(M) 
is an isomorphism. O 
Exercise 10. Suppose M is a compact connected oriented n-manifold with €éM = 
M,U Msg, the disjoint union of two closed (n — 1)-manifolds. If z € H,(M,¢@M) is a 


fundamental class, show that there is a suitably defined cap product which yields an 
isomorphism 


H*(M, M,) > H,.(M, M2) 
given by capping with z. 
In the remainder of this chapter we will give a number of immediate appli- 
cations of the Poincaré duality theorem. We make no attempt to be complete 


in this sense, because many of the known facts about manifolds are related to 
this theorem. 


6.26 Lemma. If M is a closed connected oriented n-manifold, then H,_,(M) is 
free abelian. 


Proof. Suppose this is not true. Since H,_,(M) is finitely generated, it must 
contain a direct summand isomorphic to Z, for some integer p > 1. Thus 
H,(M) = Z and H,-\(M) = Z,@®A 
for some abelian group A. By the universal coefficient theorem 
H,(M; Z,) = H,(M) @ Z, ® Tor(H,,_,(M), Z,) 
= Z,® Z, © Tor(A, Z,). 


Now from our previous observations we know that the inclusion map 
induces a monomorphism 


H,(M; Z,) > H,(M,M — x;Z,) = Z, 
for any point x e M. This implies the existence of a monomorphism 
Z, ® Z, ® Tor(A, Z,) > Z,, 

which is impossiblc. Thus, H,_,(M) is free abelian. oO 

It follows immediately from Lemma 6.26 that if M is a closed, connected, 
oriented n-manifold, 

Ext(H,_,(M), Z) = 0 
so that 
H"(M) = Hom(H,(M), Z), 
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which is infinite cycle. If z € H,(M) is the fundamental class corresponding to 
the given orientation, define x € H"(M) to be the “dual” of z in the sense that 
<a,z> = 1,80 xis a generator for H"(M). 

For any integer q define a pairing 

H*(M) @ H"-4(M) > Z 

by sending x © y into the integer <x U y, 2). Note that ifr-x = 0 in H*(M) for 
some integer r # 0, then (r-x) Uy = r-(x Uy) = 0; hence, x U y = 0 because 
H"(M) is infinite cyclic. Similarly x U y = 0 if y has finite order. 

On the other hand, suppose that x € H#(M) does not have finite order. 
From the universal coefficient theorem the homomorphism 


H*(M) ~ Hom(H,(M), Z), 


sending x into the homomorphism w — <x, w>, must take x into a nontrivial 
homomorphism. Thus, there exists an element we H,(M) with <x, w) # 0. 
Furthermore this is a split monomorphism, so that if x generates a direct 
summand of H4(M), then there exists an element w € H,(M) with ¢x,w> = 1. 
Now by the Poincaré duality theorem there is an element y € H" 4(M) with 
yoz=w. Then 
{yUX,Z2> = (x, yz) =<x,w> #0 


and so x U y #0. This completes the proof of the following: 

6.27 Proposition. [f M is a closed connected oriented n-manifold and A, & 

H4(M) is the torsion subgroup, then there is a nonsingular dual pairing 
H4(M)/A, @ H" (M)/A,_, > Z. O 


6.28 Corollary. [f a¢ H?(CP(n)) is a generator, then a* € H**(CP(n)) is a 
generator forl<k <n. 


Proof. CP(n) is an orientable, compact, connected 2n-manifold whose 
cohomology is given by 


H™(CP(n)) = } 


Z formeven, 0<m<2n 
0 otherwise. 


We prove the result by induction on n. It is obviously true for n = 1, so 
suppose it is true for n — 1 > 1, and consider the inclusion 


i: CP(n — 1) < CP(n) 


of the finite subcomplex which contains all cells of CP(n) except the one cell 
of dimension 2n. From the exact sequence of the pair 


++» H**(CP(n), CP(n — 1)) > H**(CP(n)) S H**(CP(n — 1)) 
> H**"'(CP(n), CP(n — 1))> °°: 
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Wwe see that i* is an isomorphism for 2k <2n. Since i*(a) generates 
H?(CP(n — 1)), the inductive hypothesis implies that [i*(a)]* generates 
H?*(CP(n — 1)) for all k <n. Now i* is a ring homomorphism, so a* must 
generate H?*(CP(n)) fork <n. 

Finally, by Proposition 5.27 there is an element b € H?""?(CP(n)) with 
au b generating H?"(CP(n)). This b must generate H2""?(CP(n)) so that b = 
+a". Therefore, aU b = +a" is a generator of H?"(CP(n)). This completes 
the proof. oO 


Note that this completely describes the structure of the cohomology ring 
of CP(n). 


6.29 Corollary. H*(CP(n)) is a polynomial ring over the integers with one 
generator a in dimension two, subject to the relation a"*' = 0. | 


Now let R be a field and M be a closed, connected, oriented manifold. As 
we observed previously 
H"(M; R) = Hom,(H,(M; R), R) 
and 
H"(M; R) = R, H,(M; R) = R. 


Denote by zp € H,(M; R) a generator as an R-module. Then a slight variation 
of the Poincaré duality theorem states that the homomorphism 


H%(M; R) > H,_4(M;R), 


given by sending a into a Za, is an isomorphism. The technique of Proposi- 
tion 6.27 may now be used to prove the following. 


6.30 Proposition. The pairing H4(M; R)@ H" 9(M; R)- R given by sending 
x ® yinto <x Uy,Zp> € R is a nonsingular dual pairing. oO 
6.31 Corollary. If M is a closed, connected n-manifold, then 

H4(M;Z,)@ H"-(M; Z,) > Z, 
is a nonsingular dual pairing. i] 
6.32 Corollary. If a¢H'(RP(n);Z,) is a generator, then a* generates 


H*(RP(n); Z,) for 1 < k <n. Thus, H*(RP(n); Z,) is a polynomial ring over Z, 
with one generator a in dimension one, subject to the relation a"*' = 0. | 


Similar arguments may be used to compute the cohomology ring of qua- 
ternionic projective space HP(n). 
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6.33 Corollary. H*(HP(n)) is a polynomial ring over the integers with one 
generator a in dimension four subject to the relation a"*! = 0. | 


With these results we may now establish the existence of certain maps 
having odd Hopf invariant (see Chapter 5). 


6.34 Corollary. There exist maps S? > S?, S’ — S*, and S'° + S® having Hopf 
invariant 1. 


Proof. Let f: S? + S* be the Hopf map of Chapter 2. Recall that S? is homeo- 
morphic to CP(2). So if b is a generator of H?(S?) and a is a generator of 
H*(S?), then b? = +a by Corollary 6.29. Thus, H(f) = +1. Now the results 
of Exercise 8 (i) of Chapter 5 indicate how to alter f, if necessary, to give a 
map with Hopf invariant 1. 

The cases S’ > S* and S!° > S8 follow by applying the same approach to 
the quaternions and the Cayley numbers, respectively. | 


In order to develop some further applications we must introduce some 
basic facts about bilinear forms. Let V be a real vector space of finite dimen- 
sion. A bilinear form 


®VxV-R 
is nonsingular if ®(x, y) = 0 for all y in V implies x = 0. 
Exercise 11. Show that this is equivalent to requiring that ®(x, y) = 0 for all x in V 
imply y = 0. 


The form ® is symmetric if ®(x,y) = ®(y,x); it is antisymmetric if ®(x, y) = 
—(y, x), for all x and y in V. 


EXAMPLE. Let V = R? and denote its points by (x, y). Define 


x 


x 

(x, y), (x',y’)) = aet( ) 

This is a nonsingular, antisymmetric bilinear form. 
Given any bilinear form ® on V x V we may write ® uniquely as ® = 

®’ + ©”, where ©’ is symmetric and ©” is antisymmetric. To see this we set 

D(x, y) = $[O(x, y) + PCy, x)] 
and 

©" (x, y) = 21 @(x, y) — O(y, x)].- 


Let ® be antisymmetric on V x V. Then ®(x, x) = 0 forallxeV. Ifx,eV 
has ®(x,,y) #0 for some y, then obviously there exists an element y, in V 
with 
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O(x, V1) =1. 
Define V, to be the subspace of V given by 
V, = {x € VI ®(x, x,) = 0 and ®(x, y,) = 0}. 

This linear subspace may be identified with the kernel of the linear transfor- 
mation 

6: V > R? 
given by 0(x) = (®(x, x,), ®(x, y,)). Note that since 6(x,) = (0,1) and @(y,) = 
(—1,0), the transformation is an epimorphism. Therefore, the dimension of 
V, is equal to dimension V — 2. By repeating this process using the subspace 
V, to produce a subspace V,, and so forth, we will eventually either exhaust 
V or reach a subspace with the property that the product of any pair of its 
vectors is zero. 

Thus, there is a basis for V of the form 
X15 yi>X2, y2> sera Xk Veo 215 erey re 


for which ®(x,, y;) = 1 = —®(y,, x,), and any other pair of basis vectors have 
product zero. 


6.35 Lemma. If ®: V x VR is nonsingular and antisymmetric, then the 
dimension of V is even. 


Proof. This follows from the above, since s = 0. oO 


6.36 Corollary. [f M is a closed, oriented manifold of dimension 4k + 2, then 
7(M) is even. 


Proof. Recall that the Euler characteristic is given by 


4k+2 ; 
w(M)= )) (—1)'dim H,(M;R). 


i=0 


By the universal coefficient theorem this may also be expressed as the sum 
4k+2 ; ; 
7(M) = ¥ (—1)'dim H‘(M;R). 
i=0 


Since M is closed and oriented, the Poincaré duality theorem implies 
H'(M;R) © H4,..-(M;R) » Hom(H***?~(M; R), R). 


Therefore, dim H'(M;R) = dim H***?-‘(M;R). As a result the entries in the 
second sum are paired up, except in the middle dimension, so that 


y (-1idim H'(M;R) 


if2k+1 


is even. 
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Finally note that there is a bilinear form 
O: H***1(M; R) x H?7**7(M; R) +R 


defined by ®(x, y) = <x U y,zg> € R. By Proposition 6.30 this is nonsingular, 
and since x and y are both odd dimensional, it is antisymmetric. Thus, by 
Lemma 6.35 the dimension of H?**!(M; R) is even and y(M) is even. oO 


6.37 Corollary. If M is a closed manifold of dimension 2k + 1, then x(M) = 0. 
Proof. Since HM) is a finitely generated abelian group for each i, we may 
write 

H(M) = A;® B® C;,, 


where 4; is free abelian of rank r;, B; is a direct sum of s; cyclic groups of order 
a power of two, and C; is a direct sum of cyclic groups of odd order. Note that 


2k+1 
x(M) = a (—1)'r;. 
By the universal coefficient theorem 
dim H,(M; Z,) = dim(H;(M) ® Z,) + dim(Tor(H;_,(M), Z2)) 
= (r, + 5,) + (S;-1). 
Thus 


2k+ 
(=1)'dim H(M;Z,) = (=D + 5, + 54] 
2k+1 ; 
= 5 (=n = x0), 


On the other hand, by the Poincaré duality theorem 
HM; Z,) = H7**'!"'(M;Z,) = Hom(H,4,-(M; Z2),Z2) 
so that 
dim H,(M; Z,) = dim H2,4,-;(M;Z3). 
Since i and 2k + 1 — i have different parity, these appear in the sum with 


opposite signs. Therefore 


2k+1 
x(M)= ¥ (—1)'dim HM; Z,) = 0. 0 


i=0 


Note: This result is obviously false for even-dimensional manifolds since 
x(S?") = 2, x(RP(2n)) = 1, and y(CP(n)) = n + 1. The vanishing of the Euler 
characteristic is a useful fact in differential geometry, as is seen in the follow- 
ing basic theorem: a closed differentiable manifold M admits a nonzero vec- 


6. Manifolds and Poincaré Duality 179 


tor field if and only if y(M) = 0. Thus, Corollary 6.37 implies that any odd- 
dimensional, closed, differentiable manifold admits a nonzero vector field. 
We shall return to this subject in Chapter 7. 


Now suppose that ®: V x V > R is symmetric. Then since 
W(x + yx + y) = B(x, x) + 2O(x, y) + Oy, y) 
or 
D(x, y) = 3[O(x + y,x + y) — B(x, x) — O(y, y)], 
it follows that if ® is nontrivial, there exists an x, € V with O(x,,x,) #0. We 
may as well assume ®(x,,x,) = +1. Consider the homomorphism 
a:V—>R 


given by «(x) = ®(x,x,). This is an epimorphism since «(x,) = +1, so if V, is 
the kernel of «, the dimension of V, is one less than the dimension of V. By 
applying the same analysis to V, to give an element x, and continuing the 
process, we produce a basis for V which may be renumbered so as to have the 
FOF X45.) Xps Net gs es Mets, Xptst is -++9 Meester Where 


1 if 1<i<r 
O(x,;,x) = < —1 if r<i<r+s 
0 if r+s<i<rt+s¢4t, 


and any other pair has product zero. 


EXERCISE 12. Show that the numbers r and s are invariants of the symmetric form ®; 
that is, that they are independent of the various choices made. 


The signature of a symmetric form ® is the integer r — s. If ® is an arbitrary 
bilinear form, then we write ® = ©’ + ©” with ©’ symmetric and ©” anti- 
symmetric. We then define the signature of ® to be the signature of ®’. 

Let M be a closed, oriented n-manifold. Define the index of M, denoted 
t(M), as follows: 

(i) t(M) = O ifn ¥ 4k for some integer k; 
(ii) if n = 4k, let t(M) be the signature of the nonsingular symmetric bilinear 
form 


®: H?*(M:R) x H?4(M;R) > R. 


EXERCISE 13. Let M be a closed, connected oriented 4k-manifold. Define a bilinear 
form 


WY: H*(M;R) x H*(M;R)>R 
by 
(x,y) = ((XU Yas Za? € R, 
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where (x U y)4, is the 4k-dimensional component of x U y. Then show that the signa- 
ture of is t(M). 


EXERCISE 14. Let M, and M, be disjoint, closed, connected oriented manifolds. 
(a) Show that the manifold M, x M, may be oriented in such a way that 
t(M, x M2) = t(M,)-t(M)). 
(b) If M, and M, have the same dimension, show that 
1(M, UM,) =1(M,) + 1(M,). 

Note that a change in the orientation of a manifold merely changes the 
sign of its index. It is evident that the index of CP(2k) is +1, depending on 
the choice of orientation. Thus, it follows from the above exercise that there 
exist 4k-dimensional manifolds of arbitrary index for all values of k. 

The final question we would like to consider is the following: given a closed 
topological manifold M, when does there exist a compact manifold W with 
M = CW? Of course we must require that W be compact since M is always 
the boundary of M x [0, 1). Our first result gives a necessary condition for M 
to be such a boundary. 


6.38 Theorem. [f W is a compact topological manifold with OW = M, then 
7(M) is even. 


Proof. If the dimension of M is odd, then 7(M) = 0 by Corollary 6.37. Thus 
we assume that the dimension of M is even so that the dimension of W is odd. 
Now consider the manifold W x I (see Exercise 15), where I = [0,1]. We 
have 
(Wx D=MxIUWxdl=MxIWx {0O}UW x {1}. 

Define U = 0(W x I)~ Wx {1} and V = a(W x I)— W x {0}. Note 
that U and V are open subsets of 6(W x J) and W, U, and V all have the same 
homotopy type, whereas U qn V has the homotopy type of M. 

The Mayer-—Vietoris sequence for U and V becomes 

hi+t 


H..\(0(W x D) “4 H(M) 4 H(W)® H(W) 5 Ha x 1), 


where each group is finitely generated and zero in dimensions greater than 
the dimension of W. 
From the exactness we see that 


rank(H,(M)) = rank(image h;,,) + rank(image f;), 
rank(H,(W) ® H{W)) = rank(image f,) + rank(image g;), 
rank(H,(o(W x I))) = rank(image g;) + rank(image h;). 


By multiple cancellations it follows that 
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> (— 1) rank(H,(M)) — ¥) (—1)'rank(H,(W) ® H(W)) 
+) (—1)rank(H,(@(W x 1)) = 0. 


Since 6(W x I) is an odd-dimensional, closed manifold, we have 
x(e(W x I)) = 0 by Corollary 6.37. Therefore 


x(M) = 2-)) (— Drank H,(W) = 2: 7(W). 0 


EXERCISE 15. Suppose M, and M; are topological manifolds. Then show that M, x 
M,j is a topological manifold with 


&(M, x M2) =(6M,) x M,U M, x (6M)). 


Note that as an immediate consequence of Theorem 6.38 we have many 
manifolds which are not boundaries of compact manifolds, for example, 
RP(2k) and CP(2k). 

A necessary condition for a closed manifold M to bound a compact 
oriented manifold is that the index of M be zero. In order to prove this we 
will need the following: 


6.39 Lemma. Suppose ® is a symmetric, nonsingular bilinear form on a vector 
space V of dimension 2n, and {x,,...,X,} is a linearly independent set in V such 
that ®(" a;x;, ¥, bjx;) = 0 for any coefficients a,,..., dy, by, .-., by. Then the 
signature of ® is zero. 


Proof. In the decomposition described previously, it is evident that t must be 
zero since ® is nonsingular. We must show that r=s =n. We will prove 
inductively that r > n; a similar argument establishes s > n, from which the 
conclusion follows. 

For n = 1, there exists an element y, in V with ®(x,, y,) 4 0. Then 


O(y, + axX,, yy + ax,) = O(y1, 1) + 2aM(X,, 1) 
so by choosing 


1 Ly) 
20(x, > yi ) 
we have ®(y, + ax,,y,; + ax,)=landr>1l=n. 
Now suppose the assertion is true for vector spaces of dimension 2(n — 1). 
Define a homomorphism 
@O:.V—>R" 


by O(z) = (P(x,,z),..., P(x,,z)). If O is not an epimorphism, then the dimen- 
sion of the kernel of © is >n+ 1. On the other hand, we may extend the 
linearly independent set to a basis {x,,...,X,,@,,---,@,} for V and define 


Oo’: V>R’ 
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by O'(z) = (®(a,, 2),..., P(w,, z)). The dimension of the kernel of ©’ is >n; 
hence 


ker Onker O' 4 0. 


But this cannot happen since ® is nonsingular, so © must be an epimor- 
phism. 

Let y, €97'(1,0,...,0). As before, there exists a real number a with 
@(y, + ax,,y, + ax,) = 1. Now define 


WV > R? 
by ‘P(z) = (®(x,,z),®(y,,2)) and note that Y is an epimorphism. If V’ is 
the kernel of ¥, then the restriction of ® to V’ is a nonsingular form and 
{x ,..-,X,} is a linearly independent set in V’ satisfying the hypothesis. Thus, 


by the inductive hypothesis there exist vectors q2,...,q, in V’ with ®(q;,q,) = 
6,;. The collection y, + ax,, q2,-.--,q, then shows that r > n. oO 


6.40 Theorem. If M is a compact oriented (4n + 1)-manifold with boundary, 
then the index of GM is zero. 


Proof. Denote by ® the symmetric nonsingular bilinear form on H?"(@M; R). 
We will show that the signature of ® is zero by proving that the image of 


j*: H?"(M;R) > H7"(0M;R) 


is a subspace of half the dimension of H2"(@M;R) on which ® is identically 
zero, where j: 0M — M is the inclusion. 

Let Zp € H4,41:(M,0M;R) be a fundamental class and take Azpeé 
H,,(CM;R) to be the fundamental class given by the image of zg under the 
connecting homomorphism. If j*(«) and j*(f) are two elements of H2"(0M; R) 
in the image of j*, then 


@( j*(%), F*(B)) = (F*(@) UI*(B), AZR> 
= Cj*(aU B), AzR> 
= (aU B, j,Aze? 
=0. 


So ® is identically zero on the image of j*. 
Consider the commutative diagram 


H?"(M;R) —— H?"(@M;R) 
=/D' =x |D 


Hoy+4(M,@M;R) —“—> H,,(2M;R) 


as in the proof of Theorem 6.25, where D and D’ are Poincare duality isomor- 
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phisms. Then since D(j*(x)) = A(D’(a)), it follows that the image of j* is 
isomorphic to the image of A. Thus, the dimension of the image of j* is the 
same as the dimension of the kernel of j,. 

On the other hand, since R is a field, the universal coefficient theorem gives 
a commutative diagram 


H?"(M;R) ———~ Hom(H,,(M;R),R) 


ri (ig) # 


H?"(@M;R) —~—> Hom(H,,(éM;R), R) 
in which the horizontal maps are isomorphisms. Then it is easily checked 
that the dimension of the image of j* is equal to the dimension of the image 
of j,. 
Putting these together we have 
2:dim im j* = dim ker j, + dim im j, 
= dim H,,(¢M;R) 
= dim H?"(éM;R). 


Thus, the image of j* is a subspace of H?"(@M;R) of half the dimension. It 
follows from Lemma 6.39 that the index of @M is zero. O 


Note that Theorems 6.38 and 6.40 give certain necessary conditions for 
closed manifolds to be boundaries of compact manifolds of one dimension 
higher. These conditions are more closely related than may be readily 
apparent. 


6.41 Proposition. [f M" is a closed oriented manifold, then 
t(M) = x(M) mod 2. 


Proof. This is clear if the dimension of M is odd since y(M) = 0 = 1(M). If 
dim M = 2 mod 4, then by Corollary 6.36 y(M) is even, hence congruent to 
t(M) mod 2. If the dimension of M is 4k, then y(M) = dim H?*(M; R) mod 2. 
On the other hand, t(M) = r — s, where r + s = dim H7*(M;R). Thus 


x(M) — t(M) = 2s = 0 mod 2. O 


From considering such examples as $2" or CP(n) it is apparent that the 
congruence in Proposition 6.41 cannot be replaced by equality. 

“Index” invariants of this type for manifolds are very important in alge- 
braic and differential topology. Of particular interest is their connection with 
analysis, which arises from the analytical interpretation of cohomology 
groups via the theory of Hodge and de Rham. Much significant progress has 
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been made in recent years in relating geometric invariants to such analytical 
invariants as the indices of differential operators. 

The results of Theorems 6.38 and 6.40 introduce us to another area of 
considerable current interest. Let M” be a closed, oriented manifold. M" 
is said to bound if there exists a compact, oriented manifold W"*! and an 
orientation-preserving homeomorphism of M" onto 0W"*!. Note that it is 
essential to require W"*! to be compact, as M” will always bound M" x 
[0, 1) if [0, 1) is properly oriented. 

Two closed, oriented n-manifolds M{ and M3 are oriented cobordant, 
Mj ~ M5, if the manifold given by the disjoint union M{ U — M3 bounds a 


compact (n + 1)-manifold W"*!, where — M3 is the manifold given by revers- 
ing the orientation on M3. The manifold W"*! is called a cobordism between 
Mj and M3. 


This defines an equivalence relation on the class of closed oriented n- 
manifolds. To see this, note that M" ~ M” because M"U — M" is homeo- 
morphic to the boundary of M" x [0,1] by an orientation-preserving 
homeomorphism. To establish transitivity we glue two cobordisms together 
(Figure 6.17). That is, if @W"*t! = M" U —M% and éVv"*t! = M3U —M3 
then by identifying W"*! and V"*! along the common copy of M3 we get 
a compact oriented manifold with boundary oriented homeomorphic to 
Miv —M3. 

Let [M"] be the equivalence class represented by M". Denote the set of 
equivalence classes by MS™?. We define an additive operation in RST? by 
setting [Mi] + [M3] =[M7U M$], the equivalence class of the disjoint 
union. This gives 98? the structure of an abelian group in which —[M"]= 
[—M"] and the additive identity is the equivalence class of those manifolds 
which bound. The graded group 


2) 
STOP _. STOP 
Ko = * RN? 


n=0 


may be given the structure of a commutative graded ring by defining [M{]- 


— 
<+_> 


O) 


<-> 
> 

+1 M” +] n 
M! oe : M," a "3 


Figure 6.17 
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[M7] = [M7 x M3], the unit being the class of a positively oriented point in 
STOP, NSTOP is the oriented topological cobordism ring. 

If in the previous discussion we omit all references to orientation, there 
result the unoriented topological cobordism groups MT°?. Denoting the 
unoriented equivalence class of the closed manifold M" by [M"],, it is appar- 
ent that 2-[M"], =0 since M"U M" bounds M” x [0,1]. Thus the un- 
oriented topological cobordism ring 91°? becomes a Z,-algebra. 

Define mappings ¥: RSTO? — Z and P,: NTP — Z, by ‘Y([M"]) = t(M"), 
the index of M", and ‘P,([M"],) = 7(M”") reduced mod 2. By Theorems 6.38 
and 6.40 these are well-defined functions of the respective cobordism classes. 
Furthermore, since both invariants are additive over disjoint unions and 
multiplicative over cartesian products, ‘¥ and ‘Y, are ring homomorphisms. 

A closed, oriented 0-manifold is a finite collection of points, each given a 
positive or negative orientation. It bounds if and only if the “algebraic” sum 
of the points is zero. Similarly an unoriented 0-manifold bounds if and only 
if it consists of an even number of points. Thus, ¥: MST? — Z and ¥,: 
MTOP _, Z, are both isomorphisms. 

Note that since any closed 1-manifold is homeomorphic to a finite disjoint 
union of circles, it follows immediately that RTO? = 0 = STOP, 


Exercise 16. From the classification of closed 2-manifolds, compute 93°? and 
STOP, 


It is evident that since each RP(2n) has Euler characteristic equal to one, 
,: NFO? — Z, is an epimorphism for each n. Similarly each CP(2n) has 
index +1 so that B: NST? — Z is an epimorphism for each n. 

The structure of these rings has remainded a mystery for some time. Re- 
cently the ring 9}°? has been determined in all dimensions #4 by Brumfiel 
et al. [1971], using results of Kirby and Siebenmann [1969]. As an excellent 
further reference in this area we recommend Stong [1968]. 


CHAPTER 7 
Fixed-Point Theory 


We are interested in studying the behavior of continuous functions on mani- 
folds with particular interest in detecting the presence or absence of fixed 
points or coincidences. This is a classical problem, so it may prove enlight- 
ening to take a brief look at some of its early development. 

During the 1880s, Poincaré studied vector distributions on surfaces. For 
an isolated singularity of such a distribution he assigned an index which was 
an integer (positive, negative, or zero). A vector distribution may be inter- 
preted as a map of the surface to itself by translating a point via the vector 
based at that point. Here the fixed points of the map are the singularities of 
the distribution. Thus, summing the indices of the isolated singularities was 
the first step toward “algebraically” counting the fixed points of a map. 
Poincaré proved that if the surface is orientable of genus p and the distribu- 
tion has only isolated singularities, then the sum of the indices is 2 — 2p. 

At the beginning of the twentieth century, Brouwer defined the degree of a 
mapping between n-manifolds. This allowed him to prove his fixed point 
theorem for mappings of D" as well as to extend from 2 to n dimensions the 
definition of the index given by Poincaré. One of his important results was: if 
f and g are homotopic mappings of an n-manifold to itself and both f and g 
have only a finite number of fixed points, then the sum of the indices of the 
fixed points is the same for both functions. Since every mapping can be 
deformed into one with only a finite number of fixed points, this produces a 
homotopy invariant for the “algebraic” number of fixed points. 

In 1923 Lefschetz published the first version of his fixed-point formula. Let 
M be aclosed manifold and f: M — M be a map. Then for each k there is the 
induced homomorphism on homology with rational coefficients 


Si: Hy(M; Q) > H,(M; Q). 
For each k we may choose a basis for the finite-dimensional, rational vector 


186 
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space H,(M;Q) and write f, as a matrix with respect to this basis. Denote by 
tr(f,) the trace of this matrix. If we define the Lefschetz number of f by 


Lf) = ¥ (=f 


then L(f) is independent of the choices involved and hence is a well-defined, 
rational-valued function of f. It is evident that L(f) depends only on the 
homotopy class of f. 

To see how this is connected with the earlier work of Brouwer, consider the 
case of a closed orientable manifold. Lefschetz proved the following: for each 
é > 0 there is an ¢-approximation g to f (here we are assuming a metric on 
the manifold) such that (i) g has only a finite number of fixed points, and (ii) 
for each fixed point x of g, g takes some neighborhood of x homeomorphi- 
cally onto some other neighborhood of x. If x,,..., x, are the fixed points of 
g, denote by a,,..., a,, the local degrees of g at these points in the sense of 
Brouwer. Then Lefschetz showed that 


L(g) = Z, a 
Now for ¢ small, f and g are homotopic; hence, f, = g, and we have 
L(f) = pa qj. 
This implies that L(f) is always an integer and leads to the celebrated 
Lefschetz fixed-point theorem: if L(f) 4 0, then f has a fixed point. 
The idea of the proof is as follows: in the product space M x M consider 


the diagonal A(M) (Figure 7.1). Denote by G(g) the graph of the function g. 
The points of A(M) m G(g) correspond to the fixed points of g. The previously 


Gg) A(M) 


MXM 


M 


Figure 7.1 
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stated process of approximating f by g corresponds to making slight changes 
in G(f) in order to put it into “general position” with respect to A(M). Here 
we see that the a; have the proper interpretation, determined by that particu- 
lar intersection of the graph with the diagonal. Considering A(M) and G(g) 
as n-dimensional chains in M x M, Lefschetz computed their intersection 
nunber and showed it to be the trace formula. 

As a special case we may take f to be the identity map. Then L(f) = 7(M), 
the Euler characteristic of M. If M is a connected, differentiable manifold 
which admits a nonzero vector field, we may interpret this as before as a map 
homotopic to the identity but having no fixed points. Thus, L(/) = 0 and this 
implies y(M) = 0. The classical theorem of Hopf is the converse of this, that 
is, that if y(M) = 0 then M admits a nonzero vector field. 

Generalizing the previous, if f and g: M, - M, are maps between closed 
oriented n-manifolds, a coincidence of f and g is a point x € M, such that 
f(x) = g(x). Geometrically, if G(f) and G(g) are the graphs of the respec- 
tive functions in M, x M,, their points of intersection correspond to the 
coincidences. 

From the diagram 

H,(M,;Q) —*> H,(M2;Q) 


= lu =|yv 


H"-4(M,;Q) —2— H"-4(M,;Q) 


where the vertical homomorphisms are Poincaré duality isomorphisms, we 
define 


O,: H,(M,; Q) > H,(M,; Q) 


to be O, = ug*v ‘f,. Then the coincidence number of f and g is given by 


L(f.g) = ¥ (—1*tr(@,). 
a= 
As before, L(f,g) is the intersection number of G(f) and G(g), so if L(f,g) # 
0, f and g have a coincidence. Note that if M, = M, and g is the identity, 
then L(f,g) = L(f). 

In this chapter we will prove these major results in the framework of the 
previous chapters. We will do this by first defining the coincidence index and 
the fixed-point index and establishing their basic properties. By introducing 
certain characteristic cohomology classes we establish the link between these 
indices and the corresponding coincidence numbers and Lefschetz numbers. 
In the process we encounter the Euler class and show that when evaluated on 
the fundamental class it yields the Euler characteristic. The principal tools 
used are the Poincaré duality theorem and the Thom isomorphism theorem. 
We close with some applications and observations. 

It should be pointed out the spaces we consider, closed, oriented mani- 
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folds, could be made much more general. Similar techniques may be applied 
in the nonorientable case by using twisted coefficients. Many of the theorems 
are valid for such spaces as euclidean neighborhood retracts [Dold, 1965]. 
We impose these restrictions both for the purpose of continuity with the 
previous material and so that the reader may easily grasp the fundamental 
ideas involved. Many of the techniques of this chapter have been evolved 
from the excellent papers of Dold [1965] and Samelson [1965]. 

Let M, and M, be closed, connected, oriented n-manifolds with fundamen- 
tal classes z; ¢ H,(M,), and corresponding Thom classes 


U, € H"(M; x M,,M; x M, — A(M,)), i= 1,2. 
Suppose W is an open set in M, and 
f, g: wo M, 


are maps for which the coincidence set C = {x € W| f(x) = g(x)} is a compact 
subset of W. 

By the normality of M, there exists an open set V in M, with CCVc 
V < W. Define the coincidence index of the pair (f,g) on W to be the integer 
If’, given by the image of the fundamental class z, under the composition 


H,(M,) > H,(M,,M, — V) "5 H,(W, W — V) 
0+, HM, x M>,M, x M, — A(M,)) © Z. 


Here the map (f, g): W + M, x M,j is given by (f,g)(x) = (/(x), g(x)), and the 
identification 


H,(M, x M,,M, x M, ze A(M;)) ~ Z 


is given by sending a class « into the integer (U,,a>. That this is an iso- 
morphism follows from the fact in Equation (6.19) that for pe M,, 
CU, [ps(S(p))> = I. 

It must first be shown that this definition is independent of the choice of 
the open set V. Suppose V’ is another open set with C ¢ V’ ¢ V’ < W. Then 
consider the following diagram: 

H,(M,,M, Fa V) 


H,(W, W ~ V) 


| 


H,(M,) > H,(M,,M,-(V0V')) > H,(W,W—(VOV’')) > H,(Mz). 


H,(M,,M, — V’) ———> H,(W,W — V’) 


Here, as in Chapter 6, M3 denotes the pair (M, x M,,M, x M, — A(M,)). 
Since each triangle and rectangle commutes, the images of z, across the top 
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and across the bottom must be the same. This shows that i, is independent 
of the choice of V. 


Exercise 1. Let W’ be another open set in M, and f’ and g’: W’ > M, be maps such 
that f = f’ and g = g’ on WOW’ and 
C= {xe W'|f'(x) = 9'(x)} 
is equal to C. Then show that 
Thy a If. 

This exercise tells us that the coincidence index is completely determined 
by the behavior of the functions around the coincidence set. In this sense it 
may be viewed as a local invariant. It is of particular interest then to see 
how the later results will amalgamate these local invariants into a global 
invariant. 

Now suppose W = W, UW, U--:U W, is a disjoint union of open sets and 
denote by C, the compact set C n W, and by f; and g; the restrictions of f and 
g to W.. 


7.1. Lemma. 
k 
I, = pe Th 
That is, the coincidence index is additive. 
Proof. For each i choose an open set V; such that C; ¢ V, ¢ V, S W, and set 


V = UL, V,. Then the result follows from the commutativity of the following 
diagram: 


= | (S59) 
H,(M,) > H,(M,,M, — V)> AU Wi, (We — Yi) > (M3). 


a LOS is Gide 
k 

YH, (W;, W; — Vi) 

=1 


More generally, for any W let C= C, U-:- UC, be a decomposition of C 
into disjoint compact sets. Then by repeatedly using the normality of M, we 
can find a disjoint collect of open subsets of W, denoted W,, ..., W,, such that 
C, S W, for each i. Setting W’ = |_|) W, we can apply Lemma 7.1 and Exercise 
1 to conclude that 


k 
w_ Ww; 
Ing =: Dy are 
i= 
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7.2 Lemma. If C = @, then If”, = 0. 


Proof. Suppose f and g have no coincidence points in the open set W. Then 
for any V, the map 


(f,9): (W, W — V) (M2 x Mz, M, x M, — A(M,)) 


can be factored through the pair (M, x M, — A(M,),M, x M, — A(M,)) so 
that the induced homomorphism (/f, g), must be zero. O 


7.3 Corollary. If If’, 4 0, then f and g have a coincidence in W. Oo 


7.4 Lemma. Suppose f, and g,;W—M,,0<t <1, are homotopies and de- 
note by 


C, = {x € WI FC) = g,(x)} 
forO0<t<1.If D=\),C, is a compact subset of W, then 


[l¥ 


— jw 
S090 Tray 


Proof. Let V be an open set with D © VC V c W. Then the maps 
(ft. 91): (W,W — V)+(M, x M2,M, x M, — A(M2)) 
for 0 <t < 1 give a homotopy of maps of pairs; hence 


(fo»Go)x = (fis 91) x and Il 60 = TT ass O 


ExercIsE 2. Suppose M; and My, are closed, oriented m-manifolds and f’ and g’: 
W' = M; are maps, where W’ is open in Mj. If 


C={yew f(y) = 9'(y)} 
p¥x Ww’ 


is a compact subset of W’, show that the coincidence index I/',’,-",,g: is defined and is 
equal to (174) °(Ij'.q'). 


As a Special case of this construction we may take M, = M, (denoted by 
M) and g = identity on the open set W. Here a coincidence of f and g is 
merely a fixed point of f. For this reason the coincidence index I/*\4 is denoted 
If and called the fixed-point index of f on W. For convenience we restate the 
previous results in terms of the fixed-point index. 


7.5 Lemma. If f': W' > M is a map from an open set W' in M such that 
f=f' on WOAW' and the fixed-point sets of f and f’ are the same compact 
subset of WW’, then If = If. Oo 


7.6 Lemma. [If W = W, U W,U---U W, is a disjoint union of open subsets of 
M, then 


k 
= ae Oo 
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7.7 Lemma. If I” 4 0, then f has a fixed point in W. Oo 


7.8 Lemma. [f f: W— M is a homotopy for which the set 
D= {xe W\f(x) =x forsome0 <t< 1} 
is compact, then If? = If. O 
For most of the cases we will consider, the open set W will be the entire 


manifold M,.In this case we may choose the open set V to be M, so that the 
coincidence index becomes the image of the class z, under the homomorphism 


(f,9) 4: Hn(M,) > H,(M2) © Z. 
When this occurs, the coincidence index is denoted by J, , and the fixed-point 
index by I,. 
EXAMPLE. Suppose M, and M, are closed, connected, oriented n-manifolds, 
pé M,, f(M,) = p, and g has the property that 
I: H,(M,) =? H,(M)) 


is given by g,(Z,) = m:z,. We want to determine the coincidence index I, ,. 
To do this consider the following diagram: 


H,(M,) (9% Mx) 
O19)» — 
ae H,(p x en <Ne | 
H,(M) a > H,(M,M, — p) 


The definition of f allows us to factor (f, g),, through the upper rectangle. The 
commutativity of the other portions follows by using the natural identifica- 
tions. Thus 


Ip = (U2, (f,9)4(21)> = (Ug, lyxip+Gy(Z1)> = CU, L,«ip+(m22)> 
=m CU), 1 *ip+(Z2)> =m ¢U2,1,+(s(p))> =m. 
In particular, if M, = M> and g is the identity, then J, = 1. 
As another example, suppose M, = M, = M and f: W > M has a single 
fixed point p € W. We want to give another interpretation of I/” for this case. 


First, working in euclidean space, let D” denote the closed unit disk in R”. 
Define a map 


F: D’ x D® > D" 
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A(R") 


D” XD” 


‘0; XR" 


Figure 7.2 


by F(x, y) = 3(y — x). This may be viewed geometrically in R” x R" as first 
taking the element of {0} x IR" which is equivalent to (x, y) modulo the linear 
subspace A(R") and then multiplying by 3 (Figure 7.2). 

Note that this map induces a homotopy equivalence of pairs 

F:(D" x D",D" x D" — A(D")) > (D", D” — 0). 

To see this define j: D"—>D" x D" by j(w) =(0,w). The homotopy 
h,: D" > D" given by h,(w) = w/(1 + t) has ho(w) = w, h,(w) = F o j(w), and 
h,(D" — 0) < D"-Ofor0 <t <1. 

On the other hand, define 


1-t —t 
g,: D" x D" > D" x D" by aos») (' sed *) 


(l+t)’14t 
It is easily checked that both coordinates lie in D". Then 
JolX%¥) =(%y), GY) = 0, 2(y — X)) = Jo F(x y) 
and 
g,(D" x D" — A(D")) S D" x D" — A(D") for O<t<1. 


Thus, j is a homotopy inverse for F. 

Let Y be a closed, proper n-disk in M containing p such that the homeo- 
morphism h: Y + D" takes p into the origin. There exists an open, proper 
n-disk V in M such that pe V, VS Wo Yand f(V) © Y. Denote by k: V> D" 
the homeomorphism and note that k restricts to a homeomorphism of the 
boundaries k: GV — S"~!, We may assume that D" is oriented and both k and 
h preserve orientations. 

Define a map ¢: S""' — S""' by taking the following composition: 

hxh 


sot ap23 yx y-aqy—S px Db - Ap) 4" - 048", 


where the last map is given by projecting radially from the origin. 
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7.9 Proposition. The degree of ¢ is I/’. 


Proof. As we have observed, the chosen generator for H,_,(S"~') is given by 
the image of the fundamental class z of M under the composition 


H,(M) > H,(M,M — V) = H,(V,0V) > H,_,(@V) 3 H,_,(S"™). 


Note that in computing the fixed-point index of f on W we may choose the 
open proper n-disk V. Consider the following commutative diagram: 


H,(M) > H,(M,M — V) >> H,(W,W — V) 222s H,(M*) = Z 


= /incl, x | 


H,(V,0V) "25 HY x Y,¥ x Y — A(Y)) 


- xh), 


H,(D" x D", D" x D" — A(D")) 


H,_1(S"7') => H, (00) "5 H,_(D" — 0) > H,-1(8") 

Note that since the chosen generator of H,(M”), |,«(s(p)), arises from the 
orientation of the “vertical space” at (p,p)¢A(M) and the equivalence F 
collapses onto this vertical space, the vertical composition on the right takes 
1,«(s(p)) into the chosen generator for H,-,(S"~'). Now all of the vertical 
homomorphisms are isomorphisms, so if the composition across the top 
takes z into m-1,.(s(p)), then ¢ must have degree m. O 


Note: As pointed out in the introduction, this is an important step: iden- 
tifying the local degree of f at an isolated fixed point (degree of ¢) with the 
local fixed-point index. 


Having established these basic properties of the local index, we turn our 
attention to the corresponding global invariants. As before, we assume that 
M, and M, are closed connected oriented topological n-manifolds with fun- 
damental classes z,; and z,, respectively, and that f and g: M, > M, are 
maps. 

Using the coefficient homomorphism Z -> Q, we denote by 2, and 2, the 
images of z, and 2, in rational homology. That is 


2, = &,(2,) € H,(M,; Q) and 2, = &,(Z2) € H,(M2; Q). 
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Consider the following diagram of groups and homomorphisms: 
Ss 
H,(M,;Q) ——~— H,(M,;Q) 


=| D, =|Dy, 


H"-4{M,;Q) —“— H"-4(M,;Q) 


where D, and D, are the Poincaré duality isomorphisms corresponding to Z, 
and Z,, respectively. For each q define 


O,: H(M,; Q)— H,(M,;Q) 


by ©, = D, og* o Dy’ o f,. Then the Lefschetz number or coincidence number 
of the pair (f,g) is defined to be the rational number 


L(f,9) = ¥ (-1)'tr®,, 
q 


where tr ©, means the usual trace of ©, as a linear transformation from the 
finite-dimensional rational vector space H,(M,; Q) to itself. 
There is an alternate definition which will prove to be useful. For each gq let 


@,—¢: H"~#(M,; Q) + H"-4(M,;Q) 
by given by 
©,-, = Dz! 0 fy oD, 0g. 
Then we define 


L(f.9) = = (— 1) tr ,. 


The relationship between these two definitions is given in the following 
exercises. 
EXERCISE 3. Show that tr©@, = tr ©,-4: Hence, conclude that 
L(f,g) =(— I'L f,9). 
EXERCISE 4. Show that L( f,g) = (—1)"L(g, f). 


Recall that we have chosen a Thom class 
U,€ H"(M, x M,,M, x M, — A(M))) 
corresponding to the fundamental class z, in the manner of Chapter 6. From 
the composition 
M,-5 M, x M, 224 M, x M,->(M, x M,M) x M, — A(M)) 
we define the Lefschetz class or coincidence class of (f,g) to be 


Erg = a* o(f x g)* oi*(U,) € H"(M,). 
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Here d denotes the diagonal map. Note that the composition (f x g)od is 
the map we have previously written as (f,g). Let Erg be the image of &,,, in 
rational cohomology under the coefficient homomorphism. 

We now want to establish a relationship between the Lefschetz number 
and the Lefschetz class of (f, g). To do so we will first establish two lemmas. 

Select a homogeneous basis {x;} for H*(M,;Q) and denote by {a;} the 
basis for H,(M,:Q) dual to {x;} under the Kronecker index. Define another 
basis {x;} for H*(M,;Q) by requiring that D,(x;) =a, and let {a/} be the 
basis for H,(M,; Q) dual to {x;} via the Kronecker index. 

Using the duality isomorphism D, we may define similarly related bases 
{y,} and {y;} for H*(M,;Q) and {b,} and {b;} for H,(M,; Q). 

Suppose now that 


S*(x) = > Bi and = g*(x;) = > vik" k 
for some rational coefficients 2, and y,. 
7.10 Lemma. 9’; f, ° Dy ° g*(xj) x a7 = Vi(f x g)y(B; X 5/). 
Proof. Expanding g,(b;) in terms of the basis {a;,} we have 
94(Bj) = » Aaj 


for some rational coefficients 4,;. Then note that 
wy = (F Tinie by) = (g*(x;),bj) 


= (Xj,9,4(bj)> = (x ith) = dy. 


Thus, g,(b)) = 3°; 74;, Or, in other words, the coefficient of y, in g*(x;) is the 
same as the coefficient of a; in g,.(bj). 
Using the same approach, we can show that 


F,.(5;) = 2 But a. 


To prove the lemma, we first expand f, o D, o g*(x;) in terms of the basis 
{a;} and note that the coefficient of a; is given by 


(Xj fy 2 Dy 2 g*(xi)> = CF *(%)), Dy 2 g*(1)> 
= (F Ba Yi D, ( a) 
a (F Bu Yo) tubs) 
= ‘- Bj Yir- 
k 
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Thus 


D fe 0 Dy ° 9*(xi) yx a= F(E(F be iu)as) » qj 


= my (Bye Vix) (4; x aj). 
On the other hand, 
(Fx ald: x Bi) = ¥ feb) x 94 (b!) 


= x (x Bi a) x (5 rat) 
= ps (Bri Yui) (@y X ax) 


and the conclusion follows. CL] 


7.11 Lemma. If d: M, ~ M, x M, is the diagonal and 2, € H,(M,;Q) is the 
fundamental class, then 


d,(2;) — >. (- [jie sneien en Dd; x by. 


Proof. This follows from the equations 
(— 1) cimPstcim dd. “yx yi, dy(2,)> 
= (= 1s tiny Vin 21> 
= (Yj UV Vi 21) 
= (Veo Vj 21) 
= (Vk bj> 
= &,;- O 


7.12 Theorem. The Lefschetz class &y, and the Lefschetz number L( f, g) of the 
pair (f, g) are related by the equation 


(bp 5s 21> = L(f, g). 


Proof. Since the {x;} and {a;} are dual bases under the Kronecker index, we 
may compute the Lefschetz number by 


L(f,9) = ¥(- ly tr, 
= ¥ (- 1%" *0(x)), a> 


= » (- Hem*Ds" ote oD, ° g* (x), a;>. 
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By Equation (6.21) and the fact that n — dim x; = dim x,, this is 


L(f,g) = > (= 1yrsim 24m). Ci*(T), f, 0 Dy ° g* (xi) x ai) 


and by Lemma 7.10. 
Uf.g) = > (— yim basin’. @7*(T7,), (fF x gha(®; x bi))- 


[The sign change, while bothersome, works out nicely, since 
dim f,(b;) = dim },, dim g,(b;) = dim b; 


and the sum of the two dimensions in each case is always n.] 
By Lemma 7.11 


L(f,9) = (— "i*(O2),F X Dydy(21)> 
= (—1)d*(f x g)*i*(U2),2,> 


aed (— 1)"<8 gs 2, ». 
Therefore, L(f) = <6p9521)- O 


This relationship enables us to prove the following very important 
theorem: 


7.13 Lefschetz Coincidence Theorem. The coincidence index of the pair (f,g) 
on M, is equal to the Lefschetz number of (f, g); that is 


Tyg = Li(f,g). 


Proof. Recall that the coincidence index is the integer given by 
Tpg = in OF X Due? dy (21) © H,(M2) & Z, 


where the isomorphism is given by sending a class 2 into the integer (U2, «>. 


Thus 
Ih g = CU, i, (f x 9) 44(21)> 
= Cd*(f x g)*i*(U3),21> 
= (65.9 21> 


and the image of this in the rationals is just 


(621) = Lf.9) 
by Theorem 7.12. | 


Note first that this may be viewed as an “integrality” theorem. That is, the 
Lefschetz number L(f, g) is, by definition, a rational number in general. How- 
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ever, its identification with the coincidence index guarantees that it will be an 
integer. 


7.14 Corollary. If f, g: M, - M, are maps between closed oriented manifolds 
for which L(f,g) # 0, then f and g have a coincidence. 


Proof. This follows immediately from the fact that 


Thy = L(f,g) # 0 
and applying Corollary 7.3. OJ 
This is a convenient result, since in many cases the Lefschetz number is 
easier to compute than the coincidence index. Before proceeding with some 
applications, we examine a few special cases of the coincidence theorem. 
First suppose M, = M, = M and g is the identity map. As before the 


coincidence index J, ;4 is written I, and called the fixed-point index. Similarly 
the Lefschetz number L(f, id) is written L(f). For each k define 


®, = f,: Hi(M; Q) > H,(M; Q). 


7.15 Lemma. 
¥ (- Ik tr®, = Lf). 


k 


Proof. Recall that 
L(f) = L(f,id) = ¥ (- 1 tr ©, 


k 
where 
0, = Doid*oD' of, = f,. 
Thus, ®, = ©, for each k, and the result follows. oO 
The Lefschetz class &, jg is written &, and, as before, its image in rational 


cohomology will be denoted by &,. With these definitions we have the follow- 
ing immediate consequences of the previous results. 


7.16 Lefschetz Fixed-Point Theorem. If f: M— M is a map of a closed, 
oriented n-manifold to itself, then I, = L(f). Thus, if L(f) 40, then f has a 
fixed point. 
Proof. As in Theorem 7.13 we have 

I, = 65,2) = Lf). 


Then the second conclusion follows from Lemma 7.7. O 
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In a further simplification we may take g and f both to be the identity on 
M. In this case the Lefschetz class is denoted by & and called the Euler class 
of the oriented topological manifold M. The reason for this name is readily 
apparent since the Lefschetz number of the identity map is the Euler charac- 
teristic, that is 

L(identity) = ¥ (— 1) tr(id,) 


k 


= Y (—1)' dim H*(M;Q) 
k 


= x(M). 


Thus, as a special case of the coincidence theorem (Theorem 7.13) we have 
established the following: 


7.17 Corollary. The value of the Euler class of M on the fundamental class of 
M is equal to the Euler-Poincaré characteristic of M. That is 


<6y,2> = 4(M). O 
Note that the definition of the Lefschetz number L(f, g) is dependent only 


on the homotopy classes of the maps f and g. Thus, we can observe the 
following corollaries: 


7.18 Corollary. If L(f,g) #0, g' is homotopic to g and f' is homotopic to f, 
then g' and f' have a coincidence. O 


7.19 Corollary. If f: M—> M has L(f) #0, then any map homotopic to f 
has a fixed point. O 


7.20 Corollary. If 4(M) 4 0, then any map f: M — M homotopic to the iden- 
tity must have a fixed point. LJ 


We now proceed with a number of applications of these theorems. First we 
give several fixed-point theorems due to Brouwer analogous to his theorem 
for the n-disk (Corollary 1.18), although slightly less well known. 


7.21 Corollary. If f:S"— S" is a map of degree m#(—1)"*', then f has a 
fixed point. 


Proof. If f has degree m, then the trace of f,: H,(S"; Q) > H,(S"; Q) must also 
be m. Since the trace of f,: Hp(S"; Q) > Ho(S"; Q) is 1, we have 


Lif) = (-lu 


=14(-1)"m. 
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Now since m 4 (—1)"*’ we have that L(f) #0 and f must have a fixed 
point by Theorem 7.16. O 


Note that the antipodal map A: S” + S" does not have fixed points, but, as 
we saw in Corollary 1.22, the degree of A on S” is (—1)"*?. 


7.22 Corollary. [f f: RP(2n + 1)— RP(2n + 1) is a map such that f,: 
H,,4,(RP(2n + 1); Q) > H,,,,(RP(2n + 1);Q) is multiplication by m¥ 1, 
then f has a fixed point. 


Proof. Note from the universal coefficient theorem that the rational homol- 
ogy groups of RP(2n + 1) are given by 


ee 
H,(RP(2n + 1);@) = 5 LOB pepe 


0 otherwise. 
Thus 
L(f) = » (= 1itr sf” 
=14(-1)?"*!m 
=l-m. 
So ifm 4 1, L(f) 4 0 and f has a fixed point. | 


To see that the restriction in the theorem is necessary, consider the follow- 
ing function on RP(2n + 1). First write $?"*! in complex coordinates as 
St Sh (Ziscee hee” 1D gr = 1}, Let 


g: gent > §2ntl 


be given by 9(2,,...,2,41:) = (i 21,..-,4° 2,41), Where i= ./—1. Note that 
g 0g is the antipodal map A and go A = A o g. Thus, there is associated with 
g amap g: RP(2n + 1) > RP(2n + 1) for which g? = identity. 

If g has a fixed point, then there must be a nonzero z, = a + b-isuch that 
either i: 2, = Z, or i: 2, = —2,. But neither of these can happen, hence, g does 
not have a fixed point. 

Note that RP(2n + 1) is a closed orientable manifold having the same 
rational homology groups as a sphere of the corresponding dimension. Such 
manifolds arc called rational homology spheres. \t is evident that corollaries 
of the type of Corollaries 7.21 and 7.22 will hold for any rational homology 
spheres. 


7.23 Corollary. If f: CP(n) + CP(n) is a map for which either 


(1) n is even, or 
(2) f*: H?(CP(n)) > H?(CP(n)) 


is multiplication by m 4 (—1), then f has a fixed point. 
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Proof. Recall that 
H*(CP(n);Q) = O[t}/t"*', 


where t € H?(CP(n); Q) is the image of an integral generator under the coeffi- 
cient homomorphism. Thus, the trace of 


f*: H?*(CP(n); Q) > H2*(CP(n); Q) 
is m* for 0 < k <n. This implies that the trace of 
SP: Hy(CP(n); Q) > H,(CP(n); Q) 
is also m* for 0 <k <n. So we have 
L(f) = at irh” 


n 


=l+m+ms4-4m 


1 oe n+1 
ee” a Caneel 
— l-—m 
n+1 if m=1. 
Note that if n + 1 is odd, this number must be nonzero. On the other hand, 
ifn +1 is even, it can only be zero when m= —1. Therefore, under the 
hypotheses of the corollary, L(f) #4 0 and f has a fixed point. | 


Note that for n = 1, the antipodal map on CP(1) = S? has no fixed points. 
Here, of course, m= — 1. 


EXeRCIsE 5. For a general odd integer n, define a map f: CP(n) > CP(n) that does not 
have fixed points. 


In the same manner we may establish the following. 


7.24 Corollary. If f: HP(n) > HP(n) is a map for which either 


(1) n is even, or 
(2) f*: H*(HP(n)) > H*(HP(n)) is multiplication by m 4 —1, 


then f has a fixed point. O 


Let us now investigate the situation for maps of the torus 
T= S30 SP xo 
n-fold 
In this case it is necessary to change coefficients to an algebraically closed 


field, so let i: @-+ C denote the inclusion of the rationals in the complex 
numbers. Using the coefficient homomorphism on homology and cohomol- 
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ogy, the previous theorems could easily be established using complex 
coefficients. 

Recall that H*(T";C) = E(C;x,,...,x,), the exterior algebra over C on n 
generators, all of dimension 1. Thus, f*: H'(T";C) > H'(T";C) is a linear 
transformation on an n-dimensional complex vector space. Since C is alge- 
braically closed, there exists a basis {y,,...,y,} for H'(T";C) with respect to 
which the matrix A = (a,,) of f* is upper triangular. This basis retains the 
property that 


H*(T";,C) x E(C; yy,.--5Yn)- 
In H,(T";C) denote by z,,..., Zz, the dual basis. Then 
(Veo Sg (2i)> = <f* (vu) 21> 


= (F Ai Vj, x) 
j 


= ay;. 


Thus, f,(2;) = )), 4,i2,, and the trace of f{ is given by ¥),a,;. 
Denote by 2;  z; the element of H,(T";C) dual to the product y; A y,. 
Then {z; A z){i < j} is a basis for H,(T";C) and 
Kyi A Vir Sg (Zi A z;)> = <f*(yi A Vj) 2, A zj> 
= (f*(yi) A S*(y;), 2; A 2) 


-((G)-(Ga) 03 


= AyAjy — Ajj = Ay. 


The last equality follows from the fact that i < j; hence, a, = 0. Thus, the 
trace of f{?) is given by 


2%, ayia, Un 
Similarly we find that for | < k <n the trace of f, is given by 


» ; Wii Gini, 


ip<-': <i, 
This implies that the Lefschetz number of f has the form 
ae ae Oy net (= 1)"Qy 192° Any 


= (1 _ a,,)(1 az2)°°"(1 aa Gn) 
= det(I — A). 


Therefore, we have established the following result. 
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7.25 Corollary. [f f: T" > T” is a map for which f*: H'(T") + H'(T") does 
not have +1 as an eigenvalue, then f has a fixed point. O 


It is evident that many maps of the torus exist without fixed points. For 
example if f,: T""' + T"~’ is any map and f,: S' +S! is a nontrivial rota- 
tion, then f, x f: T” > T” has no fixed points. 


EXERCISE 6. Let f and g: S” + S" be maps of degree m and k, respectively. Determine 
L(f,g). 


EXERCISE 7. (a) Let f, g: S?" + CP(n) be maps, n > 1. Show that I, = 0. 
(b) Do there exist maps f, g: CP(n) > S*" such that I,,, = m for any integer m? 


ExERCIsE 8. Suppose that M is a closed, connected, oriented n-manifold with funda- 
mental class z € H,(M). If f: M > M is a map for which f,(z) = k-z for some integer 
k, then show that 

L(f, f) = k-x(M). 


The coincidence theorem gives an indirect, but appealing approach to the 
following basic result. 


7.26 Fundamental Theorem of Algebra, If f(z) = 2" + a,-;2""' +:++ +.a,2z + 
do is a nonconstant, complex polynomial, then f(z) has a root. 


Proof. Denoting by C the complex numbers, we view f as a map from C to 
C. Note that | f(z)| — 00 as |z| — 00; hence, we may extend f to a map of the 
one-point compactification 

t: S? + S? 


by setting f(0c) = 00, where 00 denotes the north pole. 

Similarly the map g: C >C given by g(z) = 0 may be extended to S? by 
setting g(oc) = 0, 0 being identified with the south pole. Then a coincidence 
of f and g will be a root of the polynomial f(z). 

This situation corresponds to that of the example following Lemma 7.8, so 
that the coincidence number L(f, g) = k, where 


Se H,(S*) + H,(S?) 


is multiplication by k. 

Certainly, if there is any justice, the degree of f should be n. To prove this, 
define the contracting homeomorphism r: C + D? — S! by r(z) = z/(1 + |2/). 
Note that r7!(w) = w/(1 — |w|). There is a uniquely defined map f making the 
following diagram commute: 
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We want to extend f to a map from D? to D?. So let wo € S! and let w 
approach wy through values in the interior of D?: 


fiw) = r( f(r) 


-*(1(=m)) 


__ fw —|wl)) 
T+ [fow/t — Twi) 
w" + ay, Ww" (1 — [wl) +27 + ao(1 — lw)" 
(1 — jw) + fw" + aw" = [wl) +o + ao(d — [wl)"| 


so that 
: i Wo 2 
lim I(w) = — = wo. 
wWo |wo| 
Jw) <1 


This implies that we may extend f to be defined on all of D? by setting 
f(wo) = wa. Note that the mapping r~! may be extended to a map h: D? — S? 
by taking each point of S' into oo. Then from the diagram 


H,(S?, 00) —“2+ H,(S?, 0) 


H,(S') —t+  H,(S*) 
and the fact that on S', f(e!®) = e'"®, we conclude that the degree of f must be 
Nn. 
Therefore, L( f, g) =n and f must have a root. O 


EXERCISE 9. In the above setting, suppose that zg is a root of f of multiplicity k. Show 
that there exists an open set U about Zo such that the local coincidence index I, is k. 


The proof of Theorem 7.26 and, particularly, the accompanying exercise 
demonstrate that coincidence theory is a natural way to study problems of 
this type. 

As another application of Theorem 7.16 we can prove the Poincaré—-Hopf 
theorem on the sum of the indices of a vector field. For this purpose we must 
assume that our closed oriented manifold M” is differentiable. 

Let v be a smooth vector field on M" such that the singularities (zeros) of v 
are isolated points of M”. As observed before, we may associate with v a map 
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Figure 7.3 


Figure 7.4 


f: M > M, homotopic to the identity, having as its fixed-point set the singu- 
larities of v. If x is an isolated singularity of v, one defines the index of v at x, 
i,, as follows, Select a coordinate neighborhood U of x, homeomorphic to an 
open n-disk, which contains no other singularities of v. Within U choose an 
(n — 1)-sphere about x. At each point of this sphere the associated vector of v 
must be nonzero. Transferring this into R” and normalizing the vectors de- 
fines a map from S""! to S"~!. The degree of this map is i,. 

For example, on a two-dimension manifold a singularity of index —1 is 
shown in Figure 7.3, while the index in Figure 7.4 is + 2. An excellent refer- 
ence in this area is Milnor [1965]. 

It is intuitively clear that the index i, is equal to the local degree of f at the 
fixed point x as defined prior to Proposition 7.9. We may use this fact to 
establish the following classical theorem. 


7.27 Poincaré—Hopf Theorem. If v is a smooth vector field with isolated singu- 
larities on the closed oriented differentiable manifold M", then the sum of the 
indices of v is the Euler characteristic of M; that is 


Yi, = x(M). 


x 
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Proof. From the observations above, the sum of the local indices of v is the 
same as the sum of the local degrees of f at its isolated fixed points. By 
Proposition 7.9 this is the sum of the local fixed-point indices of f. The 
additivity of the fixed-point index (Lemma 7.6), together with Theorem 7.16, 
implies that this sum is L(f). But since f is homotopic to the identity, L(f) = 
Z(M). a 


Note: The theorem of Poincaré mentioned in the introduction to this chap- 
ter is a special case of Theorem 7.27. Specifically, a closed surface of genus p 
has Euler characteristic equal to 2 — 2p; hence, this must also be the index 
sum. 


Having strayed this far afield, we may consider one more connection with 
differential topology and geometry. On a smooth manifold M we may define 
a cochain complex using the differential forms of M and the exterior deriva- 
tive. The homology groups of the complex are the de Rham cohomology 
groups of M, denoted H*(M,d). There is a natural transformation into 
cohomology with real coefficients 


®: H*(M, d) > H*(M;R) 


that may be described as follows. Suppose that M has been smoothly trian- 
gulated and w is a smooth k-form on M. Then ® associates with w the 
function from the k-simplices of M into R, whose value on a given simplex is 
the integral of m over that simplex. 

The famous de Rham theorem states that ® is an isomorphism under which 
the exterior product in H*(M,d) corresponds to the cup product in 
H*(M;R). For a highly readable account of this, see Singer and Thorpe 
[1967]. 

Let M be a closed, connected, oriented, smooth 2-manifold endowed with 
a Riemannian metric, Then the volume element vol is a smooth 2-form on M 
and the curvature K is a smooth function associated with the Riemannian 
connection on M. The classical Gauss— Bonnet theorem then states that if the 
2-form K-vol is integrated over the manifold M, the result is 27-7(M). In 
other words, 


1 
5 {, K-vol = x(M). 

The connection between these results and the previous is that integrating a 
2-form over the manifold M corresponds under ® with taking the Kronecker 
index with the fundamental class. It follows by Corollary 7.17 that the 
cohomology class represented by the 2-form (1/27) K - vol is assigned by ® to 
the Euler class &, of M. 

As a final application let M be a closed, oriented n-manifold. A flow on M 
is a one-parameter group of homeomorphisms of M. Specifically, a flow is a 
function 
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@:RxM—>M 
which is continuous and satisfies 


(i) P(t, + t2,X) = P(t, P(t2, x)), 
(ii) @(0, x) = x 


for all t,,t, ¢ Rand x eM. 

Note that for each teR this defines a homeomorphism ¢,: M — M by 
$(x) = O(t, x) because ¢7' = ¢_,. A point x9 € M is a fixed point of the flow 
if ¢,(Xo) = Xo for all t € R. Flows arise naturally on closed differentiable mani- 
folds as the parameterized curves of a given vector field. 


7.28 Theorem. If M is a closed oriented manifold such that y(M) # 0, then any 
flow on M has a fixed point. 


Proof. For any tg € R the homeomorphism 


¢,,: M>M 


is homotopic (actually isotopic) to the identity. So L(g,,) = L(identity) = 
x(M) # 0, and ¢,, has a fixed point. 

Now for each positive integer n denote by F, the fixed-point set of Qj). It 
follows from the additivity of the parameter that F, will be fixed by ¢,,.. for 
any integer m. F,, is also compact since it is the inverse image of A(M) under 
the composition 

MSM xM 224 M x M. 

For each positive integer n we have F,,, & F, because 

Pranri o Pyanti = Pypan. 


Thus, (F,,} is a nested family of nonempty, compact subsets of M which must 
have a nonempty intersection F. 

This set F is fixed by ¢, for any dyadic rational r. Since these are dense in 
R, the continuity of ¢ implies that each point of F must be a fixed point of the 
flow ¢. oO 


Exercise 10. A flow on a manifold is the same as an action of the additive group of 
real numbers on the manifold. Using the techniques of this chapter, what results can 
you derive concerning actions of pathwise connected groups on closed oriented mani- 
folds (for example, the additive group R” or the multiplicative group S')? 


EXERCISE 11. Let f and g be maps from S? to S?. Show that if f is not homotopic to g, 
then f and g must have a coincidence. 


It should be pointed out that although the fixed-point techniques we have 
developed can be very useful, they are still inadequate to solve many prob- 
lems. As a specific example we cite the “last geometric theorem” of Poincaré. 
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Figure 7.5 


Suppose that we have an oval billiard table as in Figure 7.5, on which a 
single ball is rolling. Do periodic orbits with k bounces per period exist for 
every k > 2? 

That the answer is yes was conjectured by Poincaré and proved by 
Birkhoff [1913]. 

If we orient the boundary curve, then the initial motion from the cushion 
is determined by the initial point x and the angle @ of projection measured 
from the forward pointing tangent (so 0 < @ < 2). This set of initial motions 
given the product topology is an annulus A = S! x [0,7]. 

Now define 


F:A-~A 


by taking each initial motion onto that which follows the next bounce of the 
orbit. The conjecture may be stated by saying that F* has a fixed point in the 
interior of A for all k > 2. 

In solving the problem, the following theorem was proved: Any mapping 
G: A > A has two fixed points in the interior of A if 


(i) G isa homeomorphism leaving every point of the boundary circles fixed; 
(ii) the G image of a radial 1-cell wraps at least twice around the annulus; 
(iii) G preserves areas. 


It is interesting to note that this problem could not have been solved by our 
techniques because the Lefschetz number in this case is zero. 

In closing we consider briefly the question of the existence of a converse 
to the Lefschetz fixed-point theorem. For differentiable manifolds the Hopf 
theorem states that if y(M) = 0, then M admits a nonzero vector field, hence 
a map without fixed points which is homotopic to the identity. For topologi- 
cal manifolds there are a number of results by Brown and Fadell [1964], 
and others. As representatives of these results we state the following two 
theorems. 


7.29 Theorem. Let M be a compact, connected topological manifold. Then 


(i) M admits maps close to the identity with a single fixed point; 
(ii) z(M) = 0 if and only if M admits maps close to the identity without fixed 
points. C 
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7,30 Theorem. If M is a compact, simply connected topological manifold and 
f: M = M isa continuous map with L(f) = 0, then there exists a map g homo- 
topic to f such that g is fixed-point free. O 


For a deeper, more comprehensive study of fixed-point theory see Brown 
[1971]. 


Appendix I 


The purpose of this appendix is to give a proof of Theorem 1.14. The proof 
requires the development of the subdivision operators on the chain groups. 
This fundamental technique is at the basis of essentially all of the computa- 
tions and applications we will be able to make. 

If C © R" is a bounded set, then the diameter of C is given by diam C = 
lub{||x — yl||x, y e C}. If @ = {C,} is a family of bounded subsets of R", then 
mesh @ = lub {diam C,}. 


I.1 Proposition. [f s" is an n-simplex with vertices ag, a,, ...,a,, then diam s” = 
max {||a; — a;|||é,j = 0,...,n}. 


Proof. Let x = ¥\t;a,and y = ¥' t/a; be points in s”. First fix x and allow y to 
vary. We want to show that 


lub ||x — yl] = lub [lx — a,]. 
yes" i 


Now 
IIx — yll = lx — Ytia,|| = Ie — a) | 
<Yledl x all = Lettie — acl 
< ¥t{-max{||x — a;,||} = max ||x — a;|. 
Repeating the above, letting x vary gives 
\|x — yll < max|la; — a;,|. O 


Let s” be an n-simplex with vertices ao, a,, ..., a,. The barycenter b(s") of 
s" is the point in s” given by 
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s? Sd(s?) Sd(s?) 


Figure I.1 


b(s") = (In + 1))(ao + ++ + @,). 
It is not difficult to show that for any i with 0 < i <n, the points 
{b(S"), dg, -- +5 41~ 15 441,-+-94n} 


span an n-simplex. We now define the barycentric subdivision Sd(s") induc- 
tively on the dimension of the simplex. First set Sd(s°) = s° for any zero 
simplex s°. Suppose now that Sd is defined on any simplex of dimension 
(n — 1), so if t"7! is any (n — 1)-simplex, Sd(t"~!) is a collection of (n — 1)- 
simplices geometrically contained in t"~'. Denote by $” the collection of all 
(n — 1)-faces of s" and define 
Sd(s")= (J) Sd"). 
m-Tegn 

Then Sd(s") will consist of all n-simplices of the form (b(s”), to,.-.,t,—1), where 
(to,...,t,-1) is an (n — 1)-simplex in Sd(s") (Figure I.1). 


I.2 Proposition. If K is a collection of n-simplices, then 


mesh Sd(K) < (n/(n + 1)) mesh K. 


Proof. Proceeding by induction on n, for n = 0 both sides are zero. So sup- 
pose the result is true for any collection of (n — 1)-simplices. Let t” be an 
n-simplex in Sd(K). Then t” = (b(s"),uo,...,u,-;) where s"e K and up, ..., 
u,_, are vertices of an (n — 1)-simplex @ in Sd(s”). Let s"~! be the (n — 1)- 
simplex in §” containing a. 

By Proposition I.1 


diam t” = max {||u; — uy}, ||u; — b(s”)||}. 


First consider the terms of the form ||u,; — u,||. We know that 
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n-1 


ju; — u,|| < diam @ < ((n — 1)/n)diams 


by the inductive hypothesis. Now since x/(x + 1) is an increasing function 
and the diameter of a subset is less than or equal to the diameter of the set, 
we have 


n—1 n 


diams" 1 < diam s". 
n+1 


Hence, any term of the form |{u; — u,|| is less than or equal to (n/(n + 1)) 
diam s”. 

For the terms ||u; — b(s”)|| recall that if ug, ..., uw, are the vertices of 5" then 
b(s") = (1/(n + 1): ¥.uj. Each vertex u; is a point in s” so that ||u; — b(s")|| < 
\|u; — b(s")|| for some j by the proof of Proposition I.1. Then 


1 
u; u; 
7 ntl y ; 
where the sum now has n terms. But then 


1 ‘ , 
> lly — ui 
#J 


1 1 
uj — U; 
iFj n+1 


I|uj — b(s")|| = 


cy 


uj — U; 
giant 


< 
n+1; 


n 
< —— max||lu; — u; 
ay maxi — aI 


diam s". 


n 
< 
n+l 
Thus, all terms will satisfy the desired inequality and the proof is complete. 
O 


1.3 Corollary. If K is a collection of n-simplices, let Sd"(K) = Sd(Sd™~!(K)) 
be the iterated barycentric subdivision. Then for an n-simplex s" and any & > 0 
there exists a positive integer m such that 


mesh Sd"(s") < «. 


Proof. This follows immediately from Proposition I.2 and the fact that 


; n \"™ 
lim =0. O 
Pee (. + :) 


With these basic properties of the subdivision operator on simplices in 
mind, we now want to define an analogous operation on singular simplices. 
If C and C’ are convex sets, a map f: C >C’ is affine if given x, ye C, 
0<t<1,then 


S((l — )x + ty) = (lL — Of) + f(y). 


It follows from this that if xo, ..., x, € C and to, ..., t, are nonnegative with 
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6 Sa'(ad)) Cy (9 7“ (20)) 


Figure 1.2 


Yt, = 1, then 


fe tx) = > t; f(X,). 

If C is convex, define A,(C) < S,(C) to be the subgroup generated by all 
affine singular n-simplices ¢: c, + C. Denoting by vo, v,,..., v, the vertices of 
o,; for any affine ¢: a, > C let x; = ¢(v;). Then we can denote ¢ by x9X, °° X,. 
In this notation it is evident that 

OX 9X1 °° Xp) = (X07 Xp Xe Xn) 


Thus, 6(A,(C)) © A,-1(C) and {A,(C)} = A,(C) is a chain complex. 

We now define a chain map £2’: A,(C) > A,(C) which is the algebraic 
analog of the subdivision operation. The definition is given inductively on 
the dimension n. For n= 0 let Yd’ be the identity. Suppose now that it is 
defined up through dimension n — 1, and let ¢ = xox,‘::x, be an affine 
singular n-simplex in C. The barycenter of ¢ is the point 


Xo te + Xp 
b(g) =~ 
For any point b € C define a homomorphism 
Gp: An-1(C) > A,(C) 
by 
Gy(YoV1*** Yn-1) = (BYoV1 *** Yn-1)- 


This is called the cone on b for obvious geometrical reasons. Finally, define 
for any affine singular n-simplex ¢ (see Figure I.2) 


Sd'($) = C9 Sd'(09)). 
I.4 Proposition. 0° Sd' = Sd' o 6. 


Proof. It is sufficient to check this on some affine singular n-simplex ¢ = 
XoX1,'''X,-. Let b = b(@). Certainly the formula is true in dimension n = 0, so 
assume that it holds in dimension (n — 1), 


OS d'(X9°** Xp) = 06,(Sd'O(X9°** X,)). 
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We may split up the boundary on the right into those terms containing b and 
those not containing b, 


OS d'(Xq°°'X_) = Sd'O(Xq°** Xn) — G(OSd'O(Xo9*** X,))- 
But the second term here must be zero, for by the inductive hypothesis 
CSF d'O(X9°°*X_) = Sd'00(Xq*** Xp) = 0. 
Therefore 
Ofd' = Fd'0. O 
Thus, “7: A,(C) > A,(C) is a chain map of degree zero. Since the homol- 
ogy should not be affected by subdividing simplices, it is reasonable to expect 


that Yd’ is chain homotopic to the identity. To verify that this is indeed the 
case we must define a homomorphism 


T’: A,(C) > Anas (C) 
such that 
OT’ +T'0= Fd' — 1. 
We define T’ inductively on n. Since for n = 0, Yd’ is the identity, we take T’ 
to be zero. Now suppose T’ is satisfactorily defined on all chains of dimen- 


sion less than n and let ¢ be an affine singular n-simplex. 
Note that 


O(Sd'¢ — 6 — T'0d) = [0F¥d' — 6 —(Sd' —1 — T'0)e}¢ 
=0 since Fd'd = 0F¥d' and 60 = 0. 
Then set 
T’(¢) = Gyo (Sd' eek ae T'0$). 
To compute 0T'(¢) we split it up into that part containing b(¢) and that 
part not containing b(¢). In other words, 
OT (gp) = (Fd'o — 6 — T'0$) — Gg, 0(Sd'd — 9 — T'09). 
But from the above computation, the second term must be zero and T has the 


desired property. 
If f: C +C’ is an affine map between convex sets, then 


Fel An) S A,(C) 


and f, commutes with both Yd’ and T’. 
We want to use the above homomorphisms to construct a degree-zero 
chain map 


Sd: 8,(X) > S,(X) 


for any space X, and show that it is chain homotopic to the identity. 
Using the same technique as in the proof of Theorem 1.10, let w: a, + X be 
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a singular n-simplex. There is the induced homomorphism 
We: S,(G,) > S,(X). 
Now the element 1, € S,(¢,,) given by the identity map is in A,(a,). So define 
SFA) = Sd y(t) = Wy Sd'(t,). 


This just has the effect of subdividing the simplex by subdividing in its 
domain, which is convex. Similarly, set 


TW) = Th y(t.) = We T'(t,). 
1.5 Proposition. 6T + To = Sd — 1. 
Proof. This follows immediately from the same properties of T’and 7’. 1 


We are now ready to give a proof of the theorem. 


1.14. Theorem. If Y is a family of subsets of X such that Int WY covers X, then 
the chain map i: S,(X) > S,(X) induces an isomorphism 
i,: H,(S{(X)) > H,(X). 
Proof. We will construct a chain map ®: S,(X) + SX) such that ®-i is the 
identity and i-® is chain homotopic to the identity. 
Let ¢: 0, > X be a singular n-simplex. The family YW = {¢"'(U)|Ue @ 
has Int ¥ covering o,. Since a, is compact, there exists a 6 > O such that if 


C So, and diam C < 6, then C is contained in g~'(U) for some U. 
By Corollary I.3 there exists an m > 0 with 


mesh Sd"a,, < 0. 
This will imply that 
SA" € Si1(X). 
Now for any singular simplex ¢ in X let m() be the least integer for which 
Sd” h € S"(X). 


Note that for 0 < i < n, m(¢) > m(0,d). 
Recall that CT + Te = Yd — 1, so for any positive integer k we have 


OTSd** + THd*"' 6 = Sd — Fd*". 
Adding a sequence of these together gives 
OT(l +--° + Sd) + TH ++) + Sa" "')0 = Sd* —- 1. 
So we define for any ¢ 
FO) =Tl+ Sh t+ FAO), 
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and consider 
(OF + F0)b=Y(-WOT +> + FAO") g 
+ Y(H-MIT(L $2 + FLMOO AG, 
By the above we have 
(CF + F0)b = Sd" — § — Tl + + FAO'S 
+ Y(H1T(L + + FL™ OY GS 


= dg _ ¢ = oy (— 1 T( SAE) py SA" ONG. 
i=0 
This leads us to define 
(4) = SLD — Fo (= WTAE EE FAMOImYGG, 
i=0 


From looking at the summation we conclude that 
(9p) € S,"(X). 
To consider ®(¢) as an element of S,(X) we apply the mapping i. The above 
manipulation shows that 
OF +70 =ioO—1; 
hence, ic ® is chain homotopic to the identity. On the other hand, if ¢e 
S,”(X), then m(¢) = 0 and © o i is the identity. Oo 


Appendix II 


The purpose of this appendix is to prove two of the basic theorems on topo- 
logical manifolds which were used in Chapter 6. The first theorem states that 
any closed topological manifold may be imbedded in some euclidean space 
R” and that the imbedded manifold is a retract of a neighborhood in R". The 
second theorem states that the boundary of a compact topological manifold 
admits a collaring. 

The first result is an excellent example of a “folk” theorem, that is, a result 
which is well known and may be proved in a variety of ways, but which is 
difficult to locate in the literature or trace to its true origin. The imbedding 
technique we use is due to Dold, whereas the approach to the retraction 
property was suggested by Bing. 

The second result is of more recent vintage. A collaring theorem for differ- 
entiable manifolds was proved by Milnor, and the analog for topological 
manifolds, by Brown [1962]. The proof we present here is due to Conelly 
[1971]. 


II.1 Theorem. If M is a closed topological n-manifold, then M can be im- 
bedded in euclidean space R* for some k. 


Proof. Let B,,..., B,, be a collection of proper open n-balls in M which cover 
M. Fori= 1,...,m denote by 


h;: B- Ss" {y} 


a homeomorphism onto the complement of the north pole. We can extend 
each h; to a map 


h; M > S" 
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V U i 
iene <> 
Figure II.1 
by defining 


_ fhlx) if xe B, 
Woy rc if xeM— B,. 


Now define the map 
PSSST woos SR! RU ce ci Beets) 


by i(x) = (h,(x), h2(X),...,4,,(x)). Then i gives the desired imbedding. Oo 


Note: In general this is not a very economical way to imbed the manifold. 
That is, the dimension of the euclidean space is much higher than is generally 
necessary. For example, the covering of a circle by two proper 1-balls will 
produce the imbedding illustrated in Figure II.1 (actually in R*). 


Suppose now that i: M"-—> R* is an imbedding of a closed topological n- 
manifold. Denote by sa large k-simplex in R* containing M in its interior. We 
want to triangulate the complement of M in s in a particular way. Denote by 
Sd the barycentric subdivision operator defined in Appendix | and let s, = 
Sd(s), a simplicial complex that is a finite union of k-simplices. 

Now examine each closed k-simplex in s,. To those which intersect M we 
apply the operator Sd. Those which do not intersect M are left intact. The 
resulting simplicial complex is denoted s,. 

By continuing this process, we produce a sequence of finite simplicial com- 
plexes {s,}, each a finite union of closed k-simplices, with the property that s,, 
subdivides s, whenever m > n (Figure IT.2). 


11.2 Lemma. This process defines a triangulation of s — M. In other words, 
for every point x of s— M there is an integer m such that each k-simplex 
containing x in s,, remains intact in s,, for all m' > m. 


Proof. Let x e s — M. Since M is compact, the distance from x to M is some 
positive number é. By Corollary I.3 there is a positive integer m such that 


mesh Sd”(s) < «. 


220 Homology Theory 


Sy 


(a) (b) 


(c) 
Figure II.2 


There are two possibilities: 


(a) at some stage s,, 1 < m, all of the closed k-simplices containing x were 
disjoint from M; or 
(b) at each stage s,, 1 < m, some closed k-simplex containing x intersected M. 


In the first case, for all stages beyond s, the triangulation around x remains 
unchanged. In the second case, each k-simplex of s,,_, that intersects M will 
be a k-simplex of Sd”~'(s). Thus, the k-simplices of s,, containing x will either 
be k-simplices of s,,_, that do not intersect M, or barycentric subdivisions of 
those that did, hence k-simplices of Sd”(s). In either situation it follows that 
the k-simplices of s,, that contain x will be disjoint from M. 

Therefore, in each s,, j > m, the triangulation about x remains constant. In 
this way we define the triangulation of s— M. O 


We now want to use this triangulation to define inductively a collection of 
subsets No © N, S-:: CN, = N ofs together with a map r: N > M. Initially 
we take No to be the union of M with all the vertices of s— M. If ye M, 
define r(y) = y. If xg is a vertex of s — M, define r(x) to be some point of M 
for which dist(x9, r(X9)) = dist(x9, M). 

Suppose then that N;., and r: N;_, ~ M have been defined. Let x be a 
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closed i-simplex in s — M; a will be contained in N, if both of the following 
requirements are satisfied: 


(a) the boundary of « is contained in N,_,; 
(b) the map r: da > M can be extended continuously over «. 


The space N, will be the union of N,_, together with all such closed i-simplices 
a. To define r: N, > M it is sufficient to define r on each « so that it is 
compatible with the previous definition on the boundary. Let 


A = {6 € Rithere is a map f: « > M, f|, =r, and diam(image f) = 5} 


For « an i-simplex in N;, A is a nonempty set that is bounded below. Let a be 
the greatest lower bound for A. Now define r: « + M by choosing a map that 
extends the restriction of r to Ga and satisfies a < diam(r(x)) < 2a. Note that 
ifa = 0, we may take r to be the constant map taking « into r(0z). 

This completes the inductive step so that N = N, is a well-defined subset of 
s containing M and r: N > M is a function which is the identity on M. It 
remains to be shown that r is continuous and N is a neighborhood of M in 
IR‘. First we present some preliminary lemmas. 


11.3 Lemma. For any ¢ > 0 there exists a 6 > 0 such that if x is a point of 
s — M and dist(x, M) < 6, then the mesh of the set of k-simplices of s — M 
containing x is less than e. 


Proof. Let « > 0; choose a positive integer m so that (k/(k + 1))"-diam(s) < «. 
Define K,, to be the union of all closed k-simplices of s,, that do not intersect 
M. K,, is a compact subset of s. 

Let 6 = dist(M,K,,), or, if K,, is empty, take 6 = 1. Then if dist(x, M) < 6, 
each closed k-simplex of s,, that contains x must intersect M. Thus, each of 
these simplices must lie in Sd”(s) and their mesh is less than or equal to mesh 
Sd(s) < (k/(k + 1))":diam s < «. The same inequality will obviously be true 
for the set of k-simplices of s — M containing x. Oo 


I1.4 Lemma. If © is a p-simplex, K is a convex set, and f: 0S — K is a map, 
then f can be extended over all of S. 


Proof. Let b(S) be the barycenter of S and select a point we K. Every point 
x of S has a unique representation in the form x = ty + (1 — t): b(S), where 
y isa point of 0S and 0 <t <1. For each such point x define 


I(x) = t- fly) + Ul - Ow. 
This is well defined since K is convex; f is continuous and extends the origi- 


nal definition of f on dS. oO 


IL5 Corollary. [f S is a p-simplex and B is a proper n-ball in a topological 
manifold, then any map f: 6S — B can be extended over all of S. 
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Proof. Since B is a proper n-ball, there is a homeomorphism 
h: B= DD" — Sv, 


a convex subset of R". We may compose f with h and apply Lemma II.4 to 
give the desired extension. O 


II.6 Theorem. The function r: N — M defined previously is a continuous re- 
traction of a neighborhood of M in R* onto M. 


Proof. From the construction of r it is apparent that r is continuous at each 
point of s ~ M. Thus, it is sufficient to check continuity at a point y e M. So 
let ¢ > 0 and denote by B(y,«) the ball of radius e about y = r(y) in R*. 

We construct inductively a collection of open sets Vy, Vj, ..., Yay in R* 
about y. Let Vo = B(y,¢). For the inductive step, suppose that V;_, has been 
defined. Let V; be an open subset of V_, in R* containing y having the 
following properties: 


(i) YS Bly, d,), where B(y, 5d,) © Yiu; 
(ii) V;. M is a proper n-ball about y; 
(ili) if x € V, — M, then the mesh of the set of k-simplices of s — M containing 
xis <6). 


That Requirement (iii) may be satisfied follows from Lemma II.3. 
Now let x € %4,, an Open set about y. If x e M, then 


r(x) = x€ Vy = Bly, 6). 


So suppose x ¢ M and let S be a k-simplex of s — M containing x. 

By Requirements (ili) and (i) all of the vertices of S must lie in V, and must 
be mapped by r into the proper n-ball YM. By Corollary II.5 each 1- 
simplex x in S admits a map into Ym M extending the restriction of r to da. 
Thus, each set x is contained in N. Furthermore, since the diameter of the 
image of this extension is less than 26,, the diameter of r(«) must be less than 
46,. The fact that r(x) intersects Wn M, together with Requirement (i), im- 
plies that r(a) © Wp AM. 

Thus, the image of the 1-skeleton of S under r is contained in Y_, A M,a 
proper n-ball. We may now apply the same argument to the 2-simplices of S. 
Continuing inductively, we find that the image of the k-skeleton of S under 
r, that is, r(S), is contained in V,_, = Vy = B(y,¢). In particular r(x) € B(y,¢) 
and r is continuous at y. 

To see that N is a neighborhood of M in R*, note that in the above 
argument, V,,, is an open set about y € M on which r is completely defined. 
Hence, V,,,; S N and y is an interior point of N. O 


Exercise 1. Make the necessary modifications in the preceding proofs to show that 
the results hold as well for compact manifolds with boundary. 
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ExerRCcIsE 2. Prove a similar imbedding and retraction theorem for noncompact 
manifolds. 


Finally, we turn to the collaring theorem for topological manifolds. As we 
stated previously, the proof given here is an intuitively appealing one due to 
Conelly [1971]. 


II.7 Theorem (Topological collaring theorem). Let M" be a compact topolog- 
ical manifold with boundary 0M = B. Then there exists an open set U in M, 
containing B, and a homeomorphism 


h: U +B x [0,1) 
such that h(x) = (x,0) for all x € B. 


Proof. The idea of the proof is as follows. Since B = 0M we can find about 
each point of B an open set which looks like a portion of a “collar”; that is, B 
is locally collared in M. We attach a collar to the boundary of M and then 
use the local collaring to push the added collar into the manifold (or pull the 
manifold out over it), so that the added collar becomes the desired open set 
U. 

By using the topological properties of euclidean half-space H", we can 
show that for any point x € B = 0M there is an open set U, in B about x and 
an imbedding 


h,: U, x [0,1] > M 
such that for any x’ € U,, h,(x’,0) = x’. Now B is a closed subspace of the 


compact manifold M; hence, B is compact and there exist a finite number of 
open sets U,,..., U,, in B and imbeddings 


h,: U, x [0,1] + M 
such that 
h(x,0) = x for all x in U, 
and 
B=\) U. 


Since B is compact Hausdorff, it is also normal; hence, there exist open sets 
V,, ..., V, covering B such that V; < U; for each i. 

Define M* to be the.space formed from the union M U(B x [—1,0]) by 
identifying x € B © M with (x,0) € B x [—1,0] (Figure I1.3). For each i let 


hy U, x [-1,1] > M* 


be the function given by 
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Figure 11.3 
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Figure 11.4 


h(x.t) if O<t<1 


Aiet= to t) if -1<t<0. 


Since these agree on the intersection, each h; is a well-defined imbedding. 

We now use these maps h, to define inductively a family of imbeddings 
g:: M > M* and maps f,: B-[-—1,0], i=0, 1, 2, ..., m, satisfying the 
following: 


(a) g(M) contains M u(\);<:V; x [—1,0]); 
(b) for any x € B, g,(x) = (x, f(x); 

(C) fn(x) = — 1; 

(d) for any x € B, {x} x [f{(x),0] < g,(M). 


The imbeddings g, correspond to the consecutive stages of pushing the 
collar into the manifold while the functions f; keep track of the location of the 
boundary of M at each stage. It follows that g,, will be a homeomorphism of 
M with M* taking x € B to (x, —1)in M*. This will give the desired collaring 
of B. 


Appendix II 225 


Define go: M — M* to be the inclusion and set fo(B) = 0. Inductively, sup- 
pose g;_, and f,_, have been defined. Consider 


hz *(gi-1(M)) U; x [-1,1] 


(for example, the shaded region in Figure II.4). We want to define an 
imbedding 

$i: he" (gi-1(M)) > U; x [-1,1] 
by pushing to the left along the fibers until ¢,(h; ‘(g;-.(V;))) = Vi x {—1}, but 
requiring that ¢, be the identity on (U, — U;) x [—1,1] UU; x {1}. Thus, ¢, 
represents a “pushing out” operation inside this local collar which will not 


affect the rest of the manifold. 
To do this, we want a map 4;: U; > [—1, 1] such that 


_ §2fi-r0) +1 if xeV, 
iy) = {7 if xeU,—U, 


and 4,(x) < 2f,_,(x) + 1 for all x € U;. 

Since V, and U, — U, are disjoint closed subsets of a normal space, we can 
find a map satisfying the stated condition on these two subspaces using the 
Tietze extension theorem. Taking the minimum of this map and 2f,_,(x) + 1 
produces the desired map 4;. 

Now define ¢, by 


(x, t) if A(x)<t<1 
(x, 2t — A;(x)) if fi_y(x) <t < A(x). 


The behavior of the map ¢, may be described as taking each interval {x} x 
[3(A,(x) — 1), 4,(x)] linearly onto {x} x [—1,4,(x)], recalling that $(A,(x) — 1) < 
f;-,(x) with equality holding on V, (Figure II.5). 

We may now use ¢; to alter g;_, to produce g,. Specifically 


(x, t= \ 


Fixed by ¢ 


Graph of 
fies 


Graph of 


NANRAANY 


Figure 11.5 
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Ge (high; )gir(x) if x € g;-.(M)oh(U, x [-1,1]) 
i= 9;-1(X) otherwise. 


Both g; and g;' are continuous. We define f;: B > [— 1,0] by setting f(x) = 

n(g,(x)) where z is the projection from B x [—1,0] onto the second factor. 
This completes the induction step and the homeomorphism g,, gives the 

required collaring of B. Oo 
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This book is designed to be an introduction to some of the basic 
ideas in the field of algebraic topology. In particular, it is devoted 
to the foundations and applications of homology theory. The only 
prerequisite for the student is a basic knowledge of abelian 
groups and point set topology. The essentials of singular homol- 
ogy are given in the first chapter, along with some of the most 
important applications. tn this way the student can quickly see 
the importance of the material. The successive topics include 
attaching spaces, finite CW complexes, the Ellenberg-Steenrod 
axioms, cohomology products, manifokis, Poincaré duality, and 
fixed point theory. Throughout the book, the approach is as Mlus- 
trative as possible, with numerous examples and diagrams. 
Extremes of generality are sacrificed when they are likely to 
obscure the essential concepts involved. The book is intended 
to be easily read by students as a textbook for a course or as a 
source for individual study. This second edition has been expand- 
6d to Include a new chapter on covering spaces, as well as addi- 
tional iturninating exercises. The conceptual approach is again 
used to show how lifting problems give rise to the fundamental 
group and its properties. 
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